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Preface

The Purpose of this Book

The CRC Handbook of Combinatorial Designs (Second Edition) is a reference book
of combinatorial designs, including constructions of designs, existence results, proper-
ties of designs, and many applications of designs. The handbook is not a textbook in-
troduction to combinatorial design theory, but rather a comprehensive, easy-to-access
reference for facts about designs.

Organization of the Handbook

The presentation is organized into seven main parts, each divided into chapters.
The first part contains a brief introduction and history. The next four parts center
around four main classes of combinatorial designs: balanced incomplete block de-
signs (IT), orthogonal arrays and latin squares (IIT), pairwise balanced designs (IV),
and Hadamard and orthogonal designs (V). Part VI then contains sixty-five shorter
chapters (placed in alphabetical order) devoted to other classes of designs—naturally,
many of these classes are closely connected with designs in Parts II-V. Part VII gives
mathematical and computational background of particular use in design theory.

How to Use this Book

This handbook is not meant to be used in a sequential way, but rather for direct
access to information about relevant topics. Each chapter makes references to other
chapters for related information; in particular, the See Also listing at the end of each
chapter provides useful links.

An extensive index and the table of contents provide first entry points for most
material. For readers new to the area, the first chapter, Opening the Door, can assist
in finding a suitable starting point. This handbook can be used on its own as a
reference book or in conjunction with numerous excellent available texts on the subject.
Although material at the research frontier is often included, the handbook emphasizes
basic, useful information.

Combinatorial design theory has extensive interactions with numerous areas of
mathematics: group theory, graph theory, number theory and finite fields, finite ge-
ometry, and linear algebra. It also has applications ranging from routine to complex
in numerous disciplines: experimental design, coding theory, cryptography, and com-
puter science, among others. The handbook treats all of these, providing information
for design theorists to understand the applications, and for users of design theory
to obtain pointers in to the rest of the handbook, and hence to the mathematics of
combinatorial designs.

Notes for the User

A home page for the CRC Handbook of Combinatorial Designs is being maintained.
It is located at http://www.cems.uvm.edu/ dinitz/hcd.html. Notes, corrections,
and updates will be disseminated at that site.

Fized numbering conventions are used. This book has seven main parts numbered
using roman numerals I-VII. Each part is divided into chapters, which in turn have
sections; all are numbered. So, for example, the third section in the fourth chapter of
the second part is §II.4.3. This is the manner to which it is referred when referenced
from any other chapter. When referenced from within Chapter I1.4, it is referenced
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simply as §4.3. Occasionally, sections contain subsections. However, to avoid four
level numbers, such subsections are not numbered; rather, the beginning of a subsec-
tion is given by the symbol ‘>’ preceding the title of the subsection. Numbering of
Theorems, Definitions, Remarks, Corollaries, Tables, Algorithms, and the like is con-
secutive within each chapter. So, for example, in §I1.4.2, Theorem I1.4.8 (displayed
with “4.8” exdented) is followed by Definition I1.4.9, which is followed by Remark
11.4.10. As before, the roman numeral is omitted if both the referenced theorem and
the reference to it are in the same chapter. Definitions are displayed in gray boxes.
Forward and reverse citations are given. There is a single bibliography after Part
VII. However, each chapter provides a list of the reference numbers for items cited
therein. In addition, the last entry of each item in the bibliography (in angle brackets)
enumerates the page numbers on which the item is cited. This is often useful to uncover
further relationships among the topics treated.

Original references are not, in general, given. Instead, each chapter references surveys
and textbooks in which the information is readily accessible. These sources should be
consulted for more complete lists of references. One exception is Chapter 1.2, Design
Theory: Antiquity to 1950, which provides original references. Each chapter covers
the basic material, but sufficient pointers to find more specialized information are
typically given.

The state of the subject is continually advancing. Each chapter presents, as far as
possible, information that is current at the time of writing. Inevitably, improvements
will occur! Readers aware of improvements on, or corrections to, the material pre-
sented here are invited to contact the author(s) of the chapter(s) involved and also
the editors-in-chief.

Differences Between the Editions

The second edition exhibits a substantial increase in size over the first; the book
is over 30% larger, with 235 additional pages! While the basic structure has been
retained, a new introductory part has been added to provide a general overview and a
historical perspective. Material on Hadamard and related designs has been collected
together into a new part (V). On the other hand, the Applications part of the first
edition has been incorporated into the remaining parts, in the belief that the effort
to distinguish theory from application is no longer appropriate. Finally, the nearly 90
separate bibliographies of the first edition have been amalgamated to form a single
bibliography for the Handbook, to provide yet another means to find the right “starting
point” on a search for desired information. This bibliography contains roughly 2200
references and in itself provides an excellent resource.

Often material that is closely related has been combined into a single chapter; in the
process, virtually all of the content of the first edition is preserved, but the reader may
find small changes in its location. The material is completely updated, and generally
enlarged, in the second. The major tables from the first edition (BIBDs, MOLS,
PBDs, Hadamard matrices) have been definitive sources for the current knowledge,
and all are updated in the second edition. We do not believe that designs whose
heyday seems to have passed deserve less attention than the topics of most active
current research. The basics of yesteryear continue to be important. Nevertheless,
because the discipline continues to evolve, many new topics have been incorporated.
Particular emphasis is on topics that bridge with many areas of application, as well
as with other areas of mathematics.

In the second edition, the new chapters are: Opening the Door (I.1), Design The-
ory: Antiquity to 1950 (I.2), Triple Systems (II.2), Group Divisible Designs (IV.4),
Optical Orthogonal Codes (V.9), Bent Functions (VI.4), Block-Transitive Designs
(VL5), Covering Arrays (VI.10), Deletion-Correcting Codes (VI.14), Graph Embed-
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dings and Designs (VI.25), Grooming (VI.27), Infinite Designs (VI.30), Low Density
Parity Check Codes (VI.33), Magic Squares (VI.34), Nested Designs (VI.36), Perfect
Hash Families (VI.43), Permutation Codes and Arrays (VI.44), Permutation Polyno-
mials (VI.45), Pooling Designs (VI.46), Quasi-3 Designs (VI1.47), Supersimple Designs
(VL.57), Turdn Systems (VI.61), Divisible Semiplanes (VII.3), Linear Algebra and De-
signs (VIL.7), Designs and Matroids (VII.10), and Directed Strongly Regular Graphs
(VIL.12). We are pleased to have been able to add much new material to the Handbook.

A Note of Appreciation

We must begin by acknowledging the excellent work done by the 110 contributors.
Each kindly agreed to write a chapter on a specific topic, their job made difficult by
the style and length restrictions placed upon them. Many had written hundreds of
pages on their topic, yet were asked to summarize in a few pages. They also were
asked to do this within the fairly rigid stylistic framework that is relatively consistent
throughout the book. The editors were merciless in their attempt to uphold this style,
and offer a special thanks to the copyeditor, Carole Gustafson, for assistance. Many
chapters were edited extensively. We thank the contributors for their cooperation.

Many chapters have profited from comments from a wide variety of readers, in
addition to the contributors and editors. A compilation of this size can only be
accomplished with the help of a small army of people. The concept developed and
realized in the first edition from 1996 was the cumulative effort of approximately one
hundred people. Many have extensively updated their earlier chapters, and some
generously agreed to contribute new material. Many chapters in the second edition
employ a conceptual design and/or material first written by others. We thank again
authors from both editions for worrying less about whose name is on the byline for
the material than the fact that it is a good reflection on our discipline. The concept
of the Handbook owes much to those who compiled extensive tables prior to the first
edition, such as the BIBD tables of Rudi Mathon and Alex Rosa, and the MOLS
table of Andries Brouwer. For the first edition, Ron Mullin coordinated a substantial
effort to make the first tables of PBDs, and Don Kreher generated extensive tables
of t-designs; in the process, both developed new and useful ways to present these
tables, updated in the second edition. We thank Ron and Don again for their great
contributions.

As in the first edition, we again thank Debbie Street and Vladimir Tonchev for
their extensive help in organizing the material in statistical designs and coding the-
ory, respectively. For the second edition, we especially thank Hadi Kharaghani for
organizing (and writing much of) the material in Part V. Special thanks too to Leo
Storme for the complete rewrite and reorganization of the chapter on finite geometry.
For going above and beyond with their help on the second edition, we also thank
Julian Abel, Dan Archdeacon, Frank Bennett, Ian Blake, Warwick de Launey, Peter
Dukes, Gennian Ge, Malcolm Greig, Jonathan Jedwab, Teresa Jin, Esther Lamken,
Bill Martin, Gary McGuire, Patric C)stergérd, David Pike, Donald Preece, Alex Rosa,
Joe Rushanan, Doug Stinson, Anne Street, Tran van Trung, ITan Wanless, and Zhu
Lie. Thanks also to the excellent logistical support from the publisher, particularly
to Nora Konopka and Wayne Yuhasz for the first edition, and to Helena Redshaw,
Judith Simon, and Bob Stern for the second.

Finally, we thank Sue Dinitz and Violet Syrotiuk for their love and support.
Putting together this extensive volume has taken countless hours; we thank them
for their patience during it all.

Charles J. Colbourn
Jeffrey H. Dinitz






To Violet, Sarah, and Susie, with love.
cJC

To my father, Simon Dinitz, who has inspired me in all that I have done.
Happy 80th birthday!

JHD
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Opening the Door 3

It seems to me that whatever else is beautiful apart from absolute beauty is beautiful because
it partakes of that absolute beauty, and for no other reason. Do you accept this kind of
causality? Yes, I do.

Well, now, that is as far as my mind goes; I cannot understand these other ingenious theories
of causation. If someone tells me that the reason why a given object is beautiful is that
it has a gorgeous color or shape or any other such attribute, I disregard all these other
explanations—I find them all confusing—and I cling simply and straightforwardly and no
doubt foolishly to the explanation that the one thing that makes the object beautiful is the
presence in it or association with it, in whatever way the relation comes about, of absolute
beauty. I do not go so far as to insist upon the precise details—only upon the fact that it
is by beauty that beautiful things are beautiful. This, I feel, is the safest answer for me or
anyone else to give, and I believe that while I hold fast to this I cannot fall; it is safe for me
or for anyone else to answer that it is by beauty that beautiful things are beautiful. Don’t
you agree? (Plato, Phaedo, 100c-¢)

1 Opening the Door

CHARLES J. COLBOURN

1.1

1.2

1.3

Example The Fano plane.

Seven points Seven lines
Three points on a line Three lines through a point
Every two points define a line Every two lines meet at a point

Remarks Opening the door into the world of combinatorial designs, and stepping
through that door, is familiar to some and mysterious to many. What lies on the
other side? And where is the map to guide us?

There is territory both charted and uncharted; the guide map is at best known
only in part. Meandering through this world without fixed direction can be both
enjoyable and instructive; yet most have a goal, a question whose answer is sought.
This introduction explores, with the simplest examples, the landmarks of the world of
combinatorial designs. While not prescribing a path, it provides some direction.

Perhaps the most vexing problem is to recognize the object sought when it is
encountered; the disguises are often ingenious, but the many faces of one simple object
often reveal its importance. Example 1.1 is recast in many different ways, to acquaint
the reader with correspondences that are useful in recognizing an object when its
representation changes. This exercise provides a first view of the large body of material
in the rest of the handbook, to which pointers are provided for the reader to follow.

1.1 Balance

> Sets and Blocks

Example The Fano plane as a set system.

{0,1,2}, {0,3,4}, | Using elements {0,1,2,3,4,5,6}, label the points in Example

{0,5,6}, {1,3,5}, |1.1. For each line, form a set that contains the elements corre-

{1,4,6}, {2,3,6}, |sponding to the points on that line. The result is a collection
{2,4,5} of sets, a set system.
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1.4 Remark The set system of Example 1.3 exhibits in many ways a desideratum that is
central to the understanding of combinatorial designs, the desire for balance. Some of
the ways are considered here.

e All sets have the same size k = 3. The set system is k-uniform.

e All elements occur in precisely r = 3 of the sets. The set system is r-regular or
equireplicate with replication r.

e Every pair of distinct elements occurs as a subset of exactly A = 1 of the sets.
The set system is 2-balanced with index A = 1.

e Every pair of distinct sets intersects in exactly yu = 1 elements. Equivalently, the
symmetric difference of every two distinct sets contains exactly four elements;
the set system is 4-equidistant.

Balance is a key to understanding combinatorial designs, not just a serendipitous
feature of one small example.

1.5 | Consider a general finite set system. It has a (finite) ground set V of size v whose
members are elements (or points or varieties), equipped with a (finite) collection B
of b subsets of V' whose members are blocks (or lines or treatments). Then

e K ={|B|: B € B} is the set of block sizes;

o R={|{B:z € B € B}| :z¢cV}is the set of replication numbers,

o for ¢t > 0 integer, Ay = {|{B: T C B € B} : T C V,|T| = t} is the set of
t-indices. Indeed, A9 = {b}, and A; = R.

e M ={|BNB'|:B,B € B,B# B'}, the set of intersection numbers.

1.6 Remark Restricting any or all of K, R, M, or the {A;}s imposes structure on the
set system; restrictions to a single element balance that structure in some regard.
Table 1.7 considers the effect of restricting one or more of these sets to be singletons,
providing pointers into the remainder of the handbook. Indeed, set systems so defined
are among the most central objects in all of design theory and are studied extensively.
The language with which they are discussed in this chapter varies from set systems to
hypergraphs, matrices, geometries of points and lines, graph decompositions, codes,
and the like; the balance of the underlying set system permeates all.

1.7  Table Some of the set systems that result when at least one of the balance sets K, R,
M, or the {A;} is a singleton.

K R A, AN M Other Name Section
{k} {r} {X2} {N\:} t-design 1.4
{k} {r} {X2} {N\:} A+ =1  Steiner system I1.5
balanced incomplete block de-
{k} {r} {\} . II.1, 11.3
sign (BIBD)
{k} {r} {\} {p} k=r symmetric design (SBIBD) 11.6
{k} {r} {\} {u} A= p=1 projective plane 1.6, VII.2.1
{r} {\} (r, \)-design VI1.49
pairwise balanced design
(A1 ( V.1
PBD)
{A\} A =1 linear space IV.1,1V.6
{ A} t-wise balanced design VI.63

1.8 Remarks A natural relaxation is obtained by specifying an upper or a lower bound
on values arising in the set, or by specifying a small number of permitted values; the
short form {z} is adopted to permit all values greater than or equal to x, and {Z} to
indicate all values less than or equal to x. Then certain generalizations have been well
studied; see Table 1.9.
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1.9

1.10

1.11

1.12

1.13

Table Some set systems that result when K is a singleton and M or {A;} is bounded.

K R A, Ay M  Other Name Section
{k} {\} t-covering VI.11
{k} - {m constant weight code VIIL.1
{k} e} t-packing VI.40

> Algebras and Arrays

Example A quasigroup and a latin square.

% 8 ; ? i ;L 2 g Use the blocks of Example 1.3 to define the |1 726543
12105634 binary operation ® at left, as follows. When (456 37 1 2
{z,y, 2z} is a block, define t ® y = z; then 3657421
211026543
34563012 define r ® r = . 5432176
Delete the headline and sideline, reorder rows (217 56 3 4
413650421
and columns, and rename symbols to get the (7214365
563412501 4y on the right 6341257
65432106 Y st

Remarks Example 1.10 introduces another kind of balance. The operation ® defined
has a simple property: the equation a®b = ¢ always has a unique solution for the third
variable given the other two. This is reminiscent of groups, yet the algebra defined has
no identity element and hence no notion of inverses. It weakens the properties of finite
groups, and is a quasigroup. As an n Xn array, it is equivalent to say that every symbol
occurs in every row once, and also in every column once; the array is a latin square.
Part III focuses on latin squares and their generalizations; see particularly §III.1 for
latin squares, §II1.2 for quasigroups, and §VI.22 for generalizations to balanced squares
in which every cell contains a fixed number of elements greater than one.

Example For the square at left in Example 1.10, form a set {x,y+7, 2+ 14} whenever

* ® y = z. The resulting sets are:
{0,7,14}, {0,8,16}, {0,9,15}, {0, 10, 18}, {0,11,17}, {0, 12,20}, {0,13,19},
{1,7,16}, {1,8,15}, {1,9,14}, {1,10,19}, {1,11,20}, {1,12,17}, {1,13,18},
{2,7,15}, {2,8,14}, {2,9,16}, {2,10,20}, {2,11,19}, {2,12,18}, {2,13,17},
{3,7,18}, {3,8,19}, {3,9,20}, {3,10,17}, {3,11,14}, {3,12,15}, {3,13,16},
{4,7,17}, {4, 8,20}, {4,9,19}, {4, 10, 14}, {4,11,18}, {4, 12,16}, {4,13,15},
{5,7,20}, {5,8,17}, {5,9,18}, {5, 10,15}, {5,11,16}, {5,12,19}, {5,13,14},
{6,7,19}, {6,8,18}, {6,9,17}, {6, 10,16}, {6,11,15}, {6, 12,14}, {6,13,20}.

Remarks Example 1.12 gives a representation of the quasigroup in Example 1.10
once again as blocks. In this set system with 49 blocks on 21 points, every point
occurs in 7 blocks, every block has three points; yet some pairs occur once while
others occur not at all, in the blocks. Indeed pairs inside the groups {0,1,2,3,4,5,6},
{7,8,9,10,11,12,13}, and {14,15,16,17,18,19,20} are precisely those that do not
appear. This is a group divisible design (see §IV.1). Balance with respect to occurrence
of pairs could be recovered by adjoining the three groups as blocks; the result exhibits
pair balance but loses equality of block sizes because blocks of size 3 and 7 are present;
this is a pairwise balanced design (see §IV.1). Instead, placing a copy of the 7 point
design on each of the groups balances both pair occurrences and block sizes, and,
indeed, provides a larger balanced incomplete block design, this one on 21 points
having 70 (= 49 + 3 x 7) blocks.

Returning to the group divisible design, yet another balance property is found;
every block meets every group in exactly one point. This defines a transversal design;
see §IIL.3.
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1.14

1.15

1.16

1.17

1.18

1.19

1.20

Example Two mutually orthogonal latin squares of side 7.

+l0123456 ®0123456 +6/0 1 2 3 4 5 6
00123456 00246135 0 [0,01,22,436 415365
111234560 111350246 1 |1,12,3354,0526,4 0,6
202345601 202461350 2 12,23.4465,16,3051,0
303456012 313502461 3 13,34,55,06,204 1,62,1
414560123 414613502 4 4,4 566,103 1,5 2,0 3,2
505601234 505024613 5 15,5 6,0 0,2 1,4 2,6 3,1 4,3
6[6012345 616135024 6 [6,60,1 1325304254

Remark The operation ® in Example 1.10 is by no means the only way to define a
quasigroup on 7 symbols. In Example 1.14, two more are shown, with operations +
and ®. A natural question is whether they are different from each other in an essential
manner, or different from ®. The definition of + has the same columns as that of @,
but in a different order. While different as algebras, they are nonetheless quite similar.
They are introduced here to note yet another kind of balance. When superimposing
two n X n latin squares, one could expect every ordered pair of symbols to arise any
number of times between 0 and n; but the average number of times is precisely one.
This example demonstrates that perfect balance can be achieved: every pair arises
exactly once in the superposition. As latin squares, these are mutually orthogonal.
Section III.3 explores these, in their various disguises as quasigroups, as squares, and
as transversal designs.

Example For the square at left in Example 1.10, form an array whose columns are
precisely the triples (z,y, 2)7 for which z ® y = 2.

0000000111111122222223333333444444455555556666666
0123456012345601234560123456012345601234560123456
0214365210563410265434563012365042163412505432106

Remark Example 1.16 gives yet another view of the same structure. In the 3 x 49
array, each of the 7 symbols occurs 7 times in each row. However, much more is true.
Choosing any two rows, there are 49 = 7.7 pairs of entries possible, and 49 occurring.
As one might expect, the case of interest is that of balance, when every pair occurs the
same number of times (here, once). This is an orthogonal array; see §II1.6 and §ITL.7.
While playing a prominent role in combinatorial design theory, they play a larger role
yet in experimental design in statistics; see §VI.21.

> Matrices, Vectors, and Codes

Example Begin with the set system representation of the

Fano plane in Example 1.3 and construct the 7 x 7 matrix 1110000
of 0Os and 1s on the right by placing a 1 in cell (a,b) if the 1001100
element a is in set b; place a 0 otherwise. 1000011
Remark The matrix in Example 1.18 is the incidence ma- 0101010
triz of the Fano plane. Generally, the rows are indexed by 0100101
the points of the design and the columns by the blocks. Im- 0011001
portant properties of designs can be determined by matrix 0010110

properties of these incidence matrices; see §VIL.7.
Example Apply the permutation (0)(1)(2 5 3)(4)(6) to the symbols in Example 1.3.
Form a 7 x 7 matrix with columns indexed by blocks and rows indexed by symbols.
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________ Place a — in the cell of row z and column | T+ T+ +++
—— =t =+ . e
— 4 — — 4 — 44+ |y when symbol z appears in block y, and | 4 _ 4 4 _ 4 __
—++ — —+ —+ | a + otherwise. Finally add an initial row | + — — + 4+ — +—
—+++——+— |and an initial column consisting entirely | + —— —++ —+
R e get the array at the left. Invert + HE
— -+t . o+ ———++
44— and — to get the array on the right. b4 ———

1.21

1.22

1.23

1.24

1.25

Remark Of course, the balance observed previously repeats in the matrix on the left in
Example 1.20. In this presentation, however, the balance is seen in a new light. Taking
+ to be +1 and — to be —1, it is possible for two rows to have inner product between
—8 and +8; yet here every pair of distinct rows have inner product exactly equal to
0 (and indeed, so do any two distinct columns). This property over {£1} defines a
Hadamard matriz; see §V.1. Such matrices have the remarkable property that they
maximize the matrix determinant over all n x n {£1}-matrices; see §V.3. Generalizing
to arithmetic over algebras other than ({£1},-) yields classes of orthogonal matrices
and designs (§V.2).

The matrix on the right shares the same properties, being the negative of the one
on the left. But a surprise is in store. Juxtapose the two horizontally, and delete the
two constant columns to form an 8 x 14 matrix. Every two distinct columns of the
result have either 0 or 4 identical entries. For each column form a set that contains
the indices of the + entries in that column; this yields 14 blocks each of size 4, on a
set of 8 elements. Every element occurs in 7 blocks, every 2-subset of elements in 6
blocks, and every 3-subset of elements in exactly one block. This is a Steiner system
and a 3-design (a Hadamard 3-design).

Example In Example 1.20, delete the constant row and constant column, and treat
the remaining 7 rows as {+1}-vectors. These vectors are:
[——+—+++] [+——+—++] [++——+—+] [+++——+-] [-+++——+] [+-+++--] [-+—+++-]

Remark In communicating between a sender and a receiver, synchronization is a ma-
jor issue, as demonstrated by the message ...EATEATEATEATEATEATEATEA. .., which
might say EAT, ATE, or TEA depending on your timing. Knowing the message, how-
ever, enables one to determine the timing. Suppose then that a sender repeatedly sent
[+-+++--]. If the receiver is “in phase,” it multiplies the expected vector with the
received one, and computes 7. If “out of phase,” it instead computes —1 no matter
what the nonzero phase shift is. This autocorrelation can be used to synchronize, and
the balance plays a practical purpose; see §V.9 and §V.7.

Example An error-correcting code.

Replace 4+ by 1 and — by 0 in the two Hadamard ma-
trices of Example 1.20, and treat the 16 rows of the
resulting matrices as binary vectors of length 8.

[00000000]
[01001011]
[01110010]
[01011100]
[11111111]
[10110100]
[10001101]
[10100011]

[00010111]
[01100101]
[00111001]
[00101110]
[11101000]
[10011010]
[11000110]
[11010001]

Remark The sixteen binary vectors of Example 1.24 have the property that every
two distinct vectors differ in exactly 4 or in all 8 positions. A sender and receiver
can agree that in order to communicate sixteen information symbols, they are to use
these 16 “codewords.” If a single bit error is made in transmission, there is exactly
one codeword that could have been intended; if two bit errors are made, the receiver
knows that an error occurred but does not know which two bit errors account for the
incorrect received word. This is a 1-error-correcting code and a 2-error-detecting code;
see §VIL.1.
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1.26

1.27

1.28

1.29

1.30

1.31

1.32

> Graphs

Example An embeddlng of the Fano plane on the torus.
Draw the complete graph on 7 vertices (K7) on the torus

(identify the left and right borders, and the top and bot-
tom borders, to form the torus—you may need to pur-
chase a second Handbook to do this). The number of
| vertices is 7 and the number of edges is 21, so the num-
" ber of faces (by Euler’s formula) is 14.

Remark The triangular faces in the drawing of Example 1.26 have the property that
they can be colored with two colors, so that every edge belongs to one face of each
color. Consider then the faces of one color; every edge (2-subset of vertices) appears
in exactly one of the chosen faces (3-subset of vertices). Seven vertices, seven faces,
three vertices on every face, three faces at every vertex, and for each edge exactly one
face that contains it. See §VI.25 for embeddings of graphs in surfaces that correspond
to designs.

Example In the graph shown, label points on the left by seven
different symbols, and each point on the right by the 3-subset of
symbols for its adjacent vertices. The seven 3-subsets thereby cho-
sen form the blocks of a balanced incomplete block design, and this
incidence graph shows the element-block incidence structure.

Remark Example 1.28 gives a purely graph-theoretic representation of the running
example; see §VIL.4. Again a surprise is in store. Consider Example 1.26 further.
Surface duality implies that, by interchanging the roles of faces and vertices in the
drawing, the embedding of a dual graph is obtained. What is the structure of the dual
graph in this case? It is shown in Example 1.28.

Example The graph in Example 1.28 has a hamiltonian cycle. Re-
draw the graph with the hamiltonian cycle on the exterior. This is
the Heawood graph, the smallest 3-regular graph whose shortest cycle
has length six (also called a cage); see §VIL.4.

Example A decomposition of the complete graph into triangles.

A S SR It
Remark In another vernacular, Example 1.26 shows that K7 can be decomposed into
edge-disjoint copies of K3 (the triangle). The toroidal embedding is not needed to
see this, however. Example 1.31 explicitly shows seven K3s that edge-partition K.
Another line of investigation opens: When can one edge-partition a graph G into
copies of a graph H? Combinatorial design theory concentrates on cases when G is a
complete graph. When H is also complete, another view of balanced incomplete block
designs is obtained. But when H is a cycle, a different generalization is encountered,
cycle systems; see §VI.12. Further, when H is arbitrary, a graph design is obtained;
see §VI.24.

Imagine that the set of all possible edges is to be partitioned into subgraphs, so
that no subgraph has too many edges; in addition, every vertex in a subgraph that
has one or more edges at it incurs a cost. The goal is to minimize cost. This is
achieved by choosing subgraphs that are complete whenever possible, and hence block
designs provide solutions. Exactly such a problem arises in “grooming” traffic in
optical networks; see §VI.27.
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1.33

1.34

1.35

1.36

1.37

1.38

Example Start with blocks {0,1,3}, {0,4,5}, {0,2,6}, {1,2,4}, {1,5,6}, {2,3,5},
and {3,4,6}. Arrange the points 0,...,6 on the perimeter of a circle consecutively,
and place an additional point, co, at the center of the circle. Now form seven graphs
numbered also 0, ..., 6. In the ith, place the edge {co, i}, and for all z € {0,...,6}\{i}
place the edge {z,y} if and only if {4, z,y} is a block.

N A O A

Remark In Example 1.33, each of the seven graphs is a perfect matching or I1-factor on
the eight points. The seven 1-factors share no edges; they partition the edges of Ky
into 1-factors. This is a I-factorization; see §VIL.5. Playing a round-robin tournament
with 8 players over 7 time-periods can be accomplished using the matches shown here;
see §VIL.51.

Example An orthogonal 1-factorization and a Room square.

v TR X S e 1)

Above is shown another 1-factorization, obtained
from Example 1.33 by reflecting the first picture

o0 261 15 13 3 through the vertical axis. Remarkably it has the
S 0(3332 ?i 0% 35 property that every 1-factor of this factorization
16 o325 To1 shares at most one edge with that of Example 1.33,
05 436 112 such one factorizations are orthogonal. Form a 7 x 7
23 16 o501 square (at left) with rows indexed by the factors of
15 132 02 6| Example 1.33 and columns by the factors in its re-

flection. In each cell, place the edge (if any) that the
factors share.

Remark Example 1.35 gives a square in which every cell is either empty or contains
an unordered pair (edge); every unordered pair occurs in exactly one cell; and every
row and every column contains every symbol exactly once. This is a Room square;
see §VI.50. Generalizing to factorizations of regular graphs other than complete ones
leads to Howell designs; see §VI.29.

> Finite Geometry

Example In the picture at right, label the three corner points by

binary vectors (0,0,1), (0,1,0), and (1,0,0). When (a, b, ¢) and (x, y, 2)

are points, so also is (a ® z,b B y,c ® z) = (a,b,¢) ® (z,y, 2); the

operation @ is addition modulo 2. Then (1,1,0), (1,0,1), (0,1,1), and

(1,1,1) are also points—but (0,0,0) is not. Lines are defined by all

sets of three distinct points whose sum under @ is (0,0,0).

Remark This is a geometry of points and lines that is finite; as with plane geometry,
any two points define a line, and two lines meet in at most one point. Unlike usual
geometry in the plane, however, there are no two lines parallel; every two lines meet
in exactly one point. This is a finite projective geometry, one of a number of finite
geometries (§VIL.2). Geometries in which lines can have different sizes generalize this
notion to linear spaces; see §VI.31.
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1.39

1.40

1.41

1.42

1.43

1.44

1.45

1.46

1.47

1.2 Symmetry

Remark That the one simple structure in Example 1.1 can demonstrate balance in
so many different settings is remarkable, and its vast generalizations through these
different representations underpin many topics in combinatorial design theory. But
the example leads to much more. It exhibits symmetry as well as balance. As a first
step, note that permuting the three coordinate positions in Example 1.37 relabels the
points. Yet the picture remains unchanged! This describes a sixfold symmetry.

Example In Z; form the 3-set {1,2,4} consisting of the three nonzero squares (the
quadratic residues). Form seven sets by adding each element of Z7 in turn to this base
block. These seven sets give the set system representation of the Fano plane.

Remark Example 1.40 gives another representation of the recurring example, as trans-
lates of the quadratic residues modulo 7; this opens the door into number theory
(§VIL.8). More than that, there is a sevenfold symmetry by translation through Z;.
Example 1.31 depicted this symmetry already, but in Example 1.40 a more compact
representation is given.

Example The automorphism group of the Fano plane.
0123456) The four permutations on the left generate a permu-

tation group I' of order 168. Under the action of T,
Eg ?1()122()2(2 ;L 2; the orbit of {0, 1, 3} contains 7 triples; that of {0, 1,5}
(0) (13) (2) (6) (45) contains seven (different) triples; and that of {0, 1,2}

contains the remaining 21 triples.

Remark Example 1.42 constructs the recurring example via the action of a group;
indeed the orbit of {0, 1,3} under T" provides the seven triples. As there are no other
group actions that preserve this orbit, I" is the full automorphism group of the design.
See §VII.9 for relevant descriptions of groups. In this representation, many symmetries
are provided, not all of which are easily seen geometrically. One particular symmetry
of interest is that the seven points lie in a single orbit (point transitivity); a second is
that all blocks lie in the same orbit (block transitivity). See §VIL.5.

Example Begin again with the 3-set {1,2,4} in Z; from Example 1.40. Calculate
differences modulo 7 among these three elements to obtain +1, 42, and +3, all nonzero
differences in Z7.

Remark In Example 1.42, not only is there a transitive action on the seven points,
the action is a single 7-cycle. In Example 1.44, this is seen by the occurrence of
every nonzero difference among the points once. Such cyclic designs have received
particular attention. See §I1.18 for cyclic and transitive symmetric designs (difference
sets) and §VI.16 for cyclic block designs (difference families); also see §V.5 and §VI.17
for generalizations of orthogonal arrays defined by group actions.

1.3 Parallelism

Example On {0,1,2,3,4,5,6} x {0,1, 2}, form the 70 sets
B= {{(0),(4,1),(2)}:1=0,...,6}
U {{GE+1,5),6+2,9),E+4,5)}:i=0,...,6,j=0,1,2}
U {{(i+3,a),(t+5,b),(i+6,¢)}:i=0,...,6,{a,b,c} ={0,1,2}}.
Arithmetic in the first component is done modulo 7, and in the second modulo 3.

Remark Example 1.46 contains three copies of Example 1.31 within it; they lie on
the points {0,1,2,3,4,5,6} x {j} for j € {0,1,2}. Every two of the 21 points occur
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together in exactly one of the 70 sets. This is a recursive construction of a larger
design from a smaller one. Now rewrite Example 1.46.

Example For i € {0,1,2,3,4,5,6} let
Pi = {{(’L,O),(’L, 1)v(i52)}a
{(i4+1,0),(i+2,0),(i+4,0)}, {(E+3,0),(i+5,1),
}

(i+6,2)},
{(i+1,1),(i+2,1),(i+4,1)}, {(i+31),(+5,2),(
(@

+6,2
+6,0)},
+6,1

ST T

{(i+1,2),(i+2,2),(i+4,2)}, {(i43,2),(i+5,0), 1)}
For j €{0,1,2} let Q; ={{(¢ +3,4),(¢+5,7+2),(i+6,7+1)}:i=0,...,6}. The
70 sets in B are partitioned into ten classes (Py, P1, ..., Ps, Q1, Q2, Q3) of seven sets
each in this manner.

Remark In Example 1.48, consider one of the classes in the partition. It contains seven
sets each of size 3, chosen from a set system on 21 points. Asking again for “balance,”
one would hope that every point occurs in exactly one set of the class. And indeed it
does! Each class contains every point exactly once; it is a parallel class or a resolution
class. The whole design is partitioned into resolution classes; it is resolvable. The
partition into classes is a resolution. Geometrically, one might think of the sets as
lines, and a resolution class as a spanning set of parallel lines. Then resolvability is
interpreted as a “parallelism.” Resolvability is a key concept in combinatorial design
theory. See §II.7 and §IV.5. Indeed resolvability also arises extensively in tournament
scheduling (§VI.3,§VI.51).

1.4 Closing

Remark This short introduction has afforded only a cursory glance at the many ways
in which such simple objects are generated, classified, enumerated, generalized, and
applied. The main themes of combinatorial design theory, balance and symmetry,
recur throughout the handbook. Nevertheless, there is more to learn from the initial
tour. Often the representation chosen dictates the questions asked; one seemingly
simple object appears in a myriad of disguises. To explore this world further, one
piece of advice is in order. Be mindful of the ease with which any combinatorial
design can arise in an equivalent formulation, with different vernacular and different
lines of research. The intricate web of connections among designs may not be a blessing
to those entering the area, but it is nonetheless a strength.

2 Design Theory: Antiquity to 1950

IAN ANDERSON
CHARLES J. COLBOURN
JEFFREY H. DINITZ
TERRY S. GRIGGS

Those who do not read and understand history are doomed to repeat it. (Harry Truman)

At the time of writing, every passing year sees the addition of more than five
hundred new published papers on combinatorial designs and likely thousands more
employing the results and techniques of combinatorial design theory. The roots of
modern design theory are diverse and often unexpected. Here a brief history is given.
It is intended to provide first steps in tracing the evolution of ideas in the field.
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The literature on latin squares goes back at least 300 years to the monograph
Koo-Soo-Ryak by Choi Seok-Jeong (1646-1715); he uses orthogonal latin squares of
order 9 to construct a magic square and notes that he cannot find orthogonal latin
squares of order 10. It is unlikely that this was the first appearance of latin squares.
Ahrens [68] remarks that latin square amulets go back to medieval Islam (c1200), and
a magic square of al-Buni, ¢ 1200, indicates knowledge of two 4 x 4 orthogonal latin
squares. In 1723, a new edition of Ozanam’s four-volume treatise [1712] presented a
card puzzle that is equivalent to finding two orthogonal latin squares of order 4. Then
in 1776, Euler presented a paper (De Quadratis Magicis) to the Academy of Sciences
in St. Petersburg in which he again constructed magic squares of orders 3, 4, and
5 from orthogonal latin squares. He posed the question for order 6, now known as
Euler’s 36 Officers Problem. Euler was unable to find a solution and wrote a more
extensive paper [798] in 1779/1782. He conjectured that no solution exists for order
6. Indeed he conjectured further that there exist orthogonal latin squares of all orders
n except when n =2 (mod 4):

et je n’ai pas hésité d’en conclure qu’on ne saurait produire aucun quarré complet de 36
cases, et que la méme impossibilité s’étende aux cas de n = 10, n = 14 et en général a tous
les nombres impairement pairs.

No progress was to be made on this problem for over a century, although it was not
neglected by mathematicians of the day. Indeed, Gauss and Schumacher (see [862])
corresponded in 1842 about work of Clausen establishing the impossibility when n = 6
and conjecturing (independently of Euler) the impossibility when n = 2 (mod 4),
which work was apparently not published. In 1900, by an exhaustive search, Tarry
[2004] showed that none exists for n = 6, and in 1934 the statisticians Fisher and
Yates [820] gave a simpler proof. Petersen [1731] in 1901 and Wernicke [2129] in
1910 published fallacious proofs of Euler’s conjecture for n = 2 (mod 4). Then in
1922 MacNeish [1499] published another, after pointing out the error in Wernicke’s
approach! In 1942 Mann [1520] described the construction of orthogonal latin squares
using orthomorphisms. The falsity of the general Euler conjecture was finally estab-
lished in 1958 when Bose and Shrikhande [308] constructed two orthogonal squares of
order 22; and then in 1960 Bose, Shrikhande, and Parker [309] established that two
orthogonal latin squares of order n exist for all n =2 (mod 4), other than 2 and 6.

The study of block designs can be traced back to 1835, when Pliicker [1754], in a
study of algebraic curves, encountered a Steiner triple system of order 9, and claimed
that an STS(m) could exist only when m = 3 (mod 6). In 1839 he correctly revised
this condition to m = 1,3 (mod 6) [1755]. Pliicker’s discovery that every nonsingular
cubic has 9 points of inflection, defining 12 lines each of 3 points, and with each pair
of points on a line, illustrates the early connection between designs and geometry.
Another discovery of Pliicker concerned the double tangents of fourth order curves,
namely, a design of 819 4-element subsets of a 28-element set such that every 3-element
subset is in exactly one of the 4-element subsets, a 3-(28,4, 1) design. Pliicker raised
the question of constructing in general a t-(m,t + 1,1) design.

In England, a prize question of Woolhouse [2167] in the Lady’s and Gentleman’s
Diary of 1844 asked:

determine the number of combinations that can be made out of n symbols, p symbols in
each; with this limitation, that no combination of ¢ symbols, which may appear in any one
of them shall be repeated in any other.

In 1847 Kirkman [1300] dealt with the existence of such a system in the case p = 3
and ¢ = 2, constructing STS(m) for all m = 1,3 (mod 6). The next case to be solved,
p =4 and ¢ = 3, was done more than a century later by Hanani [1035] in 1960. The
reason the triad systems (as Kirkman called them) are not now called Kirkman triple
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systems but rather Steiner triple systems lies in the fact that Steiner [1956], apparently
unaware of Kirkman’s work, asked about their existence in 1853; subsequently Reiss
[1799] (again) settled their existence, and later Witt [2159] named the systems after
Steiner. A particular irony is that Steiner had actually asked a related but different
question, which was taken up by Bussey in 1914 [407]. The name Kirkman has instead
come to be attached to resolvable Steiner systems, on account of Kirkman’s famous
15 schoolgirls problem [1303]: fifteen young ladies in a school walk out three abreast
for seven days in succession; it is required to arrange them daily, so that no two shall
walk twice abreast.

The first solution to the schoolgirls problem to appear in print was by Cayley [442]
in 1850 followed in the same year by another by Kirkman [1302] himself. Kirkman’s so-
lution involved an ingenious combination of an STS(7) and a (noncyclic) Room square
of side 7. In 1863, Cayley [443] pointed out that his solution could also be presented
in this way. Cayley’s and Kirkman’s solutions are nonisomorphic as Kirkman triple
systems but isomorphic as Steiner triple systems, being the two different resolutions
into parallel classes of the point-line design of the projective geometry PG(3,2). In
1860 Peirce [1726] found all three solutions of the 15 schoolgirls problem having an
automorphism of order 7, and in 1897 Davis [634] published an elegant geometric solu-
tion based on representing the girls as the 8 corners, the 6 midpoints of the faces, and
the centre of a cube. In 1912, Eckenstein [769] published a bibliography of Kirkman’s
schoolgirl problem, consisting of 48 papers. The 7 nonisomorphic solutions of the 15
schoolgirls problem were enumerated by Mulder [1644] and Cole [593]. The first pub-
lished solution of the existence of a Kirkman triple system of order m, KTS(m), for
all m = 3 (mod 6) was by Ray-Chaudhuri and Wilson [1781] in 1971. The problem
had in fact already been solved by the Chinese mathematician Lu Jiaxi at least eight
years previously, but the solution had remained unpublished because of the political
upheavals of the time. Lu also solved the corresponding problem for blocks of size 4;
these results were eventually published in his collected works [1484] in 1990.

Prior claim to the authorship of the 15 schoolgirls problem was made by Sylvester
[1996] in 1861, hotly refuted by both Kirkman [1305] and Woolhouse [2168]. But
Sylvester raised further questions about such systems, for example: can all 455 triples
from a 15-element set be arranged into 13 disjoint KTS(15)s, thereby allowing a walk
for each of the 13 weeks of a school term, without any three girls walking together
twice? The problem was finally solved in 1974 by Denniston [690] although both
Kirkman and Sylvester had solutions for the corresponding problem with 9 instead of
15 (indeed they had the first example of a large set of designs). Surely neither Sylvester
nor Denniston would have anticipated that Denniston’s solution would form the basis
in 2005 of a musical score, Kirkman’s Ladies [1212], about which the composer states:

The music seems to come from some point where precise organization meets near chaos.

The problem of the existence of large sets of KTS(n) in the general case of n = 3
(mod 6) is still unsolved. Sylvester also asked about the existence of a large set of 13
disjoint STS(15)s. In this case, the general problem of large sets of STS(n) is solved
for all n = 1,3 (mod 6), n # 7, mainly by work of Lu [1482, 1483] but also Teirlinck
[2015]. Cayley [442] had shown that the maximum number of disjoint ST'S(7)s on the
same set is 2. In 1917, Bays [169] determined that there are precisely 2 nonisomorphic
large sets of STS(9).

Kirkman’s solution of the 15 schoolgirls problem was extended brilliantly in 1852—
3 by Anstice [103, 104]; he generalised the case where n = 15 to any integer of the
form n = 2p + 1, where p is prime, p = 1 (mod 6). For the first time making use of
primitive roots in the construction of designs (a method basic to Bose’s 1939 paper)
and introducing the method of difference families, Anstice constructed an infinite class
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of cyclic Room squares, cyclic Steiner triple systems, and 2-rotational Kirkman triple
systems. His starter-adder approach to the construction of Room squares includes the
Mullin—Nemeth starters [1653] as a special case.

In 1857 Kirkman [1304] used difference sets (in the equivalent formulation of perfect
partitions) to construct cyclic finite projective planes of orders 2, 3, 4, 5, and 8§,
introducing at the same time the concept of a multiplier of a difference set. He also
wrote that he thought that a solution for 6 is “improbable,” for 7 is “very likely”
(because 7 is prime) and that he did not see why one should not be discovered for
9. He did not comment on order 10. A few years earlier, Kirkman [1301] had shown
how to construct affine planes of prime order, and, hence, essentially by adding points
at infinity, finite projective planes of all prime orders (although he did not use the
geometric terminology). This paper also showed how to construct certain families of
pairwise balanced designs. Such designs were to prove invaluable in later combinatorial
constructions; indeed, in the same paper Kirkman himself used them to solve the
schoolgirls problem for 5 - 3™+ symbols. Kirkman’s work on combinatorial designs is
indeed seminal. To quote Biggs [269]:

Kirkman has established an incontestable claim to be regarded as the founding father of
the theory of designs. Among his contemporaries, only Sylvester attempted anything com-
parable, and his papers on Tactic seem to be more concerned with advancing his claims to
have discovered the subject than with advancing the subject itself. Not until the Tactical
Memoranda of E. H. Moore in 1896 is there another contribution to rival Kirkman’s.

In 1867, Sylvester [1997] investigated a tiling problem and constructed what he
called anallagmatic pavements, which are equivalent to Hadamard matrices. He showed
how to construct such of order 2n from a solution of order n; twenty-six years later
Hadamard [1003] showed that Hadamard matrices give the largest possible determi-
nant for a matrix whose entries are bounded by 1. Hadamard showed that the order
of such a matrix had to be 1, 2, or a multiple of 4, and he constructed matrices of
orders 12 and 20. In 1898 Scarpis [1846] showed how to construct Hadamard matrices
of order 2* - p(p + 1) whenever p is a prime for which a Hadamard matrix of order
p+ 1 exists. In 1933 Paley [1713] used squares in Fy to construct Hadamard matrices
of order ¢ + 1 when ¢ = 3 (mod 4) and of order 2(q + 1) when ¢ = 1 (mod 4). He
also showed that if m = 2", then the 2™ (£1)-sequences of length m can be parti-
tioned in such a way as to form the rows of 2™ ™" Hadamard matrices. In a footnote
Paley acknowledged that some of his results had been announced by Gilman in the
1931 Bulletin of the AMS, but without proof. In the same journal issue in 1933,
Todd [2036] pointed out the connection between Hadamard matrices and Hadamard
designs; designs with these parameters were relevant to work of Coxeter (also in the
same journal issue) on regular compound polytopes! At this time the matrices were
not yet called Hadamard matrices; Paley called them U-matrices. Williamson [2142]
first called them Hadamard matrices in 1944. The existence of Hadamard matrices
for all admissible orders remains open.

Cayley introduced the word tactic for the general area of designs. The word config-
uration, used nowadays more generally, was given a specific meaning in 1876 by Reye
[1800] in terms of geometrical structures. Essentially, a configuration was defined to
be a system of v points and b lines with &£ points on each line and r lines through
each point, with at most one line through any two points (and hence any two lines
intersecting in at most one point). If v = b (and therefore k = r), the configuration is
symmetric and denoted by vg; thus, for example, the Fano plane is 73, the Pappus con-
figuration is 93, and the Desargues configuration is 103. In fact, the first appearance
of the Petersen graph is not in Petersen’s paper of 1891 but in 1886 by Kempe [1277]
as the graph of the Desargues configuration. In 1881, Kantor [1250] showed that there
exist one 83, three 93, and ten 103 configurations. Six years later, Martinetti [1528]
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showed there were thirty-one 113 configurations. In the following years, Martinetti
constructed symmetric 2-configurations (two points are connected by at most 2 lines),
with parameters (74)2, (84)2, and (94)2 as well as the biplanes (115)2 and (166)2. The
biplane (115)2, also a Hadamard design 2-(11,5,2), had previously been constructed
by Kirkman [1305] in 1862. Symmetric configurations vy were first studied in 1913
by Merlin [1593]. In 1942, Levi [1442] unified the treatment of configurations with
questions in algebra, geometry, and design theory.

Interest in counting configurations is reflected in the enumerative work on Steiner
systems. It was known early on that there are unique STS(7) and STS(9). In 1897,
Zulauf [2219] showed that the known STS(13)s fall into two isomorphism classes.
Using the connection between STS(13)s and symmetric configurations 103, in 1899 De
Pasquale [659] determined that only two isomorphism classes are possible. The same
result was also obtained two years later by Brunel. The enumeration of nonisomorphic
STS(15)s was first done by Cole, Cummings, and White. In 1913, both Cole and
White published papers introducing ideas for enumeration and a year later Cummings
classified all 23 ST'S(15)s which have a subsystem of order 7. Then in 1919, White,
Cole, and Cummings [2135] in a remarkable memoir, succeeded in determining that
there are precisely 80 nonisomorphic STS(15)s. In 1940, Fisher [819], unaware of this
catalogue, also generated STS(15)s; he used trades on Pasch configurations to find 79
of the 80 systems. The veracity of White, Cole, and Cummings’ work was confirmed in
1955 by Hall and Swift [1020] in one of the first cases in which digital computers were
used to catalogue combinatorial designs. The number of nonisomorphic STS(19)s
was published only in 2004 [1268], perhaps understandably as it is 11,084,874,829.
Enumeration of latin squares has a more complex history (see [1573]); early results
are by Euler [798] in 1782, Cayley [446] and Frolov [834] in 1890, Tarry [2004] in 1900,
MacMahon [1498] in 1915, Schénhardt [1853] in 1930, Fisher and Yates [820] in 1934,
and Sade [1836] and Saxena [1844] in 1951.

By the end of the 19th century there was no formal body of work called graph
theory, but some graph theoretic results were in existence in the language of config-
urations or designs. One-factorizations of Ky, are resolvable 2-(2n,2,1) designs, and
the “classical” method of construction appeared in Lucas’ 1883 book [1488]; the con-
struction was credited to Walecki and can be described in terms of chords of a circle
or in terms of a difference family now known as a patterned starter. Remarkably, in
1847 Kirkman [1300] already gave a construction based on a lexicographic method
(in fact the greedy algorithm), which gives a schedule isomorphic to that of Lucas—
Walecki. Lucas’ book also describes the construction of round-dances (or hamiltonian
decompositions of the complete graph) by means of what we now call a terrace. Enu-
meration results for nonisomorphic 1-factorizations of Ko, span nearly a century. In
1896, Moore [1626] reported that there are 6 distinct 1-factorizations of K that fall
into a single isomorphism class. The 6 nonisomorphic 1-factorizations of Kg appear
in Dickson and Safford [703]. Gelling [887] showed that the number of nonisomorphic
1-factorizations of Ko is 396, and Dinitz, Garnick, and McKay [715] showed that
there are 526,915,620 nonisomorphic 1-factorizations of Kis.

In 1891, Netto [1670], unaware of Kirkman’s work, gave four constructions for
Steiner triple systems: (i) an STS(2n+1) from an STS(n), (already used by Kirkman),
(ii) an STS(mn) from an STS(m) and an STS(n), (iii) an STS(p) where p is a prime of
the form 6m+1, and (iv) an STS(3p) where p is of the form 6m +5. The construction
given by Netto for (iii) involves primitive roots, but is not the construction usually
associated with his name. These constructions enabled Netto to construct STS(n)
for all admissible n < 100 except for n € {25,85}. In 1893 Moore [1624] completed
Netto’s proof, giving a construction of an STS(w + u(v — w)) from an STS(u) and an
STS(v) with an STS(w) subsystem. In [1624] he also proved that for all admissible
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v > 13, there exist at least two nonisomorphic STS(v). In 1895 and 1899, Moore
[1625, 1627] determined the automorphism groups of the unique STS(7) and 3-(8,4,1)
designs and studied the intersection properties of the 30 realizations on the same base
set of both systems.

Undoubtedly the most far-reaching paper by Moore is his “Tactical Memoranda
I-II1” [1626]. This was published in 1896 in the American Journal of Mathematics
(founded in 1878 by Sylvester during his seven-year stay in the U.S. as professor at
Johns Hopkins University). It contains many jewels hidden in 40 pages of difficult
and often bewildering terminology and notation. After a brief introductory section
(memorandum I), memorandum IT introduces a plethora of different types of designs,
including with order and/or with repeated block elements, the first occurrence of both
of these concepts. Here we find the construction using finite fields of a complete set
of ¢ — 1 mutually orthogonal latin squares (MOLS) of order ¢ whenever ¢ is a prime
power (a result rediscovered much later by Bose [300] in 1938 and by Stevens [1961]
in 1939 independently). One also finds the theorem, later rediscovered by MacNeish
[1499], that if there exist ¢ MOLS of order m and of order m, then there exist ¢
MOLS of order mn. Further, it contains the construction of many 1-rotational designs
including Kirkman triple systems and work on orthogonal arrays. Memorandum III
contains the first general results on whist tournaments and triple-whist tournaments.
Whist tournaments Wh(4n) had been presented by Mitchell [1618] in 1891 for several
small values of n; Moore showed how to construct several infinite families of such
designs. These are resolvable 2-(4n,4,3) designs with extra properties, and are the
first examples of nested designs to appear in the literature. Further in this section,
Moore points out the relationship between whist tournaments Wh(4n) and resolvable
2-(4n,4,1) designs and gives a cyclic construction of such designs in the case where
4n = 3p + 1, where p is a prime of the form 4m + 1. At this time much work
was being done on finite geometries and tactical configurations. For example, Fano
[807] described a number of finite geometries in 1892, and in 1906 Veblen and Bussey
[2097] used finite projective geometries to construct many designs, in particular finite
projective planes of all prime power orders.

Triple systems were also studied by Heffter whose approach to the subject stemmed
from his study of triangulations of complete graphs on orientable surfaces, relating
these to twofold triple systems. In 1891 he gave a particularly simple construction
for twofold triple systems of order 12s+ 7 [1076]. Although Kirkman, nearly 40 years
earlier, had pointed to the existence of an indecomposable 2-(7,3,3) design without
repeated blocks, this seems to be the first known infinite class of designs with A > 1.
In 1896, Heffter [1077] introduced his famous first difference problem, in relation to
the construction of cyclic STS(6s + 1), and a year later both the first and second
difference problems appeared [1078§].

Heffter’s difference problems were eventually solved in 1939 by Peltesohn [1727],
and later a particularly elegant approach by Skolem [1924, 1925] was given in 1957—
58. Skolem’s interest in Steiner triple systems was longstanding. In 1927 he wrote
notes for the second edition of Netto’s book [1671], whose first edition appeared in
1901; there he constructed STS(v) for all products of primes of the form 6n 4+ 1 and
showed that if v = 6s + 1 then there are at least 2s such STS(v). Then in [1924], he
introduced the idea of a pure Skolem sequence of order n and proved that these exist
if and only if n = 0,1 (mod 4). In [1925] he extended this idea to that of a hooked
Skolem sequence, the existence of which for all admissible n, along with that of pure
Skolem sequences, would constitute a complete solution to Heffter’s first difference
problem. O’Keefe [1695] proved that a hooked Skolem sequence exists if and only if
n=2,3 (mod 4).

In 1923-34, Bays [170, 171] undertook a systematic study of group actions on
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cyclic STS, and also in [172] on SQS; this culminated in a remarkable theorem, the
Bays-Lambossy theorem [1382] demonstrating that isomorphism of cyclic structures
of prime orders is the same as multiplier equivalence.

The period between the two world wars saw a major step forward in the study
of statistical experimental design. Already by 1788, de Palluel [618] had used a 4 x
4 latin square to define an experimental layout for wintering sheep (see [1985] for
a modern treatment of his work). In 1924 Knut Vik [2100] described the use of
certain latin squares in field experiments. But in 1926 [818], Fisher, at Rothamsted
Experimental Station, indicated how orthogonal latin squares could be used in the
construction of experiments. This led to detailed work in listing and enumerating all
latin squares of small orders; in particular, in 1934 Fisher and Yates [820] (Fisher’s
successor at Rothamsted when he left to take up a chair in London) enumerated
all 6 x 6 latin squares and established that no two were orthogonal. Then, in a
1935 paper delivered to the Royal Statistical Society, Yates [2180] drew attention
to the importance of balanced block designs for statistical design. In [2181] Yates
called them symmetrical incomplete randomized blocks, the present terminology of
balanced incomplete block designs being introduced by Bose in 1939; but the present
use of v,b,r, k, and A goes back to Yates (except that Yates originally used ¢ for
treatment instead of v for variety). It was also in 1935 that Yates [2179] gave
the first formal treatment of the factorial designs proposed by Fisher in 1926. In
1938, Fisher and Yates [821] published their important book Statistical Tables for
Biological, Agricultural and Medical Research which, along with much statistical data,
presented what was known about latin squares of small order, including complete sets
of orthogonal latin squares of orders 3, 4, 5, 7, 8, and 9, as well as tables of balanced
incomplete block designs with replication number 7 up to 10. Some gaps would be filled
by Bose the following year, and some gaps would be ruled out by Fisher’s inequality.

The years 1938-39 saw the publication of several important papers. Peltesohn
[1727] gave a complete solution to Heffter’s difference problems and hence established
the existence of cyclic Steiner triple systems for all admissible orders with the exception
of v = 9. Singer [1920] used hyperplanes in PG(2, ¢) to construct cyclic difference sets,
thereby establishing the existence of cyclic finite projective planes (a few of which had
been found by Kirkman) for all prime power orders. Singer’s cyclic difference sets gave
the first important family of difference sets apart from those implicitly in the work of
Paley, although many examples of difference families had been used by Anstice and
Netto. In 1942 Bose [302] gave an affine analogue of Singer’s theorem. Here he gave the
first examples of relative difference sets and suggested the notion of a group divisible
design (GDD). Chowla [501] constructed difference sets using biquadratic residues in
1944. In 1947, Hall [1012] published an important paper on cyclic projective planes.
Difference sets were studied in depth after World War II; the important multiplier
theorem of Hall and Ryser [1019] dates from 1951.

In 1938, there was also the remarkable paper by Witt [2159] on Steiner systems,
detailing the existence of several Steiner systems with ¢ = 3, including various families
obtained geometrically and the Steiner systems S(3,4, 26) and S(3, 4, 34) constructed
by Fitting [822] in 1914. But of greater interest, the paper also includes the systems
S(5,8,24) and S(5, 6,12) with the Mathieu groups Ms4 and My, respectively, as their
automorphism groups. Witt gives a construction of these systems as a single orbit of
a starter block under the action of the groups PSL5(23) and PSLy(11), respectively,
and proofs of the uniqueness of the designs as well as of their derived subsystems. He
also gives a proof of the uniqueness of the system S(3,5,17) and of the nonexistence
of a system S(4, 6, 18).

The results on the Mathieu systems had already appeared in 1931 by Carmichael
[437, 438]. However in 1868 in the Educational Times, Lea [1418] both proposed the
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problem and gave a solution to constructing the system S(4,5,11). The next year
another solution appeared, this time by none other than Kirkman [1306], who went
on to try to construct a system S(4,5,15). The fact that this system does not exist
was not shown until 1972 by Mendelsohn and Hung [1588]. Because it is relatively
easy to construct the system S(5,6,12) from the S(4,5,11), it is perhaps a surprise
that Kirkman did not do so. Instead, this was left to Barrau [161] in 1908 who,
using purely combinatorial methods, proved the existence and uniqueness of both the
systems S(4,5,11) and S(5, 6, 12).

The work of Fisher and Yates created growing interest in designs among statisti-
cians, and in 1939 Bose [301], in Calcutta, published a major paper on the subject.
To quote Colbourn and Rosa [578]:

Sixty years on, the paper of Bose forms a watershed. Before then, while combinatorial design
theory arose with some frequency in other researches, it was an area without a basic theme,
and without substantial application. After the paper of Bose, the themes of the area that
recur today were clarified, and the importance of constructing designs went far beyond either
recreational interest, or as a secondary tactical problem in a larger algebraic or geometric
study.

Bose presents the study of balanced incomplete block designs as a coherent theory,
using finite fields, finite projective geometries, and difference methods to create many
families of designs that contain many old and many new examples. There is much
material on designs with A > 1. The use of difference families, both pure and mixed,
carried on the work of Anstice of which he was unaware. Bose’s paper appeared
in volume 9 of the Annals of Fugenics. It is remarkable what combinatorial design
theory appeared in that volume of 1939. Stevens [1961] discusses the existence of
complete sets of orthogonal latin squares; Savur [1843] gives (yet) another construction
of STSs; and Norton [1686] discusses 7 x 7 latin and graeco-latin squares. Stevens and
Norton had presented their work at the 1938 meeting of the British Association in
Cambridge, where Youden [2195] introduced the experimental designs subsequently
known as Youden squares. These arrays are equivalent to latin rectangles whose
columns are the blocks of a symmetric balanced design. That this representation is
always possible is a consequence of Philip Hall’s 1935 theorem on systems of distinct
representatives (or, equivalently, Konig’s theorem), widely known as the Marriage
Problem, which has had many applications in the study of designs.

In 1938, Bose [300] proved that the existence of a complete set of n — 1 MOLS of
order n is equivalent to the existence of a finite projective plane of order n. Then in
1938, Bose and Nair [306] introduced the ideas of association schemes and partially
balanced incomplete block designs. In 1942, Bose [303] gave nontrivial examples of
balanced incomplete block designs with repeated blocks. The term association scheme
was introduced by Bose and Shimamoto [307] in 1952. Bose moved to the US in 1949,
and later with Shrikhande and Parker established the falsity of the Euler conjecture,
as mentioned above. This work showed clearly the usefulness of pairwise balanced
designs.

While Bose’s 1939 paper exploits the algebra of finite fields, the connection with
algebra explored at the time was much broader. In 1877, Cayley [444, 445] discussed
the structure of the multiplication table of a group (its Cayley table). Schroder, from
1890 through 1905, published a two-thousand page treatise [1857] on algebras with
a binary operation, and extensively discussed quasigroups with various restrictions.
Frolov [834] and Schénhardt [1853] exploited the connection between latin squares and
quasigroups. However, only in the 1930s and 1940s did the area take form. In 1935,
Moufang [1640] studied a specific class of quasigroups, introducing in the process the
Moufang loops. In 1937, Ore and Hausmann [1701] first used the term quasigroup in
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the sense that we do today, which left a need for a term that conveyed the additional
structure of the algebras studied by Moufang. The distinction between quasigroups
and loops was made explicit by Albert in 1943 [73, 74], and a general theory of
quasigroups was laid by Bruck in 1944 [354, 355]. The field of universal algebra builds
on these threads. The important work of Baer [133, 134] in 1939 adopted a geometric
view of quasigroups as nets, and the essential connections between orthogonal latin
squares and nets ensured that universal algebra and combinatorial designs were on
converging paths.

Experimental design continued to generate much of the impetus for the design
theory that we know today. Fisher’s inequality [819] that b > v in a block design
dates from 1940. Orthogonal arrays of strength two were introduced by Plackett and
Burman [1748] in 1943, and for general strength by Plackett [1747] and Rao [1775] in
1946. Weighing designs were introduced in 1944 by Hotelling [1135] and in 1945 by
Kishen [1307]. Also in 1945, Finney [817] introduced fractional replication of factorial
arrangements.

The applications in experimental design were, as it turned out, indicative of many
more applications to come. In 1950, Belevitch [181] considered a problem in conference
telephony, and in the process introduced conference matrices. The connection to
digital communication is much more extensive.

In 1948, the new subject of information and coding theory intervened as if from
nowhere. However, as MacWilliams [1502] wrote in 1968:

Our history, of course, begins with Shannon. However, in the pre-Shannon era there was
a fairly abundant growth of primeval flora and fauna, resulting in deposits of valuable fuel
which we are now beginning to discover.

The fuels are perhaps not the expected ones. In 1949, Shannon and Weaver [1893] cite
earlier work in statistical physics on entropy, and in the complexity of biological sys-
tems, as influential sources. However it came about, Shannon [1891] in 1948 created a
new field, information theory, in a single stroke. In this seminal paper, Shannon gives
a perfect error-correcting code provided to him by Hamming. As well explained in
[2030], Hamming had made substantial advances in a theory of error-correcting codes
but his discovery was to be tied up in patent disclosure for nearly three years. Mean-
while Golay saw Hamming’s example in Shannon’s paper, and in 1949 he published
perfect error-correcting codes for p symbols, p a prime [923]. In 1950, the patent issue
resolved, Hamming [1031] published a much fuller exposition. In 1954, Reed [1786]
developed linear codes. It may appear that this work evolved in isolation, but quickly
connections with experimental design and finite geometry set much of experimental
design theory, combinatorial design theory, and coding theory on paths that share
much to the current day.

Shannon’s paper on information theory in 1948 launched coding theory into a
burst of incredible growth. But Shannon’s next work [1892], in 1949, was to be ap-
preciated only much later. He developed a mathematical theory of secrecy systems,
a precursor to deep connections between design theory and cryptography that have
been extensively developed in the past 20 years. Indeed, many applications in com-
munications, cryptography, and networking that continue to drive the field today were
all anticipated in the literature of the middle of the last century.

The important theorems of Bruck-Ryser [356], Chowla—Ryser [503], and Bose—
Connor [305] on the existence of symmetric designs and configurations appeared in
1949, 1950, and 1952, respectively. Of course, many topics in the Handbook were not
developed until after 1950, where this history ends. However, it may be appropriate
to record the first occurrence of some of these.

In 1943, Bhattacharya [249] showed that 2-(v, 3,2) designs exist for all v = 0,1
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(mod 3), and in 1961, Hanani [1036] proved that the admissible conditions for the
existence of 2-(v, 3, A) designs are sufficient for all A\. Necessary and sufficient condi-
tions for the existence of directed triple systems were given by Hung and Mendelsohn
[1154] in 1973 and for Mendelsohn triple systems by Mendelsohn [1586] in 1969. Also
in [1036], Hanani determined the necessary and sufficient conditions for the existence
of BIBDs with block size 4 and any value of A. In 1972, Hanani [1039] did the same
for BIBDs with block size 5 with the exception of the nonexistent 2-(15, 5, 2) design,
a fact previously discovered by Nandi [1664] in 1945. Three years later, Hanani [1042]
published a survey paper over 100 pages long, containing all of his previous existence
results for block sizes 3, 4 and 5; there he extended the results to block size 6 and any
A > 2, showing sufficiency of the basic necessary conditions for existence except for
the nonexistent 2-(21, 6, 2) design. The existence spectrum for block size 6 and A = 1
remains open.

Notwithstanding the earlier examples, particularly by Anstice, Room squares are
so-named after their introduction by Room [1817] in 1955. In 1968, Stanton and
Mullin [1953] reintroduced the starter-adder method of construction, and the exis-
tence problem for Room squares of side 2n + 1 for all n # 3 was finally completed in
1973 [1656]. Room squares of sides up to 29 were known by Howell in the 1890s in the
context of bridge tournaments where use was also made of a generalization of Room
squares, now known as Howell designs. The mathematical study of Howell designs
dates from Hung and Mendelsohn [1155] in 1974. The first paper on self-orthogonal
latin squares (SOLS) was by Stein [1955] in 1957. Spouse avoiding mixed doubles
round robin tournaments (SAMDRR) were introduced by Brayton, Coppersmith, and
Hoffman [322] in 1974 and were shown to be closely related to SOLS. Balanced tour-
nament designs were introduced by Haselgrove and Leech [1066] in 1977. Early results
on lotto designs were given by Hanani, Ornstein, and Sés [1046] in 1964. Generalized
polygons were introduced by Tits [2034] in 1959 and partial geometries by Bose [304]
in 1963. Golay sequences were introduced by Golay in 1961 [924]. Block’s theorem
[283] that under the action of an automorphism group, the number of block orbits is
at least as large as the number of point orbits, dates from 1967.

In 1973, Wilson [2147] proved that given ¢, k, and v, there exist t-(v, k, \) designs
whenever the admissibility conditions for the design are satisfied and provided A is
sufficiently large. But the designs may have repeated blocks. In 1987, Teirlinck [2012]
proved that ¢t-designs without repeated blocks exist for all ¢.

The landmark contributions of FEuler in 1782, Kirkman in 1847, Moore in 1896,
and Bose in 1939 are central to the development of combinatorial design theory; each
in its own way charted a new course for the field. With the comfort of a long historical
perspective, these landmarks are easily seen; we leave it to others to write the history
of the last five decades with the same benefit of historical perspective. Among the
results of more modern times, however, the contributions of Wilson [2145, 2146, 2151]
in demonstrating that the elementary necessary conditions for the existence of pairwise
balanced designs (and block designs) are asymptotically sufficient stands out. Indeed,
the techniques developed by Wilson [2149] have placed pairwise balanced designs and
their close relatives among the cornerstones of modern design theory.

Many threads are interwoven to form the fabric of the area of combinatorial de-
signs explored in this handbook. Combinatorial design theory continues to develop
as a subject that is at once pure mathematics, applicable mathematics, and applied
mathematics.
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2.1 A Timeline

A very brief list of biographical data about the main contributors mentioned is given;
only name, year and place of birth, and year and place of death, are given.

Name Years Birthplace Place of Death
Ozanam, Jacques 1640-1717 Bouligneux Paris

Choi Seok-Jeong 1646-1715 Korea Korea

Euler, Leonhard 1707-1783 Basel St Petersburg
Cretté de Palluel, Francois 1741-1798 Drancy-les-Noues  Dugny, France
Steiner, Jakob 1796-1863 Utzenstorf Bern

Pliicker, Julius 1801-1868 Elberfeld Bonn
Kirkman, Thomas Penyngton 1806-1895 Bolton Bowden, UK
Peirce, Benjamin 1809-1880 Salem MA Cambridge MA
Woolhouse, Wesley Stoker Barker 1809-1893 North Shields London
Anstice, Robert Richard 1813-1853 Madeley Wigginton, UK
Sylvester, James Joseph 1814-1897 London London
Cayley, Arthur 1821-1895 Richmond Cambridge
Reye, Theodor 1838-1919 Ritzebiittell Wiirzburg
Petersen, Julius Peter Christian 1839-1910 Sorg Copenhagen
Schréder, Ernst 1841-1902 Mannheim Karlsruhe
Lucas, Francois Eduard Anatole 1842-1891 Amiens Paris

Tarry, Gaston 1843-1913 Villefranche Le Havre
Netto, Eugen 1848-1919 Halle Giessen
Mitchell, John Templeton 1854-1914 Glasgow Chicago, IL
Martinetti, Vittorio 1859-1936 Scorzalo Milan
Eckenstein, Oscar Johannes Ludwig 1859-1921 London Aylesbury
Howell, Edwin Cull 1860-1907 Nantucket MA Washington DC
Scarpis, Umberto 1861-1921 Padova Bologna

Cole, Frank Nelson 1861-1926 Ashland MA New York NY
White, Henry Seely 1861-1943 Cazenovia NY Poughkeepsie NY
Heffter, Lothar 1862-1962 Koslin Freiburg
Moore, Eliakim Hastings 1862-1932 Marietta OH Chicago IL
Hadamard, Jacques 1865-1963 Versailles Paris
Wernicke, August Ludwig Paul 18667 Leipzig St. Louis MO
Cummings, Louise Duffield 1870-1947 Hamilton ON ?

Fano, Gino 1871-1952 Mantua Verona

Barrau, Johan Anthony 1873-1953 Oisterwijk Utrecht
Carmichael, Robert Daniel 1879-1967 Goodwater AL Urbana IL?
Veblen, Oswald 1880-1960 Decorah TA Brooklin ME
Bays, Severin 1885-1972 La Joux, Fribourg Fribourg
Skolem, Thoralf Albert 1887-1963 Sandsvaer Oslo

Fisher, Ronald Aylmer 1890-1962 London Adelaide
Youden, William John 1900-1971 Townsville, Aus. Washington DC
Bose, Raj Chandra 1901-1987 fl(;s.hangabad, Fort Collins CO
Yates, Frank 1902-1994 I\}Ilarllihester Harpenden
Golay, Marcel J E 1902-1989 Neuchatel Lausanne
Baer, Reinhold 1902-1979 Berlin Zurich

Hall, Philip 1904-1982 London Cambridge
Moufang, Ruth 1905-1977 Darmstadt Frankfurt
Mann, Henry Berthold 1905-2000 Vienna Tucson AZ
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See Also

Name Years Birthplace Place of Death
Paley, Raymond Edward Alan 1907-1933 Bournemouth Banff AB
Christopher
Chowla, Sarvadaman 1907-1995 London Laramie WY
Todd, John Arthur 1908-1994 Liverpool Croydon
Hall, Marshall 1910-1990 St. Louis MO London
Witt, Ernst 1911-1991 Alsen Hamburg
Hanani, Haim 1912-1991 Slupca, Poland Haifa
Bruck, Richard Hubert 1914-1991 Pembroke ON Madison WI
Hamming, Richard Wesley 1915-1998 Chicago IL Monterey CA
Shannon, Claude Elwood 19162001 Gaylord MI Medford MA
Mendelsohn, Nathan Saul 19172006 New York NY Toronto ON
Ryser, Herbert John 1923-1985 Milwaukee WI Pasadena CA
Parker, Ernest Tilden 1926-1991 Oakland MI Urbana IL
Leech, John 1926-1992 Weybridge, UK Firth of Clyde
Lu, Jiaxi 1935-1983 Shanghai Baotou, China

§VI.34 History of magic squares.

[153, 154] Kirkman triple systems.

[578] A history for triple systems.

[1493] Biographies of Cayley, Kirkman, Sylvester from 1916.

[1734] The history of loops and quasigroups.

[2081] Orthogonal latin squares, early history.
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1 2-(v,k, ) Designs of Small Order

RUDOLF MATHON
ALEXANDER ROSA

1.1

1.2

1.3

1.4
1.5

1.6

1.1 Definition and Basics

A balanced incomplete block design (BIBD) is a pair (V, B) where V is a v-set and B
is a collection of b k-subsets of V' (blocks) such that each element of V' is contained
in exactly r blocks and any 2-subset of V is contained in exactly A blocks. The
numbers v, b, 7, k, and A are parameters of the BIBD.

Proposition Trivial necessary conditions for the existence of a BIBD(v, b, r, k, \) are
(1) vr = bk, and (2) r(k — 1) = A(v — 1). Parameter sets that satisfy (1) and (2) are
admissible.

A BIBD (X, D) is a subdesign of a BIBD (V,B) if X C V and D C B. The subdesign
is proper if X C V.

Proposition If a (v, k, A) design has a proper (w, k, A) subdesign, then w < Z—j

Remark The three parameters v, k, and A determine the remaining two as r = )‘(%711)
and b = 4-. Hence one often writes (v, k, A) design to denote a BIBD (v, b, 7, k, X). The
notation 2-(v, k, A) design is also used, because BIBDs are t-designs with ¢ = 2. See
§I1.4. When X\ = 1, the notation S(2, k, v) is also employed in the literature, because
such BIBDs are Steiner systems. See §II.5. The notations Sy (2, k, v) or (v, k, A) BIBD

for a (v, k, A) design are also in common use.

A BIBD (V, B) with parameters v,b,r, k, \ is

complete or full if it is simple and contains (Z) blocks.

decomposable if B can be partitioned into two nonempty collections B
and By so that (V, B;) is a (v, k, A;) design for i = 1, 2.

derived (from a symmetric design) (X, D) if for some D € D, the
collection of blocks {D'ND: D" € D,D # D'} = B.

Hadamard ifv=4n—1,k=2n—1, and A = n — 1 for some integer
n > 2. See §V.1.

m-multiple if v, %, =k, % are the parameters of a BIBD.

nontrivial if3<k<w.

quasi-symmetric  if every two distinct blocks intersect in either p; or pe
elements; the block intersection graph is strongly regular.
See §VI.48 and §VI.11.

residual (of a symmetric design) (X, D) if for some D € D, the
collection of blocks {D'\ D: D' € D,D #+ D'} = B.
resolvable (an RBIBD) if there exists a partition R of its set of blocks

B into parallel classes, each of which in turn partitions the
set V; R is a resolution. See §I1.7

simple if it has no repeated blocks.

symmetric if v = b, or equivalently £ = r. See §II.6.
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1.7 | The incidence matriz of a BIBD (V, B) with parameters v, b, r, k, A is a v X b matrix
A = (a;j), in which a;; = 1 when the ith element of V' occurs in the jth block of B,
and a;; = 0 otherwise.

1.8 Theorem If A is the incidence matrix of a (v, k, A)-design, then AAT = (r — \)T + \J
and JA = kj, where I is a v X v identity matrix, J is a v x v all ones matrix, and
J is a v x b all ones matrix. Moreover, any matrix A satisfying these conditions also
satisfies A(v — 1) = r(k — 1) and bk = vr; when k < v, it is the incidence matrix of a
(v, k, A) design. (See §VIIL.7.3)

1.9 Theorem (Fisher’s inequality) If a BIBD(v,b,r, k, A) exists with 2 < k < v, then
b>w.

1.10 Proposition An additional trivial necessary condition for the existence of an RBIBD
is (3) k|v. A nontrivial condition is that b > v + r — 1, a result that extends the
inequality in Theorem 1.9. See §II1.7.3.

1.11 | Two BIBDs (V4, By), (Va, Bz) are isomorphic if there exists a bijection a: V3 — V3
such that Bia = Bs. Isomorphism of resolutions of BIBDs is defined similarly. An
automorphism is an isomorphism of a design with itself. The set of all automorphisms
of a design forms a group, the (full) automorphism group. An automorphism group
of the design is any subgroup of the full automorphism group.

1.12 Remark If (V,B) is a BIBD(v, b, 7, k, \) with automorphism group G, the action of
G partitions B into classes (orbits). A set of orbit representatives is a set of starter
blocks or base blocks. Together with the group G, a set of base blocks can be used to
define a design.

1.13 | A BIBD (V, B) with parameters v, b, r, k, A and automorphism group G is

cyclic if G contains a cycle of length v.

regular if G contains a subgroup G’ of order v that acts transitively
on the elements.

k-rotational if some automorphism has one fixed point and k cycles
each of length (v —1)/k.

transitive if for any two elements x and y, there is an automorphism
mapping x to y.

1.14 | The complement of a design (V, B) is (V, B), where B = {V\B : B € B}.

1.15 Proposition The complement of a design with parameters (v, b, 7, k, \) is a design with
parameters (v,b,b—r,v —k,b—2r+ \).

1.16 Remarks

1. In view of Proposition 1.15, one usually considers designs with v > 2k and
obtains the rest by taking the complement.

2. Complement has also been used, when (V| B) is a simple 2-(v, b, r, k, ) design,
to denote the 2-(v, (Z) —b, (Zj) -k, (Z:g) — ) design obtained by taking all
k-subsets not in B as blocks. The term supplement is used here for this second
kind of complementation.

1.2 Small Examples

1.17 Remark To conserve space, designs are displayed in a k x b array in which each column
contains the elements (taken from the decimal digits and roman letters) forming a
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Small Examples

block. For a discussion of how to find the automorphism group of each of these

designs, see Remarks VII.6.107.

1.18 Example The unique (6, 3,2) design and the unique (7,3, 1) design (see also Example

11.6.4).

0000011122

1123423433

2345554545

1.19 Table The four nonisomorphic (7, 3, 2) designs.

1.20 Table The 10 nonisomorphic (7,3, 3) designs.
1:

1: 00000011112222
11335533443344
22446655666655

3:  00000011112222
11334533453344
22456646565656

000000000111111222222
111333555333444333444
222444666555666666555

000000000111111222222
111333455333445333444
222445666456566566556

000000000111111222222
111333445333445333445
222456566456566456566

000000000111111222223
111233455233445333444
223445666645566566556

000000000111111222223
111233445233445333454
223456566546566456665

2

10:

1.21 Table The four nonisomorphic (8, 4, 3) designs.

0001123

1242534

3654656

00000011112222
11335533443344
22446656565656

00000011112223
11234523453344
23456664565656

000000000111111222222
111333555333444333444
222444666556566566556

000000000111111222222
111333455333445333444
222445666466556556566

000000000111111222223
111233455233445333444
223445666546566566565

000000000111111222223
111233445233455333444
223455666644566566556

000000000111111222233
111223445223345334544
234356566465656456656

1: 00000001111222 2:  00000001111222
11123342334334 11123342334334
22554666455455 22554666455455
346757T7677766 346757T7TT767676

3:  00000001111222 4: 00000001111224
11123342334334 11122332233335
22554566465455 24645454545466
34677677577676 35767767667577

1.22 Example The unique (9, 3,1) design.
000011122236
134534534547

268787676858
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1.1

1.23 Table The 36 nonisomorphic (9, 3, 2) designs.

1:

11:

13:

15:

17:

19:

21:

23:

25:

27:

29:

31:

33:

35:

000000001111112222223344
113355773344663344556655
224466885577888866777788

000000001111112222223344
113355673344673344556655
224467885568787867687878

000000001111112222223344
113355773344663344555656
224466885758786867787887

000000001111112222223344
113355673344673344555656
224467885658787867687887

000000001111112222223344
113355673344663344555756
224467885858776767886878

000000001111112222223344
113355673344573344565656
224467885678687856788787

000000001111112222223344
113355673344573344565656
224467885867686758788787

000000001111112222223344
113346673345573344555656
224557884676887868677887

000000001111112222223344
113345673345673344555656
224567884856786778687887

000000001111112222223344
113345673345663344555657
224567884857787867686788

000000001111112222223344
113345673345563344576655
224567884876785867687788

000000001111112222223344
113345673345563344565756
224567884876786758876887

000000001111112222233333
112445672445674455644556
233567883568787867878687

000000001111112222233334
112445672345673455644565
233567884568787868778687

000000001111112222233334
112445672345673455644565
233567884576886878778876

000000001111112222233334
112445672345673455644565
233567884586787768868877

000000001111112222233344
112355672344673345645655
234467885568787868776878

000000001111112222233344
112345672345673345645655
234567885468787876886778

10:

12:

14:

16:

18:

20:

22:

24:

26:

28:

30:

32:

34:

36:

000000001111112222223344
113355773344663344556655
224466885578787866787878

000000001111112222223344
113355773344663344555656
224466885758786768788877

000000001111112222223344
113355673344673344555656
224467885657887868678787

000000001111112222223344
113355673344673344555656
224467885658787867688778

000000001111112222223344
113355773344563344565656
224466885768786857877887

000000001111112222223344
113355673344573344565656
224467885678687856877887

000000001111112222223344
113355673344573344565656
224467885867686758877887

000000001111112222223344
113345673345673344556655
224567884586787867687878

000000001111112222223344
113345673345663344555756
224567884857786778686887

000000001111112222223344
113345673345563344566755
224567884876785678877868

000000001111112222223344
113345673345563344575656
224567884786876857687887

000000001111112222233333
112445672445674455644556
233567883567887868778687

000000001111112222233334
112445672345673455644565
233567884567888768778678

000000001111112222233334
112445672345673455644565
233567884568788767878678

000000001111112222233334
112445672345673455644565
233567884576888678778678

000000001111112222233334
112445672345673455644565
233567884586788768767788

000000001111112222233344
112355672344673345645556
234467885658786778887867

000000001111112222233344
112345672345673345645655
234567885468787886776878
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1.24 Table The 11 nonisomorphic (9,4, 3) designs.

1: 000000001111122223 2: 000000001111122223
111233562334433444 111233562334433444
225544777556666555 225544777565656565
346678888737878786 346678888738737786

3: 000000001111122223 4: 000000001111122223
111233462334533444 111233462334533444
225545777456666555 225545777456666555
346768888738778687 346768883877878687

5: 000000001111122223 6: 000000001111122223
111233462334533444 111233462334533444
225545677457666555 225545677457666555
346778888638778687 346788788678878687

7 000000001111122223 8: 000000001111122223
111233462334533444 111233462334533444
225545777465656565 225545676465757565
346768888738737687 346778883877868376

9: 000000001111122223 10:  000000001111122223
111233462334533444 111233452334533444
225545676465757565 225546677467656565
346788788778868786 346787888578888677

11: 000000001111122234
111223352233533446
246454674745656557
3578678868878877683

1.25 Table The three nonisomorphic (10, 4, 2) designs.

1: 000000111122233 2:  000000111122233 3: 000000111122233
112356234534544 112356234534544 112345234534545
244778767658656 244778767658656 246867367647667
356899899899787 356899998889797 357989979858998

1.26 Table The unique (11, 5,2) design and the unique (13,4, 1) design.

00000111223
11234236354
24567457465
35889898677
769aaaa99a8

0000111223345
1246257364789
385a46b57689a
9c7ba8cb9cabc

1.27 Table The two nonisomorphic (13,3, 1) designs.

1:

00000011111222223334445556
13579b3469a3467867868a7897
2468acb578bc95acbbacc9bbac9

2

00000011111222223334445556
13579b3469a3467867868a7897
2468acb578bc95abcbcac9babc9
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1.28 Table The 80 nonisomorphic (15,3, 1) designs.

1:

11:

13:

15:

17:

19:

21:

23:

25:

27:

29:

31:

33:

35:

00000001111112222223333444455556666
13579bd3478bc3478bc789a789a789a789a
2468aceb69ade65a9edbcdecbeddebcedch

2

: 00000001111112222223333444455556666
13579bd3478bc3478bc789a789a789a789%a
2468aceb69adeb6bal9edbcdecbededcbdebe

00000001111112222223333444455556666
13579bd3478bc3478bc789a789a789a789a
2468aceb69ade65a9edbcdedebcedcbebed

>

: 00000001111112222223333444455556666
13579bd3478bc3478bc789a789a789a789%a
2468aceb69ade65a9edbcdedbecedcbecebd

00000001111112222223333444455556666
13579bd3478bc3478bc789a789a789a789a
2468aceb69ade65a9edbceddecbcbdeedbe

D

: 00000001111112222223333444455556666
13579bd3478bc3478bc789a789a789a789%a
2468aceb69adeb6badedbceddecbecdbeebdc

00000001111112222223333444455556666
13579bd3478bc3478bc789a789a789a789a
2468aceb69ade65a9edbdececbdcedbdbcee

o]

: 00000001111112222223333444455556666
13579bd3478bc34789c78ab789a789a789%a
2468aceb69adeb6babedc9deedcbdebcbede

00000001111112222223333444455556666
13579bd3478bc34789¢c78ab789a789a789a
2468aceb69ade65abedc9deedbecdecbbcede

10:

00000001111112222223333444455556666
13579bd3478bc34789c78ab789a789a789%a
2468aceb69adeb6babedc9deedcbdcbebedc

00000001111112222223333444455556666
13579bd3478bc34789c789a789a78ab789a
2468aceb69ade65abedcdbeecdbd9cebecd

12:

00000001111112222223333444455556666
13579bd3478bc34789c789a789a789a78ab
2468aceb69adeb6babedcdbeecdbbecdd9ce

00000001111112222223333444455556666
13579bd3478bc34789c789a789a78ab789a
2468aceb69ade65abedcebdedcbd9cebcede

14:

00000001111112222223333444455556666
13579bd3478bc34789c789a78ab789a789%a
2468aceb69adebbabedcebdd9ceedcbbcede

00000001111112222223333444455556666
13579bd3478bc34789a78ac789a789b789a
2468aceb69ade65bcdee9bddbecadcecebd

16:

00000001111112222223333444455556666
13579bd3478bc34789a789a78bc789a789%a
2468aceb69ade65bcdeedcbaleddebeccbed

00000001111112222223333444455556666
13579bd3478bc34789a789a789c78ab789a
2468aceb69ade65bcdeedcbabedd9cecebd

18:

00000001111112222223333444455556666
13579bd3478bc34789a78ac789b789a789%a
2468aceb69ade6bbcede9bdadcedebceccbde

00000001111112222223333444455556666
13579bd3478bc34789a789a78ab789c789a
2468aceb69ade65bdceebdcc9deaebddceb

20:

00000001111112222223333444455556666
13579bd3478bc34789a78ac789b789a789%a
2468aceb69ade65bdece9bdacdedbcecebd

00000001111112222223333444455556666
13579bd3478ac34789b789a789a78ab789c
2468aceb69bde65acedbdcecedbd9ceeabd

22:

00000001111112222223333444455556666
13579bd3478ac34789b789a789c789a78ab
2468aceb69bdebbacedbdceeabdcedbd9ce

00000001111112222223333444455566667
13579bd3478bc34589¢c789a58ab789789%aa
2468aceb69ade67abedcdbed9cebececdbd

24:

00000001111112222223333444455566667
13579bd3478bc34589c789a589a78978aba
2468aceb69ade67abedcdbebecdecdd9ceb

00000001111112222223333444455566667
13579bd3478bc34589¢c789a589a78978aba
2468aceb69ade67abedcedbecbdbdcd9cee

26:

00000001111112222223333444455566667
13579bd3478bc3458ac789a589a789789ab
2468aceb69ade67b9edcbededbcacddechbe

00000001111112222223333444455566667
13579bd3478bc34589a78ab589c789789%aa
2468aceb69ade67bcded9ceaebdcdeebecdb

28:

00000001111112222223333444455566667
13579bd3478bc34589a78ab589c789789%aa
2468aceb69ade67bcedd9ceaebdedccbdeb

00000001111112222223333444455566667
13579bd3478bc34589a789a58bc789789%aa
2468aceb69ade67bcedebdca9eddeccdbeb

30:

00000001111112222223333444455566667
13579bd3478bc34589a78ab589c789789%aa
2468aceb69ade67bdced9ceabedcedecbdb

00000001111112222223333444455566667
13579bd3478bc34589a789a58bc789789%aa
2468aceb69ade67bdcedbeca9edcedecbdb
00000001111112222223333444455566667
13579bd3478bc34589a78ab589c789789%aa
2468aceb69ade67bdecc9deaebdecddbceb

32:

34:

00000001111112222223333444455566667
13579bd3478bc34589a78ab589c789789%aa
2468aceb69ade67bdcec9deaebddceebdcb
00000001111112222223333444455566667
13579bd3478bc34589a789a589c78978baa
2468aceb69ade67bdecdbceaebdecdc9edb

00000001111112222223333444455566678
13579bd3478bc34569a689a579a78a789bc
2468aceb69ade78bcdedbecedcbc9daebed

36:

00000001111112222223333444455566678
13579bd3478bc34569a689a579a78a789bc
2468aceb69ade78bceddbceecdbd9caebed
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31

Small Examples

37

39:

41:

43:

45:

47:

49:

51:

53:

55:

57:

59:

61:

63:

65:

67:

69:

71:

: 00000001111112222223333444455566678
13579bd3478bc34569a68ab579c78978aa9
2468aceb69ade78bced9dceaebdceddbebc

38:

00000001111112222223333444455566678
13579bd3478bc34569a68ab579a78978ac9
2468aceb69ade78bdce9cdecedbadebecdb

00000001111112222223333444455566678
13579bd3478bc34569a68ab579c78978aa9
2468aceb69ade78bdce9dceabedecdcebdb

40:

00000001111112222223333444455566678
13579bd3478bc34569a689a579a78a789bc
2468aceb69ade78bdcecbedecdbd9caebed

00000001111112222223333444455566678
13579bd3478bc34569a689c57ab78a789a9
2468aceb69ade78bdceabed9dceecdcebbd

42:

00000001111112222223333444455566678
13579bd3478bc34569a68ab579c78978aa9
2468aceb69ade78bdec9cdeaebddeccbebd

00000001111112222223333444455566678
13579bd3478bc34569a68ac579b78978aa9
2468aceb69ade78bdec9ebdacdeedcbcedb

44:

00000001111112222223333444455566678
13579bd3478bc34569a689a579a78a789bc
2468aceb69ade78bdeccbdeedcbc9daebed

00000001111112222223333444455566678
13579bd3478bc34569a68ac579a78978ab9
2468aceb69ade78becd9bededbcacdcdbee

46:

00000001111112222223333444455566678
13579bd3478bc34569a68ab579c78978aa9
2468aceb69ade78becd9dceabedceddcbeb

00000001111112222223333444455566678
13579bd3478bc34569a68ab579c78978aa9
2468aceb69ade78bedc9cdeabeddeccdbeb

48:

00000001111112222223333444455566678
13579bd3478bc34568a69ab578c78979aa9
2468aceb69ade79becd8dceabedcdedcbeb

00000001111112222223333444455566679
13579bd3478bc34568a689a578a78978abc
2468aceb69ade79becddebccdbeadec9bed

50:

00000001111112222223333444455566678
13579bd3478bc34568a69ac578a78979ab9
2468aceb69ade79becd8bededbcadccdbee

00000001111112222223333444455566678
13579bd3478bc34568968ab579c79a78aa9
2468aceb69ade7abecd9dce8ebddcecbdbe

52:

00000001111112222223333444455566678
13579bd3478bc345689689a579c79a78aab
2468aceb69ade7abecdcdeb8ebddceb9dce

00000001111112222223333444455566678
13579bd3478bc345689689a579c79a78aab
2468aceb69ade7abecdbdec8ebddcec9dbe

54:

00000001111112222223333444455566679
13579bd3478bc345689689a578c78a78aab
2468aceb69ade7abecdbecd9ebdcded9chbe

00000001111112222223333444455566678
13579bd3478bc34568969ab578c78a79aa9
2468aceb69ade7abecd8cde9ebdcdedbcbe

56:

00000001111112222223333444455566678
13579bd3478bc345689689a579c79a78aab
2468aceb69ade7abedcdceb8ebdcdeb9cde

00000001111112222223333444455566678
13579bd3478bc34568968ab579c79a78aa9
2468aceb69ade7abedc9cde8ebdcdedbcbe

58:

00000001111112222223333444455566678
13579bd3478bc345689689a579c79a78aab
2468aceb69ade7abedcbced8ebdcded9chbe

0000000111111222222333344445556667a
13579bd3478bc345689689a578a789789cb
2468aceb69ade7ebacdcbeddb9caecedbde

60:

0000000111111222222333344445556667a
13579bd3478bc34568968a9578a789789¢cb
2468aceb69ade7ebacddecbcb9dadeebcde

00000001111112222223333444455556666
13579bd3478ac34789b789¢c789a78ab789a
2468aceb69bdeb65aecdbaedecdbd9cecdbe

62:

00000001111112222223333444455566667
13579bd3478ac34589b78ab589a789789ca
2468aceb69bdeb67adcec9edbedcdceeabdb

00000001111112222223333444455566667
13579bd3478ac34589b78ab589a789789ca
2468aceb69bde67aecdd9cebcdecdeeabdb

64:

00000001111112222223333444455566667
13579bd3478ac34589a789a589b78b789ca
2468aceb69bde67cdbeecdbaecdd9ebaedc

00000001111112222223333444455566678
13579bd3478ac34569b68ac579a789789ba
2468aceb69bde78dacee9bdbedcacecdbde

66:

00000001111112222223333444455566678
13579bd3478ac34568968ac579a79b789ba
2468aceb69bde7bdacee9bd8edcacecdbde

00000001111112222223333444455566679
13579bd3478ac34568a68ac578b789789ab
2468aceb69bde79cbdee9bdaecdbeddacce

68:

00000001111112222223333444455566678
13579bd3478ac34569b68ac579a789789ba
2468aceb69bde78adcee9bdbedccdeacbde

00000001111112222223333444455566679
13579bd3478ac3456a868ac578b789789ab
2468aceb69bde79bcede9bdaecddecbadce

70:

0000000111111222222333344445556667a
13579bd3478ac34568968ab5789789789¢cb
2468aceb69bde7dbaece9cdceabadebcdde

0000000111111222222333344445556667a
13579bd3478ac34568968ab5789789789cb
2468aceb69bde7cabdee9cddeabbecacdde

72:

0000000111111222222333344445556667a
13579bd3478ac34568968ab5789789789¢cb
2468aceb69bde7dcbaee9cdaecbbedadcde
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75:

77:

79:

73: 00000001111112222223333444455566679

13579bd3478ac34568a689a578b78c789ab
2468aceb69bde7cObdeecdbae9dbeddacce

74:

0000000111111222222333344445556667a
13579bd3478ac345698689a578b789789¢cb
2468aceb69bde7abdecedbcce9daedbacde

0000000111111222222333344445556667a
13579bd3478ac345689689a578b789789cb
2468aceb69bde7cdbaeedbcae9dbecacdde

76:

00000001111112222223333444455566678
13579bd3478ac34569b68ab578978979aac
2468aceb69bde7da8cee9cdcbaedebcdbed

00000001111112222223333444455566678
13579bd3478ac34569a68ab578979b789%ac
2468aceb69bde7d8cebe9cdacebdcebaded

78:

00000001111112222223333444455566678
13579bd3478ac34569b689c578b78a79aa9
2468aceb69bde7ac8edeabd9cdedebbdcec

00000001111112222223333444455566678
13579bd3478ac34568b689c57ab79a789a9
2468aceb69bde79ecadaebd8dcecdbbdeec

80:

00000001111112222223333444455566678
13579bd3469ac34578b678a58ab78979c9%a
2468aceb78bde96aecdbcded9cebecaeddb

1.29 Table Properties of the 80 STS(15)s ((15,3,1) BIBDs). |G| is the order of the au-
tomorphism group. CI is the chromatic indez, the minimum number of colors with
which the blocks can be colored so that no two intersecting blocks receive the same
color; when CI = 7, the design is resolvable. PC is the number of parallel classes.
Sub is the number of (7,3,1)-subdesigns, and Pa is the number of Pasch configurations

(four triples on six points).

#] |G] CI PC Sub Pa|#]|G| CI PC Sub Pa]| #]|G| CI PC Sub Pa
120160 7 56 15 105 2]192 8 24 7 73] 3] 96 9 8 3 57
4 8 9 8 3 49| 5|32 8 16 3 49| 6|24 8 12 3 37
7| 288 7 32 3 338 4 9 4 1379 2 9 2 131
10 2 9 6 1 31fj11] 2 9 6 1 23|[12] 3 9 1 1 32
13 8 9 4 1 33|[14/ 12 9 0 1 37|15 4 8 8 1 25
16| 168 9 0 1 49([17] 24 8 12 1 25|[18] 4 9 4 1 25
19| 12 7 16 1 17|20 3 9 1 1 20|21 3 9 1 1 20
22 38 4 1 17|23 1 9 1 0 18|24 1 9 0 0 19
25 1 9 1 0 20026/ 1 9 0 o0 2327 1 9 3 0 14
28 1 9 2 0 1529 3 9 0 0 19|30 2 9 3 0 14
31 4 9 5 0 18|32 1 9 2 o0 1333 1 9 1 0 12
34 1 9 1 0 12|35/ 3 9 0 0 13|36 4 9 1 0 10
37 12 9 5 0 6|38) 1 9 4 0 9|39 1 9 1 0 12
40 1 9 0 0 13)|41] 1 9 1 o0 12|42/ 2 9 5 0 8
43 6 9 3 0 1044 2 9 1 0 845 1 9 2 0 9
46 1 9 2 0 7l470 1 9 1 o 10|48 1 9 1 0 8
49 1 9 2 0 7|50 1 8 7 0 6|51 1 9 2 0 9
52 1 9 0 0 9530 1 9 1 o0 10|54 1 9 2 0 11
55 1 9 2 0 9|56 1 9 1 o0 8|57 1 8 4 0 5
58 1 9 3 0 8|59 3 9 0 01360l 1 9 6 0 7
61| 21 7 7 1 14|62 3 9 0 0 7|63 3 8 6 0 7
64 3 9 3 0 10l65] 1 9 2 o0 7|66 1 9 3 0 6
67 1 8 4 0 5068 1 9 1 0 6|69 1 8 4 0 5
70 1 9 2 0 9|71 1 9 2 0 5|21 19 4 0 5
73 4 9 9 0 6|74l 4 9 3 o0 87| 3 8 6 0 7
76 5 9 1 0 1077 3 9 1 0 2/78 4 9 9 0 6
79| 36 8 17 0 6|80/ 60 9 11 0 0
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1.30 Table The five nonisomorphic (15,7, 3) designs.

1:

000000011112222
111335533443344
222446655666655
37b797978787878
48c8aB8a%9a9aa9%a9
59dbddbbccbbecb
6aeceecdeededde

000000011112222
111335533443344
222446655666655
37b797879787878
48c8a9%a8aaf99aad
59dbdbcdbcbcebbe
6aecedeecdeeded

2:  000000011112222
111335533443344
222446655666655
37b797978787878
48c8aB8a%9a9aa%a9
59dbddbbccbcbbe
6aeceecdeeddeed

5:  000000011112222
111335533443344
222446656565656
37b797977888877
48c8aB8a%9aaf99aad
59dbddbbccbcbbe
6aeceecdedeeded

1.31 Example The unique (16,4, 1) design.

00000111122223333456
147ad456945684567897
258be7b8cc79a98abbac
369cfadefefbddcfefed

1.32 Table The three nonisomorphic (16, 6,2) designs.

3:  000000011112222
111335533443344
222446655666655
37b797978787878
48c8a8a%9aaf99aad
59dbddbbccbcebbe
6aeceecdedeeded

1: 0000001111222334

2: 0000001111222334

3: 0000001111222334

1123452345345455 1123452345345455 1123452345345455

2667896789877666 2667896789877666 2667896789877666

37aabcdbaa998987 37aabcdbaa998987 37aabcdbaa998987

48bddeeccbabccba 48bddeeccbacbbca 48bddeeccbcabbac

59ceffffedfeddef 59ceffffedfdeedf 59ceffffeddfeefd
1.33 Table The six nonisomorphic (19,9, 4) designs.

1: 0000000001111122223 2:  0000000001111122223
1111233562334433444 1111233562334433444
2225544777556666555 2225544777556666555
3346673888787873786 3346673888787873786
499acab99a9b9aad9b99 499acab99a9ba99ab99
5aebdcdabddcbcbccaa 5aebdcdabcdcbcbdcaa
6bfegefcdefecdfedbd 6bfegefdcffeddeedbc
Tcgfhghfehgghfgfege Tcgfhghefhgggehfegt
8dhiiiihgiihighifih 8dhiiiihgiihhiigfih

3:  0000000001111122223 4: 0000000001111122223
1111233562334433444 1111233562334433444
2225544777565656565 2225544777565656565
3346673888788787786 3346673888788787786
499acab99a99abba999 499acab99a9ab99ba99
5aebdcdabbcdcccdbaa 5aebdcdabdbccccdbaa
6bfegefdcgfeddeedch 6bfegefdcegfddeecbd
Tcgfhghfehhgefffefg Tcgfhghfehhgeffffge
8dhiiiighiiihgghiih 8dhiiiighiihgiighih
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5:  0000000001111122223 0000000001111122223
1111233462334533444 1111233452334533444
2225545777456666555 2225546677467656565
3346768888788778687 3346787888578888677
499aca9a9abb999ab99 499aaab99bc9a99ab99
baebdcdbbcdccabdcaa baebcddbcddcbabccaa
6bfeegfdcffeddeedbc 6bfegefcdefecdfeddb
Tcgfghhefhggeghffge Tcgfhgghehhgfggfefe
8dhiiiihgiihihighif 8dhiiihifiiighihgih

1.34 Table The 18 nonisomorphic (25,4, 1) designs. Their respective automorphism group
orders are: 504,63,9,9,9,150,21,6,3,3,3,3,3,3,3,3,1,1.

1: 00000000111111122222223333344445555666778899aabbil
134567ce34578cd34568de468bh679f78ag79b9%aabcddecejm
298dfbhkeabg9kf7c9afkgbcgfihdgifchi8ejjcjdfhgfghkn
iaolgmjnmbohnl jonblhmjjdlknmeklnekmkinlimimonooloo

2: 0000000011111112222222333334444555566667778889abil
13457bce34589cd3456ade489ehb6act7bdg79ab9ab9abdecjm
2689gdfka76fekg798fckhbcfgidghichfi8chjjdfgjehfgkn
iloahnjmbmohlnjobngmljjdknmeklnekmlkinmnilmliooooo

3: 0000000011111112222222333334444555566667778889abil
13457bde34589ce3456acd489eh6act7bdg79ab9ab9abcecde jm
2689gcfka76fdkg798fehkbcgfidhgicfhi8hcjjfdejgfghkn
iloahmjnbmohnl jobngl jmjdkmneknleklmkminlniimlooooo

4: 0000000011111112222222333334444555566667778889abil
13457aef3458bcf34569dg489dh69ef7acg79bc9acabdcdejm
2689bcjha769djg7b8aejhbcbfkdagkebhk8gieihdifefghkn
ilodgknmemohklnocnfkml jgminhnilflimkjnmljnmjlooooo

o: 00000000111111122222223333344445555666778899abcfil
134567cd34578de34568ce468ag67bh789f79aab9bacdedgjm
298abhgkba69fhk79bgakfbcdfiedgicehi8djejjcbfghehkn
ieolfmjnmcognjlondlhmjjhlknmfklngkmkinilmiolmnoooo

6: 000000001111111222222333334444555566667778899abcde
123468cj23479af3458bg456ah57bi78bd89ce9adabacghiff
5ad97fek6be8gdl7ch9em89fcnbgdkfickgjdlhmeekblhijjg
oignbhmlkjhcinmlf jdonmeikoajlonlgmomhnkoijnfolmnok

7 000000001111111222222333333444445555566666777889al
124789bh2589ace39abde47abcf8bcde79cdf78adg89b9cabm
365egif j46fhjgibgikhf6ihjegjikfggkjehfhekiadcbdcdn
dcaolmnk7bolmnk8olmnj9nolmknolmhmnolilmno jkjheifgo

8: 00000000111111122222233333344445556666777788%aacee
12459bdf24569cg3458bh4568bi59bh9ac78ab89cgaddbedfl
3786cihjd78haek96kfgjarfgclgkdiimfi9djebkjcjffhmgn
oanegklmifbml jnecolmnjdkhnmlmeojnhnoglmhloiknokoio

9: 000000001111111222222233333444455556677889abcdefgh
13456789345678a34567894679c67ad68befaabObdeci jkijk
2fbcdgiadg9jcfbaehficbbb8eg89ch7adfchdfgefghmllimn
onklehjmmlikehnjnmgkdloilhkmjfinkgjolomnokijnnmooo

10:  000000001111111222222233333444455566577889abccdfgh
13456789345678a345678b467ad679e69c9b89aabfghdeei jk
2jadebchekbdc9f9ciaedgbf8bg8gbf7afcihjdiemllikjlmn
onmkgfliilnmhgjljmhnfkokmchnidhlegojjkokonnmnmlooo
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11:  0000000011111112222222333334444555566778899acdefgh
1345678b3456789345678a467bc679d68ae9daebcabbkijijk
2iace9fgdjbgcah9cibhdf5a8fg8bfh79gfcfdgehedclmllmn
ojmdhnklekniflmlekmjgnokmhnniglljhmojokoiikjmnnooo

12:  0000000011111112222222333334444555566778899accdfgh
1345678a345678b34567894679e67ac68bd9fagbfabbdeei jk
2j9ebcmickal9dibdielajba8df8beg79chcgdhehgfhjiklmn
olhgdfnkhmfnegjgfnhmckomkininjljlkmokoiojnmlnmlooo

13:  0000000011111112222222333334444555566677899accdfgh
134578ae34568bc345679d467ad78be689c7898ababbdeei jk
2£6b9cjg9g7dakh8ahbeifblbigl9ifamjffhcgdegfhikjlmn
omkdhlnienimfljjclgnmkonckhmdjhenkgjiokoolnmnmlooo

14:  0000000011111112222222333334444555566677899accdfgh
1345789c34568ad34567be467ad78be689c7898ababbdeei jk
2h6beajg9f7bckh8agd9if51bifl9jgamiffhcgdegfhjiklmn
omidnflkenjglmikclmhnjoncjgmdkhenkhkjoioonmlnmlooo

15: 0000000011111112222222333334444555566677889%abcdeil
1345689b345679a34578ab467ad789e689c7bc9daeghffghjm
2cgrafdi8dhfbjcf6egOkcb9ebhacbfdbag8ehcfdgijkijkkn
Inkjohemknigomejinhomdmligol jhoklfonjmkmimnnnllloo

16:  0000000011111112222222333334444555566677889%abcdeil
134568ab345679b345789a467ae789c689d7be9cadfghfghjm
2cf7g9dk8dgafich6ebfcjb9dbgaebhcbaf8dfegchkijijkkn
Injihoemjnkohmeiknogdmmlkfoligojlhonimjmkmnnnllloo

17: 0000000011111112222222333333344445555666677778889a
147adgjm4569chi4569bdf45689ae9bcf9ach89abbcdeabicd
258behkn78ebfkl87caekgdb7cfglgkehefgjfildfighegjdj
369cfiloadgjmnonlohimjimjhoknmo jlkinoknmhnkomolmln

18:  0000000011111112222222333333344445555666677778889a
147adgjm4569cef4569bcd45689ae9bdf9abe89acbcdiabecfd
258behkn78bhkil87 jafghhc7 jbigcekggfihelhdheglgkfi j
369cfiloadgjmnoikoemnlmlfndokolnjmnjomnkinjomlohkm

1.3 Parameter Tables

1.35 Table Admissible parameter sets of nontrivial BIBDs with r» < 41 and k < v/2. Earlier
listings of BIBDs by Hall [1016], Takeuchi [1999], and Kageyama [1241] and papers by
Hanani [1042] and Wilson [2144] are frequently referenced. Multiples of known designs
are included; although their existence is trivially implied, information concerning their
number and resolvability usually is not.

The admissible parameter sets of nontrivial BIBDs satisfying r < 41, 3 < k < v/2
and conditions (1) and (2) of Proposition 1.2 are ordered lexicographically by r, k,
and A (in this order). The column “Nd” contains the number Nd(v,b,r, k, \) of
pairwise nonisomorphic BIBD(v, b, r, k, ) or the best known lower bound for this
number. The column “N7” contains a dash (-) if condition (3) of Proposition 1.10
is not satisfied. Otherwise it contains the number Nr of pairwise nonisomorphic
resolutions of BIBD(v, b, 7, k, A)’s or the best known lower bound. The number of
nonisomorphic RBIBDs is not necessarily Nr. Indeed, there are seven nonisomorphic
resolutions of BIBD(15,35,7,3,1)s but only four nonisomorphic RBIBD(15,35,7,3,1)s
(see Example I1.2.76). The symbol ? indicates that the existence of the corresponding
BIBD (RBIBD, respectively) is in doubt. The meanings of the “Comments” are:
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m#x m-multiple of an existing BIBD #x
m#Ax* m-multiple of #x that does not exist or whose existence is un-
decided

R#x (D#x) residual (derived) design of #x that exists

R#x* (D#x*) residual (derived) design of #x that does not exist or whose
existence is undecided

H#x+#y union of two designs on the same set of elements

#x|#y design #x is a design (V, B) with parameters (v, b, , k, \); design
#y is a design (V, D) with parameters (v,b',0— 7, k+ 1,7 — \);
add a new point oo to each block of B to obtam B then (V/ BUD)
is a design with parameters (v + 1,0+ b',b,k+ 1,7).

PG (AG) projective (affine) geometry (see §VII.2)

x1 BIBD does not exist by Bruck-Ryser-Chowla (BRC) Theorem
(see §I1.6.2)

X2 BIBD is a residual of a BIBD that does not exist by the BRC
theorem, and A = 1 or 2

x3 RBIBD does not exist by Bose’s condition (see Theorem I1.7.28).

HD RBIBD(4t,8t — 2,4t — 1,2t,2t — 1) exists from a symmetric

(Hadamard) BIBD(4¢t — 1,4t — 1,2t — 1,2t — 1,¢t — 1); see §V.1.
Typically no references are given under “Ref” for multiple, derived, or residual designs
of known BIBDs. A trivial formula giving Nd(v, mb, mr, k,mA) > n + 1 is often used
provided Nd(v,b,r,k,\) > n, m > 2, n > 1 (similarly for Nr). The column “Where?”
gives a pointer to an explicit construction.

Nolv brkA Nd Nr Comments, Ref Where?
117 7331 1 -PG(2,2) 11.6.4
20912431 1 1R#3,AG(2,3) 1.22
311313441 1 -PG(2,3) 1.26
4 6105 3 2 1 0R#7,x3 1.18
5162054 1 1 1R#6,AG(2,4) 1.31
6|212155 1 1 -PG(2,4) VI.18.73
71111155 2 1 - 1.26
8/13266 3 1 2 - [1544] 1.27
9] 7146 3 2 4 - 2#41,D#20 [1665] 1.19

10{10 156 4 2 3 - R#13 [1665] 1.25

11125306 5 1 1 1 R#12,AG(2,5)

121313166 1 1 -PG(2,5) VI.18.73

13(16 16 6 6 2 3 - [898] 1.32

14(15357 3 1 80 7 PG(3,2) [1241, 1544] 1.28

15 814743 4 1 R#20,AG2(3,2) [1241, 898] 1.21

16|1521 75 2 0 0 R#19*x2

17136 4276 1 0 0 R#18* x2 AG(2,6)

18(4343 771 0 - x1,PG(2,6)

191222277 2 0 -x1

20|1515 773 5 -PG2(3,2) [898] 1.30

211 9248 3 2 36 9 2#2,D#40 [1547] 1.23

22|125508 4 1 18 - [1339, 1945] 1.34

23|13 26 8 4 2 2461 - 2#3 [1743]

24| 91884 3 11 - D#41 [898] 1.24

25(21 28 8 6 2 0 - R#28* x2

26|4956 8 71 1 1 R#27,AG(2,7)

27|57 578 8 1 1 -PG(2,7) VI.18.73

28|29298 8 2 0 -x1

29(19 57 9 3 1 11084874829 - [1268] VI.16.12

30{10309 3 2 960 - D#54 [537, 856, 1174] VI.16.81
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Nol v b r kX Nd Nr Comments, Ref Where?
31 7 21 9 33 10 - 3#1 [696] 1.20
321 28 63 9 41 > 4747 > 7 [1346, 1533, 1548] I11.1.8
33 10 18 9 54 21 0 R#41,x3 [898] VI.16.85
34| 46 69 9 61 0 - [1138]
35| 16 24 9 63 18920 - R#40 [1938] 11.6.30
36| 28 36 9 72 8 0 R#39,x3 [124]

37164 72 9 81 1 1 R#38,AG(2,8)

38| 73 3 9 91 1 - PG(2,8) VI.18.73
39| 37 37 9 92 4 - [124] 11.6.47
401 25 25 9 93 78 - [694] 11.6.47
411 19 19 9 94 6 - [898] 1.33

42| 21 7010 3 1 > 62336617 > 63745 [518, 1263] VI.16.12
43| 6 2010 34 4 1 244 [1241, 976]

441 16 4010 42 >2.2-10° 339592 2#5 [696, 1267]

45| 41 8210 51 > 15 - [1347] VI.16.16
46| 21 4210 5 2 > 22998 - 246 [2064]

47/ 11 2210 54 4393 - 247, D#63 [323]

48| 51 8510 61 ? -

49| 21 3010 7 3 3809 0 R#54,x3 [1016, 1241, 1946]

50| 36 4510 8 2 0 - R#53%,x2

51| 81 9010 91 7 7 R#52,AG(2,9) [679, 1373]

52| 91 911010 1 4 - PG(2,9) [679, 1373] VI1.18.73
53| 46 46 10 10 2 0 - x1

54| 31 311010 3 151 - [1941] 11.6.47
55 12 4411 3 2 242995846 74700 D#84 [1704] VI.16.81
56| 12 3311 4 3 > 17172470 5 D#85* [1632, 1938] VI.16.83
571 45 9911 51 > 16 ? [1548] VI.16.31
58| 12 2211 65 11603 1 R#63,HD [1016, 1241, 1743]

59| 45 5511 92 > 16 0 R#62,x3 [1241, 692]

60[100 110 11 10 1 0 0 R#61*,AG(2,10) [1378]

61111 111 11 11 1 0 - PG(2,10) [1378]

62| 56 56 11 11 2 >5 - [1188] 11.6.47
63| 23 2311115 1106 - [1016, 1172, 1943] VI.18.73
64| 2510012 31 >10* - [1544] VI.16.12
65| 13 5212 3 2 > 1897386 - 2#8,D#96 [790]

66| 9 3612 33 22521 426 342 [1543, 1707)

67| 7 2812 34 35 - 4#1 [976]

68| 3711112 41 > 51402 - [587, 1349] VI.16.14
69 19 5712 42 > 423 - [1533] VI.16.15
700 13 3912 43 > 3702 - 3#3,D#97 [1548, 1940]

71 10 3012 44 13769944 - 2#10 [696]

721 25 6012 52 >118884 > 748 2#11 [1225, 2062]

73] 6112212 61 ? -

74] 31 6212 6 2 > 72 - 2412 [1239]

750 21 4212 63 > 236 - [1262] VI.16.18
76| 16 3212 64 > 111 - 2413 [1224]

7713 2612 65 19072802 - D#98 [1016, 1267]

78| 22 3312 84 0 - R#85* [1372]

790 33 4412 93 > 3375 - R#84 [1551, 1999]

80| 55 66 12 10 2 0 - R#83%,x2

81(121 1321211 1 >1 > 1 R#82,AG(2,11)

82133 133 1212 1 >1 - PG(2,11) VI.18.73
83| 67 671212 2 0 - x1

84| 45 451212 3 > 3752 - [1551] VI.18.73
85| 34 341212 4 0 - x1
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Nol v b r kA Nd Nr Comments, Ref Where?
86| 27 11713 3 1 > 10" > 1.4- 10" AG(3,3) [1546, 2148] VI.16.12
87| 4013013 41 > 10° > 2 PG(3,3) [1241] VI.16.14
88| 66 143 13 6 1 >1 ? [693] 11.3.32
89| 14 2613 76 15111019 0 R#98,x3 [1267, 1999]
90| 27 3913 94 >2.45-10° 68 R#97,AG2(3,3) [1241, 1380, 1381]
91| 40 521310 3 ? 0 R#96*,x3
92| 66 78 13 11 2 >2 0 R#95,x3 [1241, 114]

93/144 156 13 12 1 ? ? R#94* AG(2,12)

94/157 157 13 13 1 ? - PG(2,12)

95| 79 7913 13 2 >2 - [114] 11.6.47
96| 53 531313 3 0 - x1

97| 40 4013 13 4 > 1108800 - PG2(3,3) [1374] VI.18.73
98| 27 2713136 208310 - [1943] VI.18.73
99| 15 7014 32 > 685521 > 36 2#14,D#140 [734, 1548]

100 22 7714 42 > 7921 - [827] VI.16.15
101 8 2814 46 2310 4 2415 [1743]

102| 15 4214 54 > 896 0 2#16* D#141* [1265, 2031] VI.16.85
103| 36 8414 6 2 >5 > 2 2417* [1228, 2130] VI.16.86
104| 15 3514 65 > 117 - D#142 [1016, 1533] VI.16.86
105 8517014 71 ? -

106| 43 8614 7 2 >4 - 2#18* [1] VI.16.30
107| 29 5814 73 >1 - VI.16.30
108| 22 4414 7 4 > 3393 - 2#19% [2031] VI.16.30
109/ 15 3014 76 > 57810 - 2#20,D#143 [1545]

110| 78 911412 2 0 - R#113*,x2

111|169 182 1413 1 >1 > 1 R#112,AG(2,13)

112|183 183 14 14 1 >1 - PG(2,13) VI.18.73
113 92 9214 14 2 0 - x1

114 3115515 31 >6-10'6 - [1548] VI1.16.12
115| 16 8015 32 > 10" - D#169 [1548] VI.16.13
116| 11 5515 33 > 436800 - [1548] VI.16.24
117 7 3515 35 109 - 5#1 [1938]

118/ 6 3015 36 6 0 3#4 [976, 1548]

119| 16 6015 43 >6-10° > 6-10° 345,D#170 [1548]

120 6118315 51 > 10 - [587] VI.16.16
121 31 9315 52 >1 - VI.16.17
122 21 6315 53 > 10° - 3#6 [331]

123| 16 4815 54 > 294 - D#171 [352, 734, 1016]

124| 13 3915 55 > 76 - [1016, 2059, 734] VI.16.17
125| 11 3315 56 > 127 - 3H7 (324, 1224]

126 76 190 15 6 1 >1 - [1612] 11.3.32
127| 26 6515 6 3 >1 - [1016] VI.16.89
128| 16 4015 65 > 25 - D#172 [1016, 1533, 734]

129| 9119515 71 >2 ?7 [246] VI.16.70
130/ 16 3015 87 >9-107 5 R#143,AG3(4,2),HD [1271, 1319]

131 21 3515 96 > 10? - R#142 [1016, 404]

132|136 204 15 10 1 ? -

133| 46 691510 3 ? -

134| 28 4215105 >3 - R#141* [2090]

135| 56 701512 3 >4 - R#140 [1005]

136| 91 105 15 13 2 0 0 R#139* x2

137|196 210 15 14 1 0 0 R#138* x2,AG(2,14)

138/211 211 1515 1 0 - x1,PG(2,14)

139|106 106 15 15 2 0 - x1

140 71 711515 3 > 72 - [1005, 1832] 11.6.47
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Nol v b r kX Nd Nr Comments, Ref Where?
141] 43 4315155 0 - x1

142| 36 3615156 > 25634 - [1944] VI.18.73
143| 31 311515 7 > 22478260 - PG3(4,2) [1375) VI.18.80
144| 33176 16 3 1 > 10" > 4494390 [1548, 562] VI.16.12
145 9 4816 34 16585031 149041 4#2 [1707]

146 49 196 16 4 1 > 769 - [396, 978, 587] VI.16.14
147| 25100 16 4 2 > 17 - 2422

148| 17 6816 43 > 542 - D#185 [1999, 734]

149| 13 5216 4 4 > 2462 - 443

150] 9 3616 46 270474142 - 2424 [1705]

151 6520816 5 1 >2 > 1 [514, 587] VI.16.16
152| 81216 16 6 1 ? -

153| 21 5616 6 4 >1 - 2#25% [1042] 11.3.32
154| 4911216 7 2 >1 > 12426

155|113 226 16 8 1 ? -

156| 57 114 16 8 2 > 1362 - 2427 [1239]

157) 29 5816 8 4 >2 - 2#£28* [1999] VI.16.30
158| 17 3416 87 > 28 - D#186 [734, 1999, 2060]

159|145 232 16 10 1 ? -

160| 25 4016 10 6 > 43 - R#172 [1236, 1938]

161| 33 481611 5 >19 0 R#171,x3 [1241, 352]

162|177 236 16 12 1 ? -

163| 45 60 16 12 4 >1 - R#170 [180]

164| 65 8016 13 3 ? 0 R#169*,x3

165|105 120 16 14 2 ? - R#168*

166|225 240 16 15 1 ? ? R#167%,AG(2,15)

167|241 241 16 16 1 ? - PG(2,15)

168121 121 16 16 2 ? -

169| 81 811616 3 ? -

170| 61 61 16 16 4 >6 - [1398] 11.6.47
171| 49 491616 5 > 12146 - [1321] 11.6.47
172 41 411616 6 > 115307 - [1938] 11.6.47
173) 1810217 32 >4-10* > 173 D#217* [734, 1040, 1548] VI.16.81
174| 5222117 41 > 206 > 30 [392, 587, 1377] VI.16.14
175| 3511917 5 2 >1 > 11999, 1] VI.16.17
176| 18 5117 65 > 582 > 2 D#218* [1999, 1243, 734 VI.16.86
177) 35 8517 73 >2 ? [1, 1044, 1548]

178120 255 17 8 1 >94 > 1 [1729, 1877]

179| 18 3417 98 >10° 0 R#186,x3 [404, 1241, 1999]

180| 52 6817 13 4 >6 0 R#185,x3 [1241, 2065]

181|120 136 17 15 2 0 0 R#184*, %2

182|256 272 17 16 1 > 189 > 189 R#183,AG(2,16) [1207, 1208]

183|273 273 17 17 1 > 22 - PG(2,16) [660, 1208, 1207] VI.18.73
184137 137 17 17 2 0 - x1

185| 69 69 17 17 4 >4 - [2065] 11.6.47
186| 35 3517178 > 108131 - [1944] VI.18.73
187| 3722218 31 > 10'° - [1463, 1999] VI.16.12
188 1911418 32 >2-10° - 2429 D#231* [1548]

189 13 7818 33 >3-10° - 3#8 [1548]

190| 10 6018 3 4 > 961 - 2#30

191| 7 4218 36 418 - 6#1 [1743, 1938]

192| 28 126 18 4 2 > 139 > 8 2#32

193] 10 4518 46 > 14819 - 3#10 [1548]

194 25 9018 53 > 10" >10'7 3411 [1548]

195/ 10 3618 58 > 135922 5 2433 [1271, 1545]
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Nol v b r kX Nd Nr Comments, Ref Where?
196] 91273 18 6 1 >4 - [534, 1607] VI.16.18
197| 46 138 18 6 2 >1 - 2434* VI.16.18
198 31 9318 63 > 10?2 - 3412 [1548]

199 19 5718 65 > 1535 - D#232* [734] 11.7.46
200 16 4818 66 > 108 - 3#13,2#35 [1548]

201| 28 7218 7 4 > 392 ? 2436 [1224]

202| 64 144 18 8 2 > 121 > 121 2437 [1225]

203(145 290 18 9 1 ? -

204| 73 146 18 9 2 > 3500 - 2438 [1239]

205 49 9818 93 >1 - [1628] VI.16.30
206| 37 7418 94 > 852 - 2#39 [1224]

207 25 5018 96 > 79 - 2#40

208 19 3818 98 > 108 - 2441, D#233 [734]

209| 55 9918 10 3 ? -

210[100 150 18 12 2 ? -

211| 34 5118126 >2 - R#218* [1496]

212| 85 102 18 15 3 ? - R#217*

213[136 153 18 16 2 ? - R#216*

214(289 306 18 17 1 >1 > 1 R#215,AG(2,17)

215(307 307 18 18 1 >1 - PG(2,17) VI.18.73
216|154 154 18 18 2 ? -

217(103 103 18 18 3 0 - x1

218| 52 521818 6 0 - x1

219| 3924719 31 > 10" > 1626684 [1463, 562] VI.16.12
220 20 9519 43 > 10040 > 204 D#270 [1999, 623, 734] VI.16.83
221 20 7619 5 4 > 10067 > 14 D#271* [734, 1042] VI.16.85
222 96 30419 61 >1 ? [1609] 11.3.32
223(153 323 19 9 1 ? ?

224| 20 381910 9 > 10 3 R#233,HD [1319]

225 39 571913 6 ? 0 R#232* x3

226| 96 114 19 16 3 ? 0 R#231* x3

227(153 171 19 17 2 0 0 R#230*,x2

228|324 342 19 18 1 ? ? R#229*,AG(2,18)

229(343 343 19 19 1 ? - PG(2,18)

230[172 172 19 19 2 0 - x1

231|115 11519 19 3 ? -

232 58 581919 6 0 - x1

233| 39 391919 9 >5.87-10 - [1374] V.1.28
234 2114020 32 >5-10" > 79 2442 D#307 [1548)

235 9 6020 35 5862121434 203047732 542 [1707]

236 6 4020 38 13 1 444 [1174]

237| 6130520 41 > 18132 - [1999, 587] VI.16.61
238| 31 15520 4 2 > 43 - [1999, 734] VI.16.15
239( 2110520 4 3 > 26320 - D#308* [1999, 734] VI.16.15
240| 16 8020 44  >6-10° > 6-10° 445 [1548]

241| 13 6520 45 > 10° - 5#3 [1548]

242 11 5520 46 > 348 - [734] VI.16.15
243| 8132420 51 >1 - [1999] VI.16.16
244| 4116420 5 2 >6 - 2445

245\ 21 8420 54 > 10° - 44+6,D#309 [1548] 11.7.46
246 17 6820 55 > 7260 - [514, 734] VI.16.17
247| 11 4420 58 > 4394 - A#T

248| 51 170 20 6 2 > 446 - 24+48* [2063] VI.16.91
249 21 7020 65 >1 - D#310 [1042] VI.16.18
250 21 6020 76 > 3810 > 12449 D#311* [1]




11.1.3

Parameter Tables 41

- PG(2,20)

Nol v b r k A Nd Nr Comments, Ref Where?
251] 36 9020 8 4 >2 - 2#450% [1, 2071]

252| 8118020 9 2 > 1169 > 1169 2451 [1225]

253|181 362 20 10 1 ? -

254| 911822010 2 > 46790 - 2452 [1239]

255| 61 12220 10 3 >1 - [1628] VI1.16.30
256| 46 9220 10 4 >1 - 2#53* [1628] VI1.16.30
257| 37 742010 5 >1 - [1999] VI1.16.30
258| 31 622010 6 > 152 - 24454

259| 21 422010 9 >4 - D#312 [1999, 248]

260[111 185 20 12 2 ? -

261| 45 752012 5 ? -

262(141 188 20 15 2 ? -

263| 57 762015 5 ? - R#271*

264| 36 48 2015 8 >1 - [1912]

265| 76 9520 16 4 >1 - R#270 [1999, 514]

266|171 190 20 18 2 ? - R#269*

267|361 380 20 19 1 >1 > 1 R#268,AG(2,19)

268|381 381 20 20 1 >1 - PG(2,19) VI1.18.73
269|191 191 20 20 2 ? -

270| 96 96 20 20 4 >2 - [1839) VI1.18.73
271| 77 772020 5 0 - x1

272| 4330121 3 1 >5-10% - [1042, 1463 VI.16.12
273 2215421 3 2 >3-10° - D#336* [1548] VI1.16.81
274| 1510521 3 3 > 1015 > 10" 3#14 [1548]

275 8 5621 3 6 3077244 - [1938] VI.16.82
276| 7 4921 3 7 1508 - TH#1 [1743, 1938]

277| 6433621 4 1 >1.4-10% > 2.5-10% [1546] VI.16.14
278| 8 4221 4 9 8360901 10 3415 [696

279| 8535721 5 1 >3.2-10% > 1 PG(3,4) [1546, 587] VI1.16.70
280| 15 6321 5 6 > 2211 > 149 3#16* [1549] VI.16.17
281|106 37121 6 1 >1 - [1606] 11.3.32

282| 3612621 6 3 >1 > 1 3417* [1042, 1] VI1.16.86
283| 22 7721 6 5 >3 - D#337,#6]#153 [1053] VI.16.18
284| 16 5621 6 7 >1 - #134#128 [1903]

285|127 38121 7 1 ? -

286| 6419221 7 2 >1 - 2] I1.3.32

287| 4312921 7 3 >1 - 3#418* [2144] VI1.16.30
288| 22 6621 7 6 >1 - 3#19* D#338* [1042] 11.7.47

289 19 5721 7 7 >1 - [2144] 11.7.46

290| 15 4521 7 9 > 108 - 3420 [1548]

291| 5713321 9 3 >1 - [21]

292|190 399 21 10 1 ? ?

293 22 4221 11 10 > 2 0 R#312,x3 [1241, 1999, 1013]

294(232 406 21 12 1 ? -

295(274 411 21 14 1 ? -

296| 92 138 21 14 3 ? -

297| 40 602114 7 ? - R#311*

298|295 413 21 15 1 ? -

299| 50 702115 6 >1 - R#310 [1185]

300| 64 842116 5 > 10810800 > 157 R#309,AG2(3,4) [1374, 1223]

301| 851052117 4 ? 0 R#308*,x3

302|120 140 21 18 3 ? - R#307*

303|190 210 21 19 2 ? 0 R#306*, %3

304400 420 21 20 1 ? ? R#305%,AG(2,20)

305[421 421 21 21 1 ?
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42  2-(v,k, \) Designs of Small Order
Nol v b r k A Nd Nr Comments, Ref Where?
306[211 211 21 21 2 ? -
307|141 141 21 21 3 0 - x1
308[106 106 21 21 4 0 - x1
309 85 852121 5 > 213964 - PG2(3,4) [1223] VI.18.73
310/ 71 712121 6 >2 - [1185] 11.6.47
311| 61 612121 7 0 - x1
312| 43 432121 10 > 82 - [1013, 2066] VI.18.73
313| 4533022 3 1 >6-107° > 84 [1042, 1463, 1548] VI.16.12
314| 12 8822 3 4 >20476 >3 2#55
315| 3418722 4 2 >1 - [1042] VI.16.15
316 12 6622 4 6>1.7-10° > 1 2#56
317| 4519822 5 2 >17 7 2#57
318|111 40722 6 1 >1 - [1609] 11.3.32
319 12 4422 610 > 11604 545 2#58 [324, 1271]
320(133 41822 7 1 ? ?
321| 4511022 9 4  >1353 ? 2#59 [1224]
322|100 220 22 10 2 >1 ? 2#60* [528] 1V.2.67
323|221 442 22 11 1 ? -
324|111 222 22 11 2 ? - 2#61*
325 56 1122211 4 > 2696 - 2462 [1224]
326| 45 902211 5 >1 - [1628] VI.16.30
327| 23 46221110 > 1103 - 2463, D#351
328|287 451 22 14 1 . -
329| 45 662215 7 ? ? R#338*
330 56 772216 6 >3 - R#337 [2045]
331[133 154 22 19 3 ? 0 R#336*,x3
332210 231 22 20 2 0 - R#335% x2
333|441 462 22 21 1 0 0 R#334*,x2,AG(2,21)
334463 463 22 22 1 0 - x1,PG(2,21)
335/232 232 22 22 2 0 - x1
336(155 155 22 22 3 ? -
337| 78 782222 6 >3 - [2045] 11.6.47
338| 67 672222 7 0 - x1
339 2418423 3 2 >3-10° > 1 D#404* [1040, 1548] VI.16.81
340| 2413823 4 3 >1 > 1 D#405* [144, 1042] VI.16.83
341| 24 9223 6 5 >1 > 1 D#406* [848, 1042] VI.16.86
342| 7023023 7 2 >1 ?7 2] VI.16.88
343| 24 6923 8 7 >1 ? D#407 [1042] VI.16.88
344| 701612310 3 ? ?
345/231 483 23 11 1 ? ?
346| 24 4623 12 11 >10% 130 R#351,HD [1271, 1375, 1999]
347|231 253 23 21 2 0 0 R#350%,x2
348(484 506 23 22 1 0 0 R#349%,x2,AG(2,22)
349(507 507 23 23 1 0 - x1,PG(2,22)
350(254 254 23 23 2 0 - x1
351| 47 472323 11 > 55 - [620] VI.18.73
352 4939224 3 1 >6-10" - [1042, 1463] VI.16.12
353| 2520024 3 2 >10™ - 2#64,D#438*
354| 1713624 3 3 > 4968 - [1548] VI.16.24
355 1310424 3 4 > 10° - 448 [1548]
356 9 7224 3 6 > 107 > 10° 642 [1548]
357| 7 5624 3 8 5413 - 841 [1743, 1938]
358| 7343824 4 1 > 107 - [332] VI.16.61
359| 3722224 4 2 >4 - 2468
360| 2515024 4 3 >10% - 3422 D#439* [1548]
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361 1911424 4 4 > 424 - 2469

362 13 7824 4 6 > 108 - 6#3 [1548]

363| 10 6024 4 8> 1759614 - 4410 [1545]

364 9 5424 4 9 >10° - 3424 [1548]

365 2512024 5 4 > 10'7 > 10'7 4#11,D#440 [1548]

366|121 484 24 6 1 >1 - [1042, 1607] VI.16.31
367| 6124424 6 2 >1 - Q2HT3* VI.16.18
368| 4116424 6 3 >1 - VI.16.18
369 3112424 6 4 > 10* - 44£12 [1548]

370 2510024 6 5 >1 - D#441 [1042]

371 21 8424 6 6 >1 - 3#25* 2475

372| 16 6424 6 8 > 108 - 44£13 [1548]

373| 13 5224 610 > 2572157 - QHTT

374| 4916824 7 3 >10°2 > 102 3426 [1548]

375169 507 24 8 1 ? -

376| 8525524 8 2 >1 - [1628] VI.16.30
377| 5717124 8 3 >10% - 3427 [1548]

378| 4312924 8 4 >1 - [2144] VI.16.30
379| 29 8724 8 6 >1 - 3428* [1042] VI.16.30
380 25 7524 8 7 >1 - D#442* [2144] VI.16.31
381| 22 6624 8 8 >1 - QHT8* VI.16.30
382 33 8824 9 6 > 3376 - 2479

383| 551322410 4 ? - 2#80*

384 25 602410 9 >3 - D#443 [607, 2144]

385|121 264 24 11 2 > 365 > 365 2481 [1225]

386265 530 24 12 1 ? -

387[133 266 24 12 2 > 9979200 - 2482 [1239]

388| 89178 24 12 3 ? -

389| 671342412 4 >1 - 2483* [1] VI.16.30
390 45 902412 6 > 3753 - 2484

391| 34 682412 8 >1 - 2485* [1] VI.16.30
392| 25 502412 11 > 10 - D#444 [607, 2144]

393|105 180 24 14 3 ? -

394| 85136 2415 4 ? -

395 46 6924 16 8 >1 - R#407 [1185]

396 69 922418 6 ? - R#406*

397|115 138 24 20 4 ? - R#405%

398|161 184 24 21 3 ? - R#404*

399| 49 56 24 21 10 >1 - [2144] VI.16.32
400(253 276 24 22 2 0 - R#403*,x2

401(529 552 24 23 1 >1  >1 R#402,AG(2,23)

402(553 553 24 24 1 >1 - PG(2,23) VI.18.73
403|277 277 24 24 2 0 - x1

404|185 185 24 24 3 0 - x1

405(139 139 24 24 4 ? -

406| 93 932424 6 0 - x1

407| 70 702424 8 > 28 - [1185, 620] 11.6.47
408| 5142525 3 1 >6-10° > 9419 [1463, 1976] VI.16.12
409 6 5025 310 19 0 544 [1174, 1548]

410 76 47525 4 1 > 169574 > 1 [396, 587, 1047] VI.16.14
411| 1610025 4 5 >10% > 10°% 545 [1548]

412(101 505 25 5 1 >3 - [393] VI.16.62
413| 5125525 5 2 >1 - [1042] VI.16.17
414 2613025 5 4 >1 - D#471* [1042] 11.7.46
415) 2110525 5 5 > 10° - 5#6 [1548]




44  2-(v,k, \) Designs of Small Order

Nol v b r k A Nd Nr Comments, Ref Where?
416] 11 5525 510 > 3337 - B#T

417|126 52525 6 1 >2 > 1 [679, 1042, 1578] V1.16.92
418(176 550 25 8 1 ? ?

419(226 565 25 10 1 ? -

420] 76 190 25 10 3 ? -

421] 461152510 5 >1 - [2071]

422 26 652510 9 > 19 - D#472 [1042, 1556]

423]276 575 25 12 1 ? ?

424] 26 50 25 13 12 >1 0 R#444,x3 [1241, 1999]

425|351 585 25 15 1 ? -

426 51 852515 7 ? -

427| 36 60 25 15 10 >1 - R#443 [1042]

428| 51 752517 8 ? 0 R#-442* x 3

429| 76 100 25 19 6 >1 0 R#441,x3

430[476 595 25 20 1 ? -

431] 96 1202520 5 >1 - R#440

432]126 150 25 21 4 ? 0 R#439*, %3

433|176 200 25 22 3 ? 0 R#438* %3

434(276 300 25 23 2 ? 0 R#437*,x3

435(576 600 25 24 1 ? ? R#436%,AG(2,24)

436(601 601 25 25 1 ? - PG(2,24)

437|301 301 25 25 2 ? -

438]201 201 25 25 3 ? -

439(151 151 25 25 4 0 - x1

440[121 121 25 25 5 >1 - [1773] 11.6.47
441]101 101 25 25 6 >1 - VI1.18.73
442| 76 762525 8 0 - x1

443| 61 61 25 25 10 > 24 - [1720] 11.6.47
444| 51 51 25 25 12 >1 - [1999] V.1.39
445| 2723426 3 2 > 10" > 910 2#86,D#511*

446| 40 260 26 4 2 > 108 > 1 2#87

447 14 9126 4 6 >4 - [1042, 1588] 11.5.29
448(105 546 26 5 1 >1 > 1 [41] Iv.2.2
449| 66 286 26 6 2 >1 > 1 2488 [958]

450 2711726 6 5 >1 - D#512* [1042] VI1.16.86
451| 14 5226 7 12 > 1363846 1363486 2489 [1264]

452 9229926 8 2 >1 - [19]

453| 27 7826 9 8  >8072 > 13 24#90,D#513

454(235 611 26 10 1 ? -

455| 40 104 26 10 6 >1 ? 2491% [1]

456| 66 156 26 11 4 > 494 ? 2492 [1224]

457|144 312 26 12 2 >1 ? 2#93* [528] IV.2.67
458|313 626 26 13 1 ? -

459|157 314 26 13 2 ? - 2#94*

460[105 210 26 13 3 ? -

461| 79 158 26 13 4 > 940 - 2495 [1224]

462| 53 106 26 13 6 >1 - 2496* [2144] VI1.16.30
463| 40 802613 8 > 390 - 2#97

464| 27 5426 13 12 > 208311 - 2#98 D#514

465| 40 65 26 16 10 >1 - R#472 [2067)

466(105 130 26 21 5 ? 0 R#471*, %3

467|300 325 26 24 2 0 - R#470%* %2

468(625 650 26 25 1 >33 >33 R#469,AG(2,25) [1251]

469|651 651 26 26 1 > 17 - PG(2,25) [1251] VI1.18.73
470(326 326 26 26 2 0 - x1
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471|131 131 26 26 5 ? -

472| 66 66 26 26 10 > 588 - [2067, 1720] 11.6.47
473| 5549527 3 1>6-10"° - [1463] VI.16.12
474| 2825227 3 2 >10°° - D#564* [1548] VI.16.13
475 1917127 3 3 > 10" - 3#29 [1548]

476) 10 9027 3 6 > 10" - 3#30 [1548]

477 7 6327 3 9 17785 - 941 [1743, 1938]

478| 2818927 4 3 > 10% > 10%° 3432,D#565*% [1548]

479| 5529727 5 2 >1 > 1[1042, 848] 1V.2.67
480 10 5427 512 >10° 0 3#33 [1548]

481[136 61227 6 1 >1 - [1610] 11.3.32
482| 4620727 6 3 >10%® - 3#34* [1042, 416] VI.16.90
483| 28 12627 6 5 >2 - D#566* [2130] VI.16.18
484 16 7227 6 9 > 18921 - 3#35

485 28 108 27 7 6 > 5047 > 1 3#36,D#567 [848, 1224] VI.16.87
486| 6421627 8 3 >1077 > 1077 3#37 [1548]

487|217 651 27 9 1 ? -

488|109 32727 9 2 >1 - [1548] VI.16.57
489| 7321927 9 3 >10% - 3#38 [1548]

490| 55 16527 9 4 >1 - [1] VI.16.30
491| 3711127 9 6 > 10% - 3#39 [1548]

492| 28 8427 9 8 >3 - D#568* [1548, 2130] 11.7.48
4931 25 7527 9 9 > 10%8 - 3440 [1548]

494| 19 5727 912 > 10'° - 3441 [1548]

495| 55 135 2711 5 ? ?

496(100 225 2712 3 ? -

497| 28 63271211 > 246 - D#569 [1236, 1379, 710]

498(325 675 27 13 1 ? ?

499| 28 54271413 > 9-10% 7570 R#514,HD [1271, 1319, 2039

500(190 342 27 15 2 ? -

501| 55 992715 7 ? -

502460 690 27 18 1 ? -

503|154 231 2718 3 ? -

504| 52 782718 9 >2 - R#513 [957]

505 911172721 6 ? - R#512%

506|208 234 27 24 3 ? - R#511*

507|325 351 27 25 2 ? 0 R#510%,x3

508|676 702 27 26 1 ? ? R#509%, AG(2,26)

509(703 703 27 27 1 ? - PG(2,26)

510|352 352 27 27 2 ? -

511|235 235 27 27 3 0 - x1

512|118 118 27 27 6 0 - x1

513| 79 792727 9 > 1463 - [1087] 11.6.47
514| 55 552727 13 >1 - [1999, 514] V.1.28
515| 5753228 3 1 >10  >1[1042] VI.16.12
516 1514028 3 4 > 10" > 10! 4414 [1548]

517| 9 8428 3 7  >330 >9T#2

518 8559528 4 1 > 10% - [1042, 332] VI.16.14
519| 4330128 4 2 >1 - VI.16.15
520| 2920328 4 3 >1 - D#586* 11.7.46
521| 2215428 4 4 > 7922 - 24100

522| 1510528 4 6 > 31300 - [127] VI.16.15
523| 13 9128 4 7 >10° - T#3 [1548]

524| 8 5628 412 > 2310 31 4415 [1174, 1548]

525 15 8428 5 8  >104 > 1 4#16%24102 [1]
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46 2-(v,k, \) Designs of Small Order
Nol v b r k A Nd Nr Comments, Ref Where?
526{141 658 28 6 1 >1 - [1605]
527| 36 168 28 6 4 >5 > 34#17* 24103
528| 21 9828 6 7 >1 - #75+#153
529| 15 7028 6 10 > 118 - 2#104
530{169 676 28 7 1 >1 - [1044, 1548] VI.16.65
531| 8534028 7 2 >2 - 2#105* [1, 959] VI.16.30
532| 5722828 7 3 >1 - [1042] VI.16.30
533| 4317228 7 4 >4 - 4#18* 24106
534| 29 116 28 7 6 >1 - 2#107,D#587*
535| 2510028 7 7 >1 - [2144] VI.16.31
536| 22 8828 7 8 >35 - 4419* 24108
537| 15 6028 7 12 > 10® - 4420 [1548]
538| 50 17528 8 4 >1 - 1] VI.16.89
539(225 700 28 9 1 ? ?
540| 85 238 28 10 3 ? -
541|309 721 28 12 1 ? -
542| 78 182 28 12 4 ? - 2#110*
543| 45 105 28 12 7 >1 - #84+#163
544|169 364 28 13 2 > 765 > 765 24111 [1225]
545365 730 28 14 1 ? -
546|183 366 28 14 2 > 10° - 24112 [1239]
547) 92 184 28 14 4 ? - 2#113*
548| 53 106 28 14 7 >1 - [2144] VI.16.30
549| 29 58 28 14 13 >1 - D#588 [2144]
550( 36 63 28 16 12 > 8784 - R#569 [1236, 710]
551|477 742 28 18 1 ? -
552| 57 842819 9 ? 0 R#568*,x3
553|561 748 28 21 1 ? -
554|141 188 28 21 4 ? -
555| 81 108 28 21 7 >1 - R#567
556 57 76 28 21 10 ? -
557| 99 126 28 22 6 ? - R#566%*
558|162 189 28 24 4 ? - R#565%*
559|225 252 28 25 3 ? 0 R#564*,x3
560({351 378 28 26 2 0 - R#563%,x2
561|729 756 28 27 1 >7  >7R#562,AG(2,27) [1251]
562|757 757 28 28 1 >3 - PG(2,27) [679] VI.18.73
563|379 379 28 28 2 0 - x1
564|253 253 28 28 3 ? -
565(190 190 28 28 4 0 - x1
566|127 127 28 28 6 ? -
567|109 109 28 28 7 >1 - VI.18.73
568 85 8528 28 9 ? -
569| 64 64 28 28 12 > 8784 - [710] VI.18.73
570| 3029029 3 2>2-10°" > 1 D#655* [1040, 1548] VI.16.81
571| 8863829 4 1 >2  >1][1042, 332, 1047] v.2.2
572\ 3017429 5 4 >1 >4 D#656 [1042, 623] VI.16.85
573| 3014529 6 5 >1 > 1D#657* [1042, 33] VI.16.86
574|175 72529 7 1 >1 7 [1184] VI.16.31
575(117 37729 9 2 >1 ? [1034] VI.16.70
576| 30 872910 9 >1 ? D#658%* [1] VI.16.88
577|117 261 29 13 3 ? ?
578|378 78329 14 1 ? ?
579| 30 58 29 15 14 >1 0 R#588,x3 [1241, 2144]
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580| 881162922 7 ? 0 R#587%,x3

581[175 203 29 25 4 ? 0 R#586%,x3

582|378 406 29 27 2 ? 0 R#585%,x3

583(784 812 29 28 1 ? ? R#584% AG(2,28)

584(813 8132929 1 ? - PG(2,28)

585(407 407 29 29 2 ? -

586(204 204 29 29 4 ? -

587(117 1172929 7 0 - x1

588| 59 59 29 29 14 >1 - VI.18.73
589 6161030 3 1>2-10** - [1042, 1463] VI.16.12
590| 3131030 3 2>6-10'° - 2#114,DH#677*

591| 2121030 3 3 > 10* > 102" 3#42 [1548]

592| 16 16030 3 4 >10" - 24115

593| 1313030 3 5  >10° - 548 [1548]

594 11 110 30 3 6 > 436801 - 2#116

595 7 7030 310 54613 - 1041 [1545]

596| 6 6030 312 34 1 644,343 [1174, 1548]

597| 46 34530 4 2 >1 - [1042] VIL.16.15
598| 16 12030 4 6 > 10 > 10'® 645 [1548]

599 10 7530 410 > 29638 - 5#10 [1548]

600[121 726 30 5 1 >1 - [1042] VI.16.62
601| 61366 30 5 2 >11 - 2#120

602| 4124630 5 3 > 10 - 3445

603| 3118630 5 4 >1 - 24121, DH#678*

604| 2515030 5 5 >10'7 >10'7 5#11 [1548]

605 2112630 5 6 > 10%* - 646 [1548]

606| 16 9630 5 8 > 12 - 2#123

607| 13 7830 510 > 31 - 2#124

608 11 6630 512  >10° - 6#£7 [1548]

609|151 75530 6 1 >1 - [1042, 2144] VI.16.54
610 76 380 30 6 2 >1 - 2#126

611| 5125530 6 3 >1 - 3#48% [1042] VI.16.18
612| 3115530 6 5 >10% - 5412,D#679 [1548]

613 26 13030 6 6 >1 - 24127

614| 16 8030 610  >10° - 5#13 [1548]

615/ 9139030 7 2 >3 ? 24129

616/ 21 9030 7 9 >10'® > 1 3#49 [1]

617 36 13530 8 6 >3 - 3#50* [1, 1497, 2130]

618/ 16 6030 814 >9-10"7 > 624130

619| 8127030 9 3 > 10" > 10'%8 3#51 [1548]

620| 21 7030 912 > 10 - 24131

621(271 813 30 10 1 ? -

622(136 408 30 10 2 ? - 2#132%

623| 912733010 3 >10'% - 3452 [1548]

624| 55 1653010 5 >2 - [1034] VI.16.30
625| 46 138 30 10 6 >1 - 2#133* 3453* [1]

626/ 31 933010 9 > 152 - 3454, D#680*

627| 28 8430 10 10 >5 - 2#+134% [1548, 2130] 11.7.48
628[166 415 30 12 2 ? -

629| 56 140 30 12 6 >5 - 2#135

630| 34 853012 10 >1 - [1628] VI.16.30
631| 91 210 30 13 4 ? ? 24+136*

632[196 420 30 14 2 ? ? 24137

633[421 84230 15 1 ? -

634(211 422 30 15 2 ? - 2#138*

635(141 28230 15 3 ? -
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636106 212 30 15 4 ? - 24139%

637| 8517030 15 5 ? -

638 711423015 6 >9 - 24140

639 61 1223015 7 >1 - [2144] VI.16.30
640| 43 86 30 15 10 >1 - 24141% [1042] VI.16.30
641| 36 72301512 > 25635 - 24142

642| 31 623015 14 > 10° - 24143, D#681

643|171 285 30 18 3 ? -

644286 429 30 20 2 ? -

645 96 144 30 20 6 ? -

646| 58 8730 20 10 ? - R#658*

647|301 430 30 21 2 ? -

648|116 145 30 24 6 ? - R#657*

649|145 174 30 25 5 >1 - R#656 [1839]

650(261 290 30 27 3 ? - R#655*

651|406 435 30 28 2 0 - R#654*,x2

652|841 870 30 29 1 >1 > 1 R#653,AG(2,29)

653871 871 30 30 1 >1 - PG(2,29) VI.18.73
654|436 436 30 30 2 0 - x1

655291 291 30 30 3 ? -

656|175 175 30 30 5 >2 - [331, 1839] VI.18.73
657|146 146 30 30 6 0 - x1

658| 88 8830 30 10 0 - x1

659| 63 65131 3 1 >10*2 > 82160 PG(5,2) [1463, 1548] VI.16.12
660| 3224831 4 3 >1 > 1 D#729* [1042, 144] VI.16.83
661|125 77531 5 1 >1.9-10° >5.2-10'% AG(3,5) [1546] 1v.2.2
662[156 806 31 6 1> 1.6-10"° > 1 PG(3,5) [1546] 1v.2.2
663| 6327931 7 3 >1 > 1 (1042, 1] VI.16.87
664| 3212431 8 7 >1 > 1 D#730* [1042, 1714] VI.16.87
665| 6321731 9 4 >1 >1]1] VI.16.87
666|280 868 31 10 1 ? ?

667|435 899 31 15 1 ? ?

668| 32 623116 15 >10% > 1 R#681,AG4(5,2),HD [1319]

669| 63 93 3121 10 > 107 0 R#680* [1900, 2058]

670125 155 31 25 6 > 10"? > 10" R#679,AG2(3,5) [1223]

671|156 186 31 26 5 ? 0 R#678%,x3

672|280 310 31 28 3 ? 0 R#677*,x3

673|435 465 31 29 2 0 0 R#676*,x2

674|900 930 31 30 1 0 0 R#675%,x2,AG(2,30)

675(931 931 31 31 1 0 - x1,PG(2,30)

676|466 466 31 31 2 0 - x1

677|311 311 31 31 3 ? -

678187 187 31 31 5 0 - x1

679[156 156 31 31 6 > 107 - PG2(3,5) [1223] VI.18.73
680| 94 94 31 31 10 0 - x1

681| 63 63313115 > 107 - PG4(5,2) [1223] VI.18.73
682| 3335232 3 2 > 10" >4.4-10° 24144 D#775* [562]

683 9 9632 3 8 > 107 > 10° 842 [1548)

684| 97 77632 4 1 > 5985 - [332, 396] VI.16.61
685 4939232 4 2 > 770 - 24146 [396]

686| 3326432 4 3 >1 - D#776* [1042] 11.7.46
687| 2520032 4 4 >10* - 44422 [1548]

688 1713632 4 6 >1 - 24148

689| 1310432 4 8 > 10° - 8#3 [1548]

690 9 7232 412 > 108 - 44£24 [1548]
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Nol v b r k A Nd Nr Comments, Ref Where?
691 65 416 32 5 2 >3 >124#151
692| 8143232 6 2 >1 - 24+152% [1042] IV.2.7
693 3317632 6 5 >1 - DHTTT* [1042] VI.16.18
694| 2111232 6 8 >1 - 4425% 24153
695 49224 32 7 4 > 10°? > 10°% 4#26 [1548]

696(225 900 32 8 1 ? -

697|113 452 32 8 2 >1 - 24+155% [957] VI1.16.64
698| 5722832 8 4 > 10% - 44427 [1548]

699 3313232 8 7 >1 - D#778 [1042] I1.7.46
700 2911632 8 8 >3 - A4£28% 24157

701| 17 6832 814 > 12 - 24158

702|145 464 32 10 2 ? - 24159%

703 25 80 3210 12 > 44 - 24160

704| 33 96 32 11 10 > 20 ? 24161, DH779*

705|177 472 3212 2 ? - 24162%

706| 451203212 8 >1 - 24163

707 33 88321211 >1 - D#780* [1042]

708| 65160 3213 6 ? ? 24164*

709|105 240 32 14 4 ? - 24165%

710|225 480 32 15 2 ? ? 24166*

711|481 962 32 16 1 ? -

712|241 482 32 16 2 ? - 24167*

713|161 322 3216 3 ? -

714|121 242 32 16 4 >1 - 24168* [1] VI1.16.31
715| 97 1943216 5 ? -

716| 811623216 6 ? - 24169*

717| 611223216 8 >1 - 24170

718| 49 98 32 16 10 > 45 - 24171

719| 41 823216 12 > 115308 - 24172

720| 33 66 3216 15 >1 - D#781 [2110]

721|305 488 3220 2 ? -

722|369 492 32 24 2 ? -

723| 931243224 8 ? - R#T730*

724|217 248 32 28 4 ? - R#729%

725(465 496 32 30 2 0 - R#728%,%x2

726|961 992 32 31 1 >1  >1R#727,AG(2,31)

727993 993 3232 1 >1 - PG(2,31) VI1.18.82
728|497 497 32 32 2 0 - x1

729|249 249 32 32 4 ? -

730|125 125 32 32 8 0 - x1

731| 6773733 3 1 > 10% - [1042, 1463] VI.16.12
732| 3437433 3 2 >10" - D#811* [1548] VI1.16.81
733 2325333 3 3>2.10" - [1548) VI1.16.24
734 1213233 3 6 >10° > 1 3#55 [1548]

735| 7 7733 311 155118 - 1141 [1545]

736100 825 33 4 1 >5985 > 1 [332, 396, 1047] IV.2.2
737| 12 9933 4 9 >10'° > 1 3456

738 4529733 5 3 >10% > 1 3#57 [2, 1548]

739(166 91333 6 1 ? -

740| 56 308 33 6 3 >1 - [1042] IV.2.7
741| 3418733 6 5 >1 - D#812* [1042] VI1.16.86
742| 16 8833 611 >1 - #13+#484

743| 12 66 33 615 > 11604 > 12 3#58

744|232 957 33 8 1 >1  >1168§]

745| 4516533 9 6 > 35805 ? 3459 [1224]
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No v b r k A Nd Nr Comments, Ref Where?
746| 100 33033 10 3 >1 ? 3#60* [528] Iv.2.67
747| 331 9933311 1 ? -
748| 166 498 33 11 2 ? -
749| 111 3333311 3 >1 - 3#61* [528] Iv.2.67
750 67 2013311 5 >1 - [2144] VI1.16.30
751 56 1683311 6 > 10 - 3#62 [1548]
752| 34 102 33 11 10 >1 - D#813* [1042] VI.16.88
753 31 93331111 >1 - [1042] I1.7.46
754 23 69331115 > 1103 - 3#63
755| 364 1001 33 12 1 ? -
756 155 3413315 3 ? -
757| 496 1023 33 16 1 >1 > 1 [1877]
758| 34 6633 17 16 >1 0 R#781,x3 [1241, 2110]
759 133 2093321 5 ? -
760| 56 88 33 21 12 ? - R#780%*
761| 694 1041 33 22 1 ? -
762| 232 348 3322 3 ? -
763| 100 150 3322 7 ? -
64| 78 1173322 9 ? -
765 64 96 33 22 11 ? - R#TT9*
766| 760 1045 33 24 1 ? -
767| 100 1323325 8 >1 0 R#778,x3 [1241, 1013]
768| 144 176 33 27 6 ? - R#TTTE
769| 232 264 3329 4 ? 0 R#T76*,x3
770| 320 3523330 3 ? - R#TT5*
771 496 528 33 31 2 ? 0 R#T74*,x3
772|1024 1056 33 32 1 >11 > 11 R#773,AG(2,32) [679]
773|1057 1057 33 33 1 >6 - PG(2,32) [679] VI.18.28
774 529 529 33 33 2 ? -
775| 353 3533333 3 0 - x1
776| 265 26533 33 4 ? -
77| 177 17733 33 6 ? -
778| 133 1333333 8 >1 - [1013] VI1.18.73
79l 97 97333311 ? -
780 89 89 3333 12 0 - x1
781| 67 67333316 >1 - [2110] VI1.18.73
782| 69 78234 3 1>4-10""  >1[1042, 1047, 1463 VI.16.12
783| 18 20434 3 4>4-10% > 12#173
784| 52 44234 4 2 > 207 > 124174
785 18 15334 4 6 >1 - [1042] V1.16.84
786| 35 23834 5 4 >2 > 2 2#175,D#869*
787 171 96934 6 1 >1 - [46] 11.3.32
788 18 10234 610 >4 > 3 2#176
789| 35 17034 7 6 >3 > 1 2#177,D#870* [43] VI1.16.87
790 120 51034 8 2 >1 > 1 2#178
791 18 6834 916 >10° > 1 2#179
792| 35 1193410 9 >1 - D#871* [1042]
793| 341 1054 34 11 1 ? ?
794| 52 136 34 13 8 >1 ? 24180
795 35 85341413 >1 - D#872* [1]
796| 120 2723415 4 ? ? 2#181*
797| 256 544 34 16 2 >arre03 >477603 24182 [1225]
798| 5451090 34 17 1 ? -
799| 273 546 34 17 2 > 10" - 24183 [1239)
800| 137 2743417 4 >1 - 2#4184* [382]
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No v b r k A Nd Nr Comments, Ref Where?
801] 69 1383417 8 >1 - 24185

802| 35 70341716 > 1854 - 24186,D#873

803| 715110534 22 1 ? -

804| 69 1023423 11 ? 0 R#813*,x3

805 154 1873428 6 ? - R#812*

806| 341 3743431 3 ? 0 R#811*,x3

807| 528 56134 32 2 0 - R#810%,x2

808|1089 1122 34 33 1 0 0 R#809*,x2,AG(2,33)

809|1123 1123 34 34 1 0 - x1

810| 562 562 34 34 2 0 - x1

811| 375 3753434 3 ? -

812| 188 1883434 6 0 - x1

813| 103 103 34 34 11 ? -

814| 36 42035 3 2 10°0 > 1 D#961* [1040, 1548] VI.16.81
815 15 17535 3 5 > 10" > 10 5#14 [1548)

816 6 7035 314 48 0 7#4 [1174, 1548]

817| 36 31535 4 3 >1 > 1 D#962* [1042, 144] VI.16.83
818| 16 14035 4 7 > 10% > 10" 7#5 [1548]

819| 8 7035 415 >2224 82 5#15 [697, 1271]

820| 141 98735 5 1 >1 - [1042] VI.16.16
821| 71 49735 5 2 >1 - [1042] VI.16.17
822 36 25235 5 4 >2 - D#963* [1042, 2130] VI.16.85
823 29 20335 5 5 >2 - [1042, 380] 11.7.46
824| 21 14735 5 7 >10* - T#6 [1548]

825 15 10535 510 > 1 > 1 5#416%#102+#280 [1]

826| 11 7735 514  >10° - THT [1548]

827| 36 21035 6 5 > 1 > 1 #103+#282,D#964* [1042, 144]

828| 211105535 7 1 ? -

829 106 53035 7 2 >1 - [4]

830 71 35535 7 3 >1 - [2144] VI.16.30
831| 43 21535 7 5 >1 - 5#18% #106+#287

832| 36 18035 7 6 >1 - D#965* [1042] 11.7.46
833| 31 15535 7 7 >5 - PG2(4,2) [2043] 11.7.46
834 22 11035 710 >1 - 5#19% #108+#288

835 16 8035 714 >1 - #131]#259

836 15 7535 715  >10° - 5420 [1548]

837| 36 14035 9 8 >4 > 6 D#966* [1042, 1629] VI.16.87
838| 316 1106 35 10 1 ? -

839| 106 3713510 3 ? -

840 64 2243510 5 >1 - [22] 11.3.32
841| 46 1613510 7 ? -

842 36 1263510 9 >2 - D#967* [1042, 2130]

843| 22 77351015 >1 - #104]#290

844| 176 560 35 11 2 ? ?

845 36 1053512 11 >1 > 1 D#968* [1042, 1566] VI.16.88
846| 456 1140 35 14 1 ? -

847 92 2303514 5 ? -

848| 66 1653514 7 ? -

849 36 90351413 >1 - D#969* [1042]

850| 246 574 3515 2 ? -

851| 99 2313515 5 ? -

852| 36 843515 14 >1 - D#970%, #142+#264

853| 176 3853516 3 ? ?

854| 561 11553517 1 ? ?

855 36 703518 17 >91 > 91 R#873,HD [404, 2110]
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No v b r k A Nd Nr Comments, Ref Where?
856] 96 1683520 7 ? -

857| 351 5853521 2 ? -

858| 141 2353521 5 ? -

859| 51 853521 14 ? - R4872%

860 85 119 3525 10 ? - R#871*

861| 316 3953528 3 ? -

862| 136 1703528 7 ? - R#870*

863| 64 803528 15 ? -

864| 204 2383530 5 ? - R#869*

865 561 595 35 33 2 0 0 R#868*,x2

866/1156 1190 35 34 1 ? ? R#867*,AG(2,34)

867|1191 1191 35 35 1 ? - PG(2,34)

868| 596 596 35 35 2 0 - x1

869| 239 2393535 5 ? -

870| 171 1713535 7 ? -

871| 120 120 35 35 10 ? -

872| 86 863535 14 0 - x1

873| 71 71353517 >9 - [2110, 619] VI.18.73
874| 73 87636 3 1 > 10% - [1042, 1463] VI.16.12
875| 37 44436 3 2 > 1010 - 24187, D#991*

876| 25 30036 3 3 > 10% - 3#64 [1548]

877| 19 22836 3 4 > 10'7 - 4#29 [1548]

878 13 15636 3 6 > 10%7 - 648 [1548]

879 10 12036 3 8 > 10" - 4#30 [1548]

880 9 10836 3 9 > 10" > 10° 9#2 [1707]

881| 7 8436 312 412991 - 1241 [1545]

882 109 98136 4 1>1.6-10" - [396] VI.16.61
883 55 49536 4 2 >1 - [1042] V.27
884| 37 33336 4 3 > 1040 - 3#68,D#992* [1548]

885| 28 25236 4 4 >10% > 1026 4432 [1548]

886| 19 17136 4 6 > 10%° - 3469

887| 13 11736 4 9 > 108 - 9#3 [1548]

888| 10 9036 412 >10° - 6410 [1548]

889| 1451044 36 5 1 >1 > 1 [1042, 41] VI.16.70
890| 25 18036 5 6 > 10% > 10% 6411 [1548]

891| 10 7236 516 > 10% 27121734 44:33,24195 [1548, 1633]

892| 181 1086 36 6 1 >1 - [1042, 2144] VI.16.54
893| 91 54636 6 2 >5 - 24196

894| 61 36636 6 3 >1 - 3473* [1042] VI.16.18
895 46 27636 6 4 >1 - A#34% 24197

896| 37 22236 6 5 >2 - D#993 [1042]

897| 31 18636 6 6 > 10°" - 6412 [1548]

898 21 12636 6 9 >1 - 3#75

899 19 11436 610 >1 - 24199

900 16 9636 612 > 10" - 6#13 [1548]

901| 13 7836 615 > 10" - 3HTT [1548]

902| 2171116 36 7 1 >1 ? [1537] VI.16.30
903| 28 14436 7 8 > 5432 > 1 4#36 [1, 1224]

904| 64 28836 8 4 > 1077 > 1077 4#37 [1548]

905 22 9936 812 >1 - 3478* [1042] VI.16.30
906| 289 1156 36 9 1 ? -

907| 145 58036 9 2 >1 - 24203* [959)

908| 97 38836 9 3 >1 - [1] VI.16.30
909| 73 29236 9 4 > 10%° - 4#38 [1548]

910| 49 19636 9 6 >5 - 24205% [1151]
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911| 37 14836 9 8 > 10%7 - 4439,D#994* [1548]
912| 33 13236 9 9 >10% - 3#79 11.7.46
913| 25 10036 912 >10% - 4440 [1548]
914| 19 7636 916 >10'° - 44441 [1548]
915| 3251170 36 10 1 ? -

916/ 55 1983610 6 ? - 3#80*,24209*
917 121 396 36 11 3 > 10'% > 10'®® 3481 [1548]
918| 397 1191 36 12 1 ? -

919| 199 597 36 12 2 ? -

920 133 39936 12 3 > 10°® - 3#82 [1548]
921| 100 300 36 12 4 ? - 24210%

922 67 2013612 6 >1 - 3#83* [2144] VI.16.30
923 45 1353612 9 > 1077 - 3484

924| 37 111361211 >1 - D#995* [1042] 11.7.46
925 34 10236 12 12 >2 - 3#85* 24211 VI.16.88
926| 469 1206 36 14 1 ? -

927| 505 1212 36 15 1 ? -

928 85 2043615 6 ? - 24212%

929| 136 306 36 16 4 ? - 24213%

930| 289 61236 17 2 > 3481 > 3481 24214 [1225]
931| 613 1226 36 18 1 ? -

932| 307 61436 18 2 >8-10" - 24215 [1239]
933| 205 41036 18 3 ? -

934 154 308 36 18 4 ? - 24216*

935/ 103 206 36 18 6 ? - 24217

936| 69 1383618 9 ? -

937| 52 104 36 18 12 ? - 24218%

938| 37 74361817 >1 - D#996 [1042]
939| 685 1233 36 20 1 ? -

940| 115 2073620 6 ? -

941| 721 1236 36 21 1 ? -

942 91 156 3621 8 ? -

943 49 8436 21 15 ? - R#970%

944| 253 414 36 22 3 ? -

945 55 90 36 22 14 ? - R#969*

946| 208 3123624 4 ? -

947| 70 105 36 24 12 ? - R#968*

948| 91 126 36 26 10 ? - R#967*

949 105 140 36 27 9 ? - R#966*

950 973 1251 36 28 1 ? -

951| 145 1803629 7 ? 0 R#965%,x3
9521045 1254 36 30 1 ? -

953| 175 21036 30 6 ? - R#964*

954| 217 25236 31 5 ? 0 R#963*,x3
955| 280 31536 32 4 ? - R#962*

956| 385 420 36 33 3 ? - R#961*

957| 595 630 36 34 2 ? - R#960*
958(1225 1260 36 35 1 ? ? R#959* AG(2,35)
959|1261 1261 36 36 1 ? - PG(2,35)

960| 631 631 36 36 2 ? -

961| 421 4213636 3 ? -

962| 316 316 36 36 4 0 - x1

963| 253 253 36 36 5 ? -

964| 211 21136 36 6 0 - x1

965/ 181 1813636 7 ? -
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966] 141 1413636 9 ? -
967| 127 127 36 36 10 ? -
968| 106 106 36 36 12 0 - x1
969 91 913636 14 0 - x1
970| 85 85363615 ? -
971| 75 92537 3 1 > 10" >1[1013, 1042, 1174] VI.16.12
972| 1121036 37 4 1> 1.69- 10" > 210 [1042, 396] 1v.2.2
973| 75 55537 5 2 >1  >1[1042, 41] VI.16.31
974| 186 1147 37 6 1 >1  >1[1042, 958 1v.2.2
975 112 59237 7 2 >1 ? [1042]
976| 297 1221 37 9 1 ? ?
977| 408 1258 3712 1 ? ?
978| 75 1853715 7 >1  >1[1714]
979| 112 2593716 5 ? ?
980| 630 1295 3718 1 ? ?
981| 38 74371918 >1 0 R#996,x3 [1241, 2110]

982 75 111372512 ? 0 R#995*%,x 3

983| 112 1483728 9 ? ? R#994*

984| 186 2223731 6 >1 0 R#993,x3 [1241, 1773]

985| 297 3333733 4 ? 0 R#992*, x 3

986| 408 444 3734 3 ? 0 R#991*,x3

987| 630 666 37 35 2 0 0 R#990*,x 2

988(1296 1332 3736 1 ? ? R#989* AG(2,36)

989(1333 1333 37 37 1 ? - PG(2,36)

990| 667 667 37 37 2 0 - x1

991| 445 4453737 3 0 - x1

992| 334 3343737 4 0 - x1

993| 223 2233737 6 >1 - [1773]

994| 149 1493737 9 ? -

995 112 112 37 37 12 ? -

996| 75 75373718 >1 - [1839] V.1.39

997| 39 49438 3 2 > 10™ > 89 24219, D#1071*

998| 58 55138 4 2 >1 - [1042] v.2.7

999 20 19038 4 6 >1 >4 2#220

1000] 20 15238 5 8 >1  >32#221

1001| 96 60838 6 2 >1 > 12#222[958]

1002| 39 24738 6 5 >1 - D#1072* [1042] VI.16.18
1003| 77 41838 7 3 >2 ? [1042, 1] VI.16.70
1004 20 9538 814 >1 - [1042] VI.16.88
1005| 153 646 38 9 2 >1 ? 24£223* [958, 1548] VI.16.31
1006| 115 4373810 3 ? -

1007| 20 76381018 > 101 >4 24224

1008 77 2663811 5 ? ?

1009| 210 665 38 12 2 ? -

1010[ 39 114 3813 12 >1 ? 24£225% D#1073* [1042] VI.16.88
1011| 96 2283816 6 ? ? 24£226*

1012| 153 3423817 4 ? 7 Q4227*

1013| 324 684 3818 2 >1 ? 24£228* [528] 1V.2.67
1014| 685 1370 38 19 1 ? -

1015| 343 686 3819 2 ? - 2#220%

1016| 229 4583819 3 ? -

1017| 172 344 3819 4 ? - 2#230%

1018| 115 2303819 6 ? - 2#231%*

1019 77 1543819 9 ? -

1020 58 116 38 19 12 ? - 24+232%
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1021] 39 783819 18 > 5.87-10™ - 24233 D#1074 [1374]
1022| 666 703 38 36 2 ? - R#1025*
1023|1369 1406 38 37 1 >1 > 1R#1024,AG(2,37)
1024|1407 1407 38 38 1 >1 - PG(2,37) VI.18.82
1025| 704 704 38 38 2 ? -
1026 79102739 3 1 > 10°¢ - [1463] VI.16.12
1027| 40 52039 3 2 >6-10* - D#1163* [1548] VI.16.13
1028| 27 35139 3 3 > 107 > 10%° 3#86 [1548]
1029 14 18239 3 6 >2-10* - [1548] VI.16.82
1030 7 9139 313 1033129 - 1341 [696]
1031| 40 39039 4 3 > 10%% > 103 3#87,D#1164* [1548]
1032| 40 31239 5 4 >1 > 1D#1165* [1, 1042] VI.16.85
1033| 196 127439 6 1 >1 - [18] 11.3.32
1034 66 42939 6 3 >1 > 13#88 [1833]
1035/ 40 26039 6 5 >1 - D#1166* [1042] VI.16.86
1036| 16 10439 613 >1 - F134+#£742
1037| 14 9139 615 >1 - [1042] VI.16.86
1038| 14 7839 718 > 10" 0 3#89 [1548]
1039 40 19539 8 7 >1 > 1D#1167* [1, 1042] VI.16.87
1040| 105 45539 9 3 >1 - [21] 11.3.32
1041 27 11739 912 > 1017 > 1017 3490 [1548]
1042| 40 1563910 9 >1 > 33#91%* D#1168* [1042, 1629] VI.16.87
1043 66 2343911 6 > 21584 ? 3492 [1224]
1044| 144 4683912 3 >1 ? 3#93* [528] 1V.2.67
1045 40 13039 12 11 >1 - D#1169* [1042] VI.16.88
1046 469 1407 39 13 1 ? -
1047| 235 7053913 2 ? -
1048| 157 4713913 3 >1 - 3494%* [528] 1V.2.67
1049| 118 3543913 4 ? -
1050 79 2373913 6 > 10'% - 3#95 [1548]
1051 53 1593913 9 >1 - 34#96* [1]
1052 40 120 39 13 12 > 1038 - 3#97,D#1170 [1548]
1053| 37 1113913 13 >1 - [1042] 11.7.46
1054/ 27 81391318 > 208311 - 3498
1055 40 104 39 15 14 >1 - D#1171% [1042]
1056| 222 4813918 3 ? -
1057| 703 14433919 1 ? ?
1058| 40 7839 20 19 >1 > 1R#1074,HD [2110]
1059| 196 364 39 21 4 ? -
1060| 976 1464 39 26 1 ? -
1061 326 489 39 26 3 ? -
1062| 196 294 39 26 5 ? -
1063| 76 114 39 26 13 ? - R#1073*
1064 66 99 39 26 15 ? -
1065| 209 247 39 33 6 ? - R#1072*
1066| 456 494 39 36 3 ? - R#1071*
1067| 703 74139 37 2 0 0 R#1070%,x2
1068|1444 1482 39 38 1 0 0 R#1069*,x2,AG(2,38)
1069|1483 1483 39 39 1 0 - x1,PG(2,38)
1070| 742 7423939 2 0 - x1
1071 495 4953939 3 ? -
1072| 248 2483939 6 0 - x1
1073| 115 11539 39 13 0 - x1
1074 79 7939 39 19 > 2091 - [1087] VI.18.73
1075 81108040 3 1 > 10*® > 10" AG(4,3) [1463, 1548] VI.16.12
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1076] 21 28040 3 4 > 10°" > 107" 4442 [1548]
1077 9 12040 310 >10° > 10° 1042 [1548]
1078 6 8040 316 76 1 8#4,4#43 [1548]
1079(121 121040 4 1 >10* - [332, 375] VI.16.61
1080 61 61040 4 2 > 10* - 24237
1081| 41 41040 4 3  >1 - D#1192* 11.7.46
1082 31 31040 4 4 >1 - 24238
1083| 25 25040 4 5 >10% - 5#22 [1548]
1084 21 21040 4 6 >1 - 2#239
1085 16 16040 4 8 > 10" > 10" 8#5 [1548]
1086| 13 13040 410 > 10" - 1043 [1548]
1087 11 11040 412  >1 - 244242
1088 9 9040 415 > 10° - 5424 [1548]
1089|161 1288 40 5 1 >1 - [1042] VI.16.16
1090 81 64840 5 2 >1 - 24243
1091| 41 32840 5 4 > 10%* - 4445 D#1193*
1092 33 26440 5 5 >1 - [1042] VI.16.17
1093| 21 16840 5 8 >10* - 8#6 [1548]
1094| 17 13640 510 >1 - 24246
1095 11 8840 516 > 107 - 8T [1548]
1096(201 1340 40 6 1 >1 - [18] 11.3.32
1097| 51 34040 6 4  >1 - A48 24248
1098 21 14040 610  >1 - BH25%, 24249
1099 49 28040 7 5 >10°% > 10°® 5426 [1548]
1100| 21 12040 712 > 10'® > 1 4449,2#250
1101(281 1405 40 8 1 ? -
1102[141 70540 8 2 >1 - [19]
1103| 71 35540 8 4  >1 - [2144] VI.16.30
1104/ 57 28540 8 5 >10% - 527 [1548]
1105 41 20540 8 7 >1 - D#1194%* [1042] 11.7.46
1106| 36 18040 8 8 >3 - A#50* 24251
1107| 29 14540 810 >1 - 5#28* #15T+#379
1108 21 10540 814  >1 - [1042] VI.16.30
1109 81 36040 9 4 > 10" > 10'%% 4451 [1548]
1110(361 1444 40 10 1 ? -
1111[181 7244010 2 >2 - 24+253% [1, 959] VI.16.30
1112[121 4844010 3  >1 -] VI.16.31
1113 91 364 40 10 4 > 10*% - 44£52 [1548)
1114 73 2924010 5 >1 - [2144] VI.16.30
1115 61 2444010 6 > 10 - 2#255% [272]
1116 46 1844010 8 >1 - A#53* 24256* [1]
1117 41 1644010 9  >1 - D#1195% [1042] 11.7.46
1118| 37 148401010 >1 - 2#257
1119| 31 124401012 > 152 - 4454
1120 25 100401015  >1 - #160+#384
1121 21 84401018  >5 - 24259
1122(441 1470 40 12 1 ? -
1123[111 370 40 12 4 ? - 2#260%
1124 45 150401210 >1 - 24261% #844+#543
1125[481 1480 40 13 1 ? ?
1126105 300 40 14 5 ? -
1127(561 1496 40 15 1 ? -
1128[141 376 40 15 4 ? - 24262%
1129 81 2164015 7 >1 - [2144]
1130 57 152 40 15 10 ? - 2#263*
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No v b r k A Nd Nr Comments, Ref Where?
1131] 36 96 40 15 16 >1 - 2#264
1132 76 1904016 8 >1 - 24265
1133 171 3804018 4 ? - 2#266*
1134| 361 760 40 19 2 > 7417 > 7417 24267 [1225]
1135| 761 1522 40 20 1 ? -
1136| 381 7624020 2> 3-10%° - 24268 [1239]
1137 191 3824020 4 ? - 2#269*
1138| 153 306 4020 5 ? -
1139 96 1924020 8 >3 - 2#270
1140 77 154 40 20 10 ? - 2#2T1*
1141 41 82402019 >1 - D#1196 [2110]
1142| 121 2204022 7 ? -
1143| 921 1535 40 24 1 ? -
1144| 231 3854024 4 ? -
1145 93 155 40 24 10 ? -
1146 65 104 40 25 15 ? - R#1171*
1147[1001 1540 40 26 1 ? -
1148 81 120402713 > 10" > 10'® R#1170,AG3(4, 3) [1223]
1149| 217 3104028 5 ? -
1150 91 130 40 28 12 ? - R#1169*
1151(1161 1548 40 30 1 ? -
1152 291 388 4030 4 ? -
1153| 117 156 40 30 10 ? - R#1168*
1154| 156 1954032 8 ? - R#1167*
1155| 221 260 4034 6 ? - R#1166*
1156| 273 3124035 5 ? - R#1165*
1157| 351 390 40 36 4 ? - R#1164*
1158| 481 520 4037 3 ? 0 R#1163*,x3
1159| 741 780 40 38 2 0 - R#1162% %2
1160[1521 1560 40 39 1 ? ? R#1161* AG(2,39)
1161[1561 1561 40 40 1 ? - PG(2,39)
1162| 781 781 4040 2 0 - x1
1163| 521 521 4040 3 ? -
1164| 391 391 4040 4 ? -
1165| 313 3134040 5 0 - x1
1166| 261 261 4040 6 0 - x1
1167 196 196 40 40 8 0 - x1
1168| 157 157 40 40 10 0 - x1
1169| 131 131 40 40 12 ? -
1170 121 121 404013 > 10% - PG3(4,3) [1223] VI.18.73
1171| 105 105 40 40 15 >4 - [1183]
1172 42 57441 3 2>6-10** > 1D [1040, 1548] VI.16.81
1173| 124 1271 41 4 1 >2 > 1[332, 1042, 1047 I11.2.9
1174 1651353 41 5 1 >15  >1[396, 1042] I11.2.9
1175 42 28741 6 5 >2  >2DJI, 2, 1042] VI.16.86
1176 42 24641 7 6 >1 >1D][1, 1042] VI.16.87
1177| 288 1476 41 8 1 >1  >1][958] 11.7.50
1178| 370 1517 4110 1 ? ?
1179| 247 779 4113 2 ? ?
1180 42 123 411413 >1 ? D [1]
1181| 247 5334119 3 ? ?
1182| 780 1599 41 20 1 ? ?
1183 42 82412120 >1 0 R#1196,x3 [2110]
1184| 124 164 41 31 10 ? 0 R#1195* x3
1185| 165 205 4133 8 ? 0 R#1194% x3
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No

v

b r k Nd Nr Comments, Ref Where?

1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196

288
370
780
1600
1641
821
411
329
206
165
83

328 41 36
410 41 37
820 41 39

A
5 0 R#1193*,x3
4
2
1640 41 40 1
1
2
4
5

d

?

? 0 R#1192%,x3

? 0 R#1191%,x3

? 7 R#1190%,AG(2,40)
1641 41 41 ? - PG(2,40)
821 41 41 ?

411 41 41 ?

329 41 41 ?

2064141 8 0 - x1
165414110 7 -

83414120>1 - [2110] VI.18.73

See Also

§IL.2
§11.3
§I1.7
§11.6
§IL5
§IV.2

BIBDs with block size 3.

Existence results on designs with “small” block size.
Resolvable designs.

Symmetric designs.

Steiner systems.

PBD constructions make BIBDs.

[1016]

[1271]

A general introduction to combinatorics and in particular to de-
sign theory.

Contains exhaustive catalogues of BIBDs and their resolutions in
electronic form.

References Cited: [1,2,4,18,19,21,22,33,41,43,46, 114, 124,127, 144, 180, 246, 248, 272, 323, 324,
331, 332, 352, 375, 380, 382, 392, 393, 396, 404, 416, 514, 518, 528, 534, 537, 562, 587, 607, 619, 620,
623, 660, 679, 688, 692, 693, 694, 696, 697, 710, 734, 790, 827, 848, 856, 898, 957, 958, 959, 976, 978,
1005, 1013, 1016,1034, 1040, 1042, 1044, 1047, 1053,1087,1138,1151, 1172, 1174, 1183, 1184, 1185,
1188,1207, 1208, 1223, 1224, 1225,1228, 1236, 1239, 1241, 1243,1251, 1262, 1263, 1264, 1265, 1267,
1268,1271,1319,1321,1339, 1346, 1347, 1349, 1372, 1373, 1374, 1375, 1377,1378, 1379, 1380, 1381,
1398,1463,1496, 1497, 1533, 1537, 1543, 1544, 1545, 1546, 1547, 1548, 1549, 1551, 1556, 1566, 1578,
1588,1605, 1606, 1607,1609, 1610, 1612, 1628, 1629, 1632, 1633, 1665, 1704, 1705, 1707, 1714, 1720,
1729,1743,1773,1832,1833,1839, 1877,1900, 1903, 1912, 1938, 1940, 1941, 1943, 1944, 1945, 1946,
1976,1999,2031, 2039, 2043, 2045, 2058, 2059, 2060, 2062, 2063, 2064, 2065, 2066, 2067, 2071, 2090,
2110,2130,2144, 2148

——
2 Triple Systems
CHARLES J. COLBOURN
2.1 Definitions and Examples
2.1 | A triple system (TS(v, X)) (V,B) is a set V of v elements together with a collection

2.2

B of 3-subsets (blocks or triples) of V with the property that every 2-subset of V'
occurs in exactly A\ blocks B € B. The size of V is the order of the TS. It is a Steiner
triple system, or STS(v), when \ = 1.

Examples A TS(6,2) is given in Example 1.18. A Steiner triple system of order 7 is
given in Example 1.1.3.
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2.3

2.4
2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

2.14

2.15

Remark A Steiner triple system of order v can exist only when v — 1 is even because
every element occurs with v —1 others, and in each block in which it occurs it appears
with two other elements. Moreover, every block contains three pairs and hence (;)
must be a multiple of 3. Thus, it is necessary that v = 1,3 (mod 6). This condition

was shown to be sufficient in 1847.
Theorem [1300] A Steiner triple system of order v exists if and only if v = 1,3 (mod 6).
Theorem A TS(v, \) exists if and only if v # 2 and A =0 (mod ged(v — 2,6)).

2.2 Direct Constructions

Let W,, be an (n + 1)-dimensional vector space over Fo. A punctured subspace of
W, is obtained from a subspace by removing the zero vector. The n-dimensional
projective space PG(n,2) is the set of all punctured subspaces of W,,, ordered by
inclusion. Punctured subspaces of dimension one are points, and those of dimension
two are lines.

Theorem (Projective triple system) The points and lines of PG(n, 2) form the elements
and triples of an STS(2" ! — 1).

Construction A projective triple system of order 2¥ — 1. Let the points be the nonzero
vectors of length k over Fy and {a, b, ¢} be a block if a + b+ ¢ = 0.

For V,, an n-dimensional vector space over Fj3, the n-dimensional affine space
AG(n, 3) is the set of all subspaces of V,, and their cosets, ordered by set inclu-
sion. Points are vectors, and lines are translates of 1-dimensional subspaces.

Theorem (Affine triple system) The points and lines of AG(n,3) form the elements
and triples of an STS(3™).

Theorem [1670] Let p be a prime, n > 1, and p” = 1 (mod 6). Let F,n be a finite
field on a set X of size p" = 6t + 1 with 0 as its zero element, and w a primitive root
of unity. Then {{w! + j,w?' ™ + j, w4+ i} : 0<i < t,j € X} (with computations
in Fpn) is the set of blocks of an STS(p™) on X.

Theorem (Netto triple system) Let p be a prime, n > 1, and p” = 7 (mod 12). Let Fpn
be a finite field on a set X of size p"™ = 6t + 1 = 1254 7 with 0 as its zero element and
w a primitive root of unity. Then {{w? + j,w?+2 4 j 4+2 4 1 0<i<t,je€ X}
forms the blocks of an STS(p™) on X.

Remark Constructions VI.53.17 and VI.53.19 give a direct method for producing STSs
using Skolem sequences. Algorithm VII.6.71 gives a fast computational method for
constructing STSs.

2.3 Recursive Constructions

Construction (Moore) If there exist an STS(u) and an STS(v) that contains an STS(w)
subsystem (see §2.5), then there exists an STS(u(v — w) + w). Because every STS(v)
contains a subsystem of orders 0 and 1, if there exist an STS(u) and an STS(v), then
there exist an STS(uv) and an STS(u(v — 1) + 1).

Construction An STS(2v + 1) from an STS(v). Let (V,B) be an STS(v) on element
set V. Let X = (V x{0,1}) U {oo}. For every block {z,y,z} € B, form blocks
{(z, @), (y,0), (2,7)} for o, 8,7 € {0,1} with a + 8+ v = 0 (mod 2). Adjoin the
blocks {0, (z,0), (z,1)} for z € V.
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2.16 Remark Construction 2.15 applied to Example 1.1.40 produces an STS(15). This
STS(15) contains within it an STS(7) on the elements {0, ...,6} x {0}, a subdesign of

the STS.

2.17 Construction An STS(3v) from an STS(v) (Bose Construction). Let (V@) be an
idempotent, commutative quasigroup. On V x Zgs, let

D = {(2,1), (41), (¢ y, (i + ) mod 3)} s,y € V, x £y, i € Zs}, and
€ = {{(+.0). (0. 1), (& 2)}: 0 € V).
Then (V x Zs3,C UD) is an STS(3v).
2.4 Isomorphism and Automorphism

2.18 |Two set systems (V,B) and (W, D) are isomorphic if there is a bijection (isomor-
phism) ¢ from V to W so that the number of times B appears as a block in B is the
same as the number of times ¢(B) = {¢(x) : © € B} appears as a block in D. An
isomorphism from a set system to itself is an automorphism.

2.19 Remark Up to isomorphism, there are a unique STS(7); a unique STS(9) (Exam-
ple 1.22); two STS(13)s (Table 1.26); 80 STS(15)s (Table 1.28); and 11,084,874,829
STS(19)s ([1268], also §VII.6). There are a unique TS(6,2), 4 TS(7,2)s (Table 1.19),
10 TS(7,3)s (Table 1.20), and 36 TS(9,2)s (Table 1.23). See §II.1 for further enumer-
ation results.

2.20 Theorem (see [578]) The number of STS(v)s is v?* (3°0) a5 v — oo

2.21 Theorem [589] Determining isomorphism of triple systems (of arbitrary index) is poly-
nomial time equivalent to determining isomorphism of graphs.

2.22 Theorem [1603] Isomorphism of STS(v)s can be determined in v'°8*TO(1) time.

2.23 Remark The v'°¢"T°(1) method can be parallelized: Isomorphism of STS(v)s can be
determined in O((logv)?) time with O(v'°®v+2) processors [581].

2.24 | A TS(v, \) is cyclic if it admits an automorphism of order v, and k-rotational if it
admits an automorphism containing one fixed point and k cycles each of length %

2.25 Theorem (see [578]) There is a cyclic triple system of order v and index X if and only
if:

1. A=1,5 (mod 6) and v = 1,3 (mod 6), (v, A) # (9,1);

2. A=2,10 (mod 12) and v = 0,1,3,4,7,9 (mod 12), (v, \) # (9, 2);
3. A=3 (mod 6) and v =1 (mod 2);

4. A =4,8 (mod 12) and v = 0,1 (mod 3);

5. A=6 (mod 12) and v =0, 1,3 (mod 4); or

6. A=0 (mod 12) and v > 3.

2.26 |Two cyclic TS(v, \)s are (multiplier) equivalent if, when they share the cyclic auto-
morphism ¢ +— (i + 1) mod v, there is an isomorphism from one to the other of the
form ¢ +— p -7 mod v.

2.27 Theorem (Bays—Lambossy, see [578]) If B; and By are cyclic collections of subsets of

the same set V for |[V| a prime, then the two collections are isomorphic if and only if
they are multiplier equivalent.
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2.28

2.29

2.30

2.31

2.32

2.33

2.34

Remark Theorem 2.27 holds more generally than for prime orders, but does not
extend to all orders. Here are three difference families generating three isomorphic
but inequivalent cyclic TS(16, 2)s:

1. {{0,1,2}, {0,2,9}, {0,3,6}, {0,4,8}, {0,5,10}};

2. {{o,1,3}, {0,1,6}, {0,2,7}, {0,3,10}, {0,4,8}};

3. {{0,1,7},{0,1,10}, {0,2,5}, {0,2,13}, {0,4,8}}.
This design has a full automorphism group of order 128. Indeed there are isomorphic
but inequivalent STS(v)s as well; the smallest example has order v = 49 = 72 [1737].

Table [578] The number of (multiplier) inequivalent cyclic TS(v, A)s for small v and
A. When z/y is given, the first number is the count for simple systems, the second
number for all.

DA 1] 2 3 1 5 6 7
5 1/1 0/1

6 0 1/2 0

7 (/1] 1/2 | 1/3 1/4 1/5 0/7 0/8

8 1/12

90 0 1/4 1/3 0/4 0/24 1/27
10 0 9/21 0

11 6/8 6,209

12 0/4 62/180 62/3561

13 [1/1] 7/9 | 23/47 | 71/253 |117/1224| 117/5285 |71/20347
14 0

15 |2/2] 0/9 |237/421| 90272981 | 0/15686 | 6577/375372 | ?7/7
16 67/71 6916/21742 66418/2460490

Table [578] The number of (multiplier) inequivalent cyclic STS(v)s for 19 < v < 57.

Order # | Order # | Order # | Order #
19 4 21 7 25 12 27 8
31 80 33 84 37 820 39 798
43 9508 45 11616 49 157340 51 139828
55 3027456 57 2353310

Theorem [1741] A cyclic STS(n - u) containing a cyclic sub-STS(u) exists if and only
ifn-u=1,3 (mod 6), n-u#9,u=1,3 (mod 6), u#9, and if u =3 (mod 6), then
n # 3.

Theorem (see [578]) A 1-rotational TS(v, A) exists if and only if

1 and v =3,9 (mod 24)
1,5 (mod 6), A>1 and v =1,3 (mod 6)
2.4 (
3
0

mod 6) and v =0,1 (mod 3)
(mod 6) and v =1 (mod 2)
(mod 6) and v #2

1 T T Tt

> > > > >

Theorem [556] Let v,k be positive integers such that 1 < k < (v —1)/2. Then a
k-rotational STS(v) exists if and only if all of v = 1,3 (mod 6); v = 3 (mod 6) if
k=1;v=1 (mod k); and v # 7,13, 15,21 (mod 24) if (v — 1)/k is even.

Theorem [130] Almost all Steiner triple systems have no automorphism other than
the trivial one.
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2.35 Table ([1268] with corrections) The type of an automorphism is the lengths of the
cycles of points induced by its action (written in exponential notation omitting the
fixed points). In the table on the left, the numbers of STS(19)s that admit one or
more basic automorphisms, those of type a™ for a > 2 prime, are given. The systems
are partitioned by the order of the automorphism group (Ord) and the subset of basic
automorphisms represented; to distinguish subsets arising for the same group order,
a letter indicates the class (Cl) of the partition. In the table on the right, classes
are refined to further indicate the remaining automorphisms. Systems whose group is
generated by a single basic automorphism are omitted in the second table. Any type of
automorphism not explicitly mentioned does not arise as the type of an automorphism
of an STS(19).

Basic Automorphisms Nonbasic Automorphisms

Ord CI1972°] 35 | 28 | 2° [3T[#STSs | Cl [9%]6°[3%6°[2142182%[8%[ 47 [2262[224%] #
432 * * * * 1 432 * *| x| * 1
171 * * 1 171 |x 1
144 * * * 1 144 * | Kk | * * 1
108 * * * | * 1 108 * * 1
96 * * * 1 96 * * 1
57 * * 2 57 2
54 * * * 2 54 * 2
32 * * 3 32 * * 3
24 * * * 11 24 * 11
19 * 1 18a * 1
18 a * | * 1 18b * 2
b * * * 2 18¢c * 6
¢ * * * 6 18d * 2
d * * 2 16 *| % 1
16 * * 13 * 1
12 a * * * 8 * | * * 5
b * * 7 * 6
¢ * * 12 12a * 8
d * * * 10 12b 7
9 * 19 12¢ 12
8 a * * 84 12d * 10
b * 17 9 |x 9
6 a * | *x 14 10
b * * 14 8a * 2
¢ * * 116 82
d * * 10 8b * * 5
e * * 28 * * 10
4 a * * 839 *| * 2
b * 662 6a * 14
¢ * 620 6b 14
3 a * 12664 6c * 104
b * 64 12
2 a * 169 6d * 10
b * 78961 be 28
c * 70392 4a 839
totals | 4 [184]12885[80645[72150[124]164758| | 4b * 498
* 153]
11
4c * |48
572

totals|10[15| 137|518 | 16 |4 (185 24 | 48




1.2.5 Subsystems, Holes, and Embedding 63

2.36

2.37

2.38

2.39
2.40

2.41

2.42

2.43

2.44

2.45

2.5 Subsystems, Holes, and Embedding

A partial triple system PTS(v, A) is a set V of v elements and a collection B of triples,
so that each unordered pair of elements occurs in at most A triples of B. Its leave is
the multigraph on vertex set V' in which the edge {z,y} appears A — s times when
there are precisely s triples of B containing {z,y}. An incomplete triple system of
order v and index A, and with a hole of size w, is a PTS(v, A) (V, B) with the property
that for some W C V |[W| = w,

1. if z,y € W, no triple of B contains {z,y}; and

2. ifx € V\W and y € V, then exactly A triples of B contain {z, y}.
Such a partial system is denoted ITS(v, w;\). When an ITS(v, w; \) (V, B) exists
having a hole on W C V| if there is a TS(w, A) (W, D), the system (V,BUD) is a

TS(v, A). In this system, the TS(w, \) is a subsystem.

Theorem [747] (Doyen—Wilson Theorem) Let v,w = 1,3 (mod 6) and v > 2w + 1.
Then there exists an STS(v) containing an STS(w) as a subdesign.

Theorem [1957] An ITS(v, w; A) exists if and only if
1. w=0and A =0 (mod ged(v — 2,6)),
2. v=w, or
3. 0 <w<vand
(a) v>2w+1,
) A((5) = (%)) =0 (mod 3) , and
(¢) A(v—=1)=Av—w) =0 (mod 2).

Theorem [745] A subsystem-free STS(v) exists for all v = 1,3 (mod 6).

Let (V,B) be a PTS(v,A\) and (W,D) a TS(w, u) for which V' C W and B is a
submultiset of D. Then (W, D) is an enclosing of (V,B). When A = u, the enclosing
is an embedding. When v = w, the enclosing is an immersion. When both equalities
hold, the enclosing is a completion. An enclosing is faithful if the only triples of D
wholly contained in V' are those in B.

Theorem [361] Any partial Steiner triple system of order v can be embedded in a
Steiner triple system of order w if w = 1,3 (mod 6) and w > 2v 4 1.

Conjecture [551] Every PTS(v, 1) has an enclosing in a TS(w, ) in which
3 ifv=4 (mod 6), v> 16,
(w=v)+p-1)= { 2 otherwise.

Remark Even the determination of when a TS(v,\) can be enclosed in a TS(w, u)
faithfully is not solved. Two partial results are in Theorems 2.44 and 2.45.

Theorem [268] A TS(v,A) has a faithful enclosing in a TS(w, pr) whenever p > A,
1 =0 (mod ged(w —2,6)), and w > 2v + 1.

Theorem [267] A TS(v, A) has a faithful enclosing in a TS(w, 2)) if and only if w >
(Bv—1)/2.
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2.46

2.47

2.48

2.49

2.50

2.51

2.52

2.53

2.54

2.55

2.56

2.6 Leaves, Excesses, and Neighborhoods

Theorem [785] The maximum number of triples in a PTS(v, A) is
(228D ]] 1 it v =2(6) and A = 4(6)
or v=5(6)and A =1(3)

151 @J | otherwise

Theorem [573] Let G be a graph on v = 1 (mod 2) vertices with every vertex of
degree 0 or 2, having 0 (mod 3) edges if v = 1,3 (mod 6) or 1 (mod 3) edges if v =5
(mod 6). Then G is the leave of a PTS(v,1) unless v = 7 and G = 2{C3} U K3, or
v=9and G =C,UC(C5.

Conjecture [1668] Let G be a graph with maximum degree k on v > 4k + 2 vertices
and m edges in which the degree of every vertex is congruent to v — 1 modulo 2, and
for which (5) —m =0 (mod 3). Then G is the leave of a PTS(v,1).

Let B be a collection of 3-subsets on element set V' of cardinality v. For every 2-
subset {x,y} of V, let \;y be the number of triples in B in which {z,y} occurs.
If \yy > A for all {z,y} C V, (V,B) is a covering CT(v,\) whose ezxcess is the
multigraph (V, E) in which for every 2-subset {z,y} the edge {z,y} appears Azy — A
times in E. The covering is minimal if every triple in B contains a pair {w, z} for
which Ay, = A, and minimum if B is the smallest among all CT (v, A)s.

Theorem [785] The number of triples in a minimum CT (v, ) is

e 41 if v =2(6) and A = 2(6)

wlv, A) = or v=5(6)and A\ =2(3)
[% [@H otherwise
Theorem [574] Every multigraph with vertex degrees from {0,2} on v = 1 (mod 2)
vertices, having e edges with e =0 (mod 3) when v =1,3 (mod 6) or e =2 (mod 3)

when v =5 (mod 6), is an excess of a CT (v, 1).

The neighborhood of an element x in a TS(v, \) is the A-regular multigraph on v — 1
vertices whose edges are the pairs occurring in triples with x.

Theorem [571, 524] Let G be an n-vertex A-regular simple graph, other than two
disjoint triangles. Then if A = 0 (mod ged(n — 1,6)), G is a A-neighborhood. In-
deed for n > 8, n = 0,2 (mod 3), every A-regular n-vertex multigraph with A = 0
(mod ged(n — 1,6)) is a A-neighborhood.

A double star of triples based on a pair {z, y} of a v-set V is a partial triple system on
V so that every triple contains at least one of {z, y}, and every element z € V' \{z, y}
appears in exactly one triple with x and exactly one triple with y. Equivalently, a
double star is a simultaneous specification of the neighborhoods of x and y, a double
neighborhood.

Theorem [541] Every double star on n = 1,3 (mod 6) elements can be completed to
a Steiner triple system of order n.

2.7 Intersection, Support, and Large Sets

Let (V,B) and (V, D) be two STS(v)s. Their intersection size is |[B N D|. They are
disjoint when their intersection size is zero. A set of v — 2 STS(v)s {(V,B;) : i =
1,...,v— 2} is a large set if every two systems in the set are disjoint.
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2.57

2.58

2.59
2.60

2.61

2.62

2.63

2.64

2.65

2.66

2.67

Theorem [2009] Let (V, B) and (V, D) be two STS(v)s. Then there exists a permuta-

tion 7 on V such that (V, B) and (7(V'), 7(D)) are disjoint.
Theorem [1464] Let v = 1,3 (mod 6), v > 15, and 0 < d < (3) with d & {(5) —

5,(5) —3,(5) =2, (5) — 1}. Then there exist two STS(v)s whose intersection size is d.

‘Let (V,B) be a TS(v, A). The support size is the number of distinct triples in B. ‘
Theorem [561, 565, 578] Let m, = [ s, = [2082)7 and

M, = max (240, ().
Define PS(v,\) = @ if A 0 (mod ged(v—2,6)). Otherwise when v—2 # A, PS(v, A)

is:

v (mod 12) | PS(v, \)

0, 4 Su, Sy + 2,8, +3,..., My A

1,3,7,9 My, My + 4, mv+6,mv+7,...,ny>\
2 Sv+7 v)\

5,11 mv+6,mv+9 my + 10, ..., My »
6, 10 Sp+1,8,4+2,..., My 5

8 sv+65v+85v+9 My 5

When A = v — 2, PS(v, A\) is defined similarly, but with the omission of {M, \ —
5, Myx—3, My —2, My »—1}. Then for v ¢ {6,7,8,9,10,12, 14}, and A > 1, there is
a TS(v, \) with support size s if and only if s € PS(v, \) except possibly when v = 8
(mod 12) and s = s, + 7.

For a TS(v, A), let ¢; be the number of distinct blocks that are each i-times repeated
in the system. The fine structure of the TS is (c1, ca, ..., Cy).

Theorem [569, 570] Let v > 17. Then (3s — 2t + §,¢, [v(v — 1)/6] — s) is the fine
structure of a TS(v, 3) if and only if

e v=13(mod6); d=0;0<t<s<wvw-1)/6;s¢ {1,2,3,5};and (¢t,s) &

{(14), (2.4), (3,4), (1,6), (2,6), (3.6). (5.6), (2.7). (5.7), (1.8), (3.8). (5,8)}

OrE 5 (mod 6); 6 = 1; 0 < s < |v(v—1)/6]; s & {1,2
{(1,3), (2,3), (0,6), ( 6), (2 6) (3,6), (0,7), (1
(1.8). (2.8), (6.8). (7,8), (1,9)}.

Theorem [1482, 1483, 2015] There exists a large set of STS(v)s if and only if v = 1,3
(mod 6) and v # 7.

Theorem When v = 0,4 (mod 6), there are 52 disjoint TS(v,2)s and when v = 2
(mod 6) there are *z2 disjoint TS(v,2)s [2008]. When v =5 (mod 6), there are 232
disjoint TS(v, 3)s [2011]. From these large sets and Theorem 2.63, it follows that a

simple TS(v, A) exists if and only if A <v —2and A =0 (mod ged(v — 2, 6)).

4,5}; and (t,s) &
3,7), (5,7), (0,8),

An overlarge set of STS(v)s is a partition of all triples on v 4+ 1 points into v + 1
disjoint STS(v)s.

Theorem The v+ 1 derived designs of a Steiner quadruple system of order v + 1 form
an overlarge set of STS(v)s; hence, these exist for all v = 1,3 (mod 6).

Two STS(v)s are almost disjoint if they share exactly one triple. A large set of
mutually almost disjoint (MAD) STS(v)s is a set of k STS(v)s that are pairwise
almost disjoint, and for which every triple on v points appears in at least one of the
STSs.
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Theorem (see [1462]) There exists a large set of K MAD STS(v)s only if k € {v,v+1}
when v > 7. A large set of v MAD STS(v)s exists if and only if v = 1,3 (mod 6).

Conjecture [970] A large set of v + 1 MAD STS(v)s exists if and only if v = 1,3
(mod 6) and v > 13. (Solutions are known for v = 13 and v = 15.)

Remark The existence of large sets of Kirkman triple systems of order v when v =
3 (mod 6), known as Sylvester’s Problem, remains open. See [1423] for a survey.
Sylvester posed the problem when v = 15 [442] and settled existence when v is a
power of three.

Example [690] A large set of KTS(15)s. Consider the KTS(15) in which the rows form
the parallel classes:

0,1,0 2,412 510,11 7.8a 36,0

02,7 348 56,12 91l,a 1,108
0,311 1,7,12 6810 25a 49,03

0,46 1,811 2910 3,12a 57,8

0,5,8 1,2,3 6,79 4,10,a 11,12,8
0,10,12 359 4711 16,0 28,5

145 2611 3710 8912 0,0,0
Under the automorphism fixing o and 8 and mapping ¢ — (i + 1) mod 13, thirteen
disjoint KTS(15)s are produced; this is a large set.

Two STS(v)s (V,.A) and (V,B) are orthogonal if AN B = &, and whenever
{{a, by}, {29, w}} © A and {{arb, 33, {2,y £}} C B, one hoa s # &

Theorem [549] If v = 1,3 (mod 6), v > 7, and v # 9, then there exist two orthogonal
STS(v)s.

Theorem [712] There exist three mutually orthogonal STS(v)s whenever v = 1,3

(mod 6), v > 19, except possibly when v = 6n + 3 for n € {3, 17, 27, 29, 31, 34, 35,
37, 38, 40, ..., 51, 57, 58, 59}.

2.8 Resolvability

A set of blocks is a partial parallel class (PPC) if no two blocks in the set share
an element. A PPC is an almost parallel class if it contains ”3;1 blocks; when it
contains 5 blocks, it is a parallel class or resolution class. A partition of all blocks of
a TS(v, \) into parallel classes is a resolution and the STS is resolvable. An STS(v)
together with a resolution of its blocks is a Kirkman triple system, KTS(v).

Example In 1850, the Reverend Thomas P. Kirkman posed the question:

Kirkman’s schoolgirl problem:
Fifteen young ladies in a school walk out three abreast

for seven days in succession: it is required to arrange
them daily, so that no two walk twice abreast.

This is equivalent to finding a KTS(15), a resolution of some
Steiner triple system of order 15. Of the eighty nonisomorphic
STS(15)s (Table I1.1.28), exactly four are resolvable.

However, there are seven nonisomorphic resolved systems, seven KTS(15)s. These
are given here, using the numbering of the underlying STSs and displaying blocks as
columns.
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The Seven Solutions of the Kirkman Schoolgirl Problem
# | Monday | Tuesday | Wednesday | Thursday | Friday | Saturday | Sunday
la | adefg abcdf abcdg abcfg | abcde | abcef abceg
bjhik | hemkj jmehi dlikh | fhlik | 1lidjh | ndhij
cnmol ignol kofln enjmo | gjomn | mkgon ofklm
1b | adefg abcdf abcdg abcfg | abcde | abceg abcef
bjhik | hemkj jmehi dilhj flhij | 1dikh | nhdik
cnmol ignol kofln ekonm | gnkmo | mfjno ojglm
7a | adefg abceg abcdf abcfg | abcde | abcef abcdg
bjikh | hdlkj jemhi dlihk | fmhij | 1lidhj nheki
comln ifonm kgnlo enjmo | goknl | mkgon ojfml
7b | adefg abceg abcdf abcfg | abcde | abcdg abcef
bjikh | hdlkj jemhi dmhji | flikh | 1lheik | nidjh
comln ifonm kgnlo eoknl | gnjmo | mjfno okglm
15a | abcfg | abcde abceg abcdf | adefg| abcdg | abcef
dihmj fhikl ldkih nejih | bhkji| hmejk | jldhi
eklno gjnmo mfojn ogmlk | conlm | iofnl kngmo
15b | abcfg | abcde abceg abcdf | adefg | abcef abcdg
dihmj fhikl ldkih nejih | bjhik | hmdkj jlehi
eklno gjnmo mfojn ogmlk | cnmol | iognl knfom
61 | adefg | abcfg abcde abcdf | abcdg | abcef abceg
bijlh | dijhk fhimk heljk | jmehi | 1lkdhi ndhi j
cknom elmno gjonl ignom | kofln | mngoj ofkml

Theorem [1484, 1781] There exists a KTS(v) if and only if v =3 (mod 6).

Theorem [1792] Let v,w = 3 (mod 6) and v > 3w. Then there exists a KTS(v)
containing a sub-KTS(w) (the resolution of the KT'S(v) extends that of the KTS(w)).

A Hanani triple system is an STS(v) with a partition of its blocks into (v — 1)/2
maximum parallel classes, and a single partial parallel class with (v — 1)/6 blocks.

Theorem [2095] A Hanani triple system of order v exists if and only if v =1 (mod 6)
and v & {7,13}.

A block-coloring of a TS(v, A) is an assignment of colors to the blocks so that no two
blocks of the same color intersect (equivalently, a partition of the blocks into partial
parallel classes).

Conjecture [787] (Special case of the Erdés-Faber—Lovéasz Conjecture) Every STS(v)
admits a block-coloring with at most v colors.

Theorem (see [578]) There is a triple system TS(v, A) that admits a block-coloring in

{Wi‘ colors, in which at most one color class is not a partial parallel class with

| 5] blocks, whenever A = 0 (mod ged(v — 2,6)) and v > 3, except when v = 6 and
A =2 (mod 4), (v,A) =(13,1),or v =7 and A € {1,3,5}.

Remark Not every Steiner triple system has even a single parallel class. The minimum
size of a maximum cardinality partial parallel class in an STS(v) remains open.

Theorem [78] Every ST'S(v) contains a partial parallel class containing at least (v/3) —
cv'/?(Inw)3/? blocks, for ¢ an absolute constant.

Conjecture (see [578]) For all v = 1,3 (mod 6), v > 15, there exists an STS(v) whose
largest partial parallel class has fewer than |v/3] blocks.
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2.9 Configurations in Steiner Triple Systems

A (k, 0)-configuration in an STS(v) is simply a set of ¢ lines whose union contains
precisely k points. It is constant if every STS(v) contains the same number of copies

of the configuration, variable otherwise.

Remark Each configuration with at most three lines is constant. The number of 1-
line configurations is just the number of triples, v(v — 1)/6. There are two 2-line
configurations. A pair of disjoint triples occurs v(v — 1)(v — 3)/72 times, while a pair
of intersecting triples appears v(v — 1)(v — 3)/8 times. The five 3-line configurations
Bi,i=1,...,5 are

By ° By ° Bs ° " By ° Bs
Set n, = v(v — 1)(v — 3). The number b; of times that B; occurs satisfies
by = ny(v —T7)(v? — 190 + 96)/1296; be = n,(v —7)(v — 9)/48;
bs = ny(v—4)/48; by = ny(v —7)/8; bs = n,/6 = 4az/3.

Remark There are 16 4-line configurations, denoted C; for i =1,...,16:

L I O S R DS

C 1 C 2 C 3 06 C’? 08

AN X = 1 X

Coy Cho Cn Cr2 Cis Cua C1s Cie
Let ¢; be the number of occurrences of C;. Five are constant:
ey =ny(v—T)(v—9)(v—11)/288; ¢z = ny,(v—>5)(v—"7)/384;
cs = ny(v—T)(v—=9)/16; c11 =ny,(v—"7T)/4; and c15 = n,/6.

—
—

Theorem [945] The number of occurrences of each variable 4-line configuration is
determined by the number of occurrences of any single one of them. Indeed,
c1 = mny(v—9)(v—10)(v— 13)(v? — 22v + 141) /31104 + c16
2 = mny(v—9)(v—10)(v? —22v + 129)/576 — 6c16
(v —9)%(v—11)/128 + 3c16
cs = mny(v—29)(v? —20v+ 103)/48 + 12c16
(v —=9)(v—10)/36 — 4cy6
(v—
(v—
(v —

3

C3 = v

3

Cg =
Cg = Ty 9 2/8 - 12016

8 /8 + 3016

C12 = Ty 9)/4 + 12016

C13 = Ny (’02 — 18v + 85)/48 - 4016
cla = ny/4—6c

Theorem [949, 1472] For every v = 1,3 (mod 6), v & {7,13}, there is an anti-Pasch
Steiner triple system, an STS(v) in which no four triples are isomorphic to the Pasch
configuration Chg.

N2 2N

Cilo = TNy

Theorem [2164] A mitre configuration with 7 points and 5 lines is
pictured on the right. There is an anti-mitre STS(v) (one that con-
tains no configuration isomorphic to the mitre configuration) if and
only if v =1,3 (mod 6) and v # 9.
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Theorem [955] Let P(v) be the maximum number of Pasch configurations in a Steiner
triple system on v points, and let M (v) = v(v — 1)(v — 3)/24. Then P(v) < M(v),
with equality if and only if v = 29t! — 1 (the STS is projective). Moreover, for
v # 291 — 1 limsup, . P(v)/M(v) = 1.

Theorem [578] The number of mitres in an STS(v) is at most v(v—1)(v—3)(v—7)/24,
and equality is attained if and only if v is a power of 3 and the STS(v) is a Hall triple
system (see §VI.28).

For ¢ > 2, an STS(v) is £-sparse if there is no set of o + 2 points that underlie o
triples for 1 < o < /.

Remarks In 1976, Erdds [786] conjectured that an ¢-sparse STS(v) exists for every
integer ¢ > 2. Every STS(v) is 3-sparse. An STS is 4-sparse exactly when it is anti-
Pasch; see Theorem 2.91. It is 5-sparse when it is both anti-Pasch and anti-mitre. A
5-sparse STS(v) is known to exist when v = 3 (mod 6) and v > 21, and for many
other orders [2163]. However a complete characterization is not known. Only finitely
many 6-sparse STSs are known; see [826]. No f-sparse STS(v) is known for any ¢ > 7.

An STS(v) (V, B) is G-uniform if for every triple {z,y, z}, the graph on vertex set
V A\ {z,y, 2z} with edges {{a,b} : {a,b,w} € B,a,b € V\ {z,y,z},w € {z,y}} is
isomorphic to G. When G consists of a single (v — 3)-cycle, the STS is perfect.

Remark The projective, affine, Hall, and Netto triple systems are all uniform. However
perfect systems are known for only 14 orders: 7, 9, 25, 33, 79, 139, 367, 811, 1531,
25771, 50923, 61339, 69991, and 135859 [826].

2.10 Coloring and Independent Sets

‘ In a set system (V, B), a set W C V is independent if there isno B € B with B C .

Theorem [268] The size of a largest independent set in a TS(v, \) is

(v+1)/2 if v=3 (mod4)
or v=1 (mod 4) and A =0 (mod 2),

5 if v=0 (mod 2),
(v—1)/2 if v=1 (mod4)and A =1 (mod 2)

Theorem [1739] The size of the smallest maximum independent set in an STS(v) is
bounded below by ¢;vvInv and above by covv Inw, for absolute constants ¢; and cs.

A set system S = (V, B) is (weakly) m-colorable if V can be partitioned into m sets,
each of which is independent. It is (weakly) m-chromatic if it is weakly m-colorable
but not weakly (m — 1)-colorable.

Theorem [638] For all m > 3, there exists vy, so that for every v > v, with v = 1,3
(mod 6), there exists a weakly m-chromatic STS(v).

Theorem (see [578]) There is a 3-chromatic STS(v) whenever v = 1,3 (mod 6).

Theorem [1004] There is a 4-chromatic STS(v) whenever v = 1,3 (mod 6) and v > 21.
There is no 4-chromatic STS(v) for v < 15, and the case v = 19 is in doubt.
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2.11 Decomposability

2.106 Remark Theorem 2.64 constructs triple systems that are decomposable into Steiner
triple systems. More generally, a TS(v, ) is decomposable if its block set is the
(multiset) union of the block sets of a TS(v, A1) and a TS(v, A2) with 1 < Ay <
A2 < A It is indecomposable otherwise. For fixed v, there exist only finitely many
indecomposable T'S(v, A)s [784].

2.107 Theorem [2204] Whenever A = 0 (mod ged(v — 2,6)) and v > 24\ — 5, an indecom-
posable, simple TS(v, A) exists.

2.12 Nested and Derived Triple Systems

2.108 | A TS(v, \) (V, B) is nested in (a 2-(v,4, \) design) (V, D) when there is a mapping
¥ : B — V for which the collection {B U {1(B)} : B € B} is equal to D.

2.109 Theorem [535, 1965] Whenever there exists a T'S(v, A), there exists a nested TS(v, A).

2.110 Remarks It is not known whether there is any TS(v, A) that cannot be nested. Indeed,
for v =1 (mod 6) and v < 61, every STS(v) admitting a cyclic automorphism can be
nested so that the resulting 2-(v, 4, 2) design shares the same cyclic automorphism.

2.111 Conjecture (Novdk [1687]) For v =1 (mod 6), every STS(v) admitting a cyclic auto-
morphism can be nested so that the resulting 2-(v, 4, 2) design shares the same cyclic
automorphism.

2.112 Remark (see [578]) Triple systems can also be extended to designs of higher strength
t, and can be produced as derived designs of 3-(v,4, A) designs. Every STS(v) is the
derived design of some 3-(v,4, 1) design when v < 15. However, it is open whether
every STS(v) is derived for larger values of v.

2.13 Directed and Mendelsohn Triple Systems

2.113 | The transitive tuple (z,y, z) contains the three ordered pairs (z,y), (z, z), and (y, 2).
A directed triple system DTS(v, A) is a v-set V and a collection of transitive tuples
(blocks) each having distinct elements of V' for which every ordered pair is contained
in exactly A blocks. The underlying TS(v,2)) is obtained by omitting the ordering.

2.114 Theorem [552] Every TS(v, 2\) underlies a DTS(v, A).

2.115 | The cyclic tuple (z,y, z) contains the three ordered pairs (z,y), (v, 2), and (z, x).
A Mendelsohn triple system MTS(v, \) is a v-set V and a collection of cyclic tuples
(blocks) each having distinct elements of V' for which every ordered pair is contained
in exactly A blocks.

2.116 Theorem
1. [1586] An MTS(v, \) exists if and only if Av(v —1) = 0 (mod 3) and (v,\) #
(6,1).
2. [523] Not every TS(v,2A) underlies an MTS(v, A); indeed, it is NP-complete to
decide.
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3 BIBDs with Small Block Size
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3.1

3.2

3.3

3.1 Existence Results for BIBDs for Specific k and )

Remarks The existence question for BIBDs with small k£ is: Given k and A, for what
values of v are Proposition II.1.2 (integrality conditions) and Theorem II.1.9 (Fisher’s
inequality) sufficient? This problem has been addressed for all A when k& < 9. For
k > 10, much less is known, although for some such k, there are known bounds on v
for existence of near-resolvable BIBD(v, k, k — 1)s (and hence also BIBD(v, k, k + 1)s
with v =1 (mod k); see §I1.7.5).

The notation B(k, ) is used for the set of v values for which a BIBD(v, k, A) is
known. Theorem IV.3.7 establishes that, for every fixed k and A, there is a constant
C(k, \), so that if v > C(k, A) and v satisfies A\(v—1) =0 (mod k—1) and Av(v—1) =0
(mod k(k — 1)), then there exists a BIBD(v, k, \). Table 3.3 summarizes the known
results for k < 9.

Proposition For any v, k, if A
are satisfied, then A

min 1S the minimum A for which the integrality conditions

divides k(k — 1) (if k is odd) or k(k —1)/2 (if k is even).

Table A summary of known results.

min

Possible Possible Largest
k, A | Reference Values | Exceptions | Exceptions| Possible
of v Exception

3,1 [1042] 1,3 mod 6 none none

3,2 [1042] 0,1 mod 3 none none

3,3 [1042] 1 mod 2 none none

3,6 [1042] all none none

4,1 [1042] 1,4 mod 12 none none

4,2 [1042] 1 mod 3 none none

4,3 [1042] 0,1 mod 4 none none

4,6 [1042] all none none

5,1 [1042] 1,5 mod 20 none none

5,2 [1042] 1,5 mod 10 15 none

5,4 [1042] 0,1 mod 5 none none

5,5 [1042] 1 mod 4 none none

5,10 [1042] 1 mod 2 none none

5,20 [1042] all none none

6,1 |[41, 46, 1138] | 1,6 mod 15 |16,21,36,46| Table 3.4 | 801
6,2 [1042] 1,6 mod 15 21 none

6,3 [1042] 1 mod 5 none none

6,5 [1042] 0,1 mod 3 none none

6,15 [1042] all none none
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3.4

3.5

3.6

3.7

3.8

3.9

Possible Possible Largest

k, A Reference Values |Exceptions Exceptions Possible
of v Exception

71| 34,961, 1184] |17 mod 42| 43 Tables 3.5, 3.6 | 2605
7.2 (4, 42] 1,7 mod 21 22 Table 3.7 994
7.3 | [42, 1044, 2194, 2214] 1,7 mod 14|  none none
7,6 [1042] 0,1 mod 7 none none
7,7 [1042] 1 mod 6 none none
7,14 [42] 1 mod 3 none none
7,21 [42, 1044] 1 mod 2 none none
7,42 [1042] all none none
8,1 3, 961] 1,8 mod 56| mnone | Tables3.8,3.9 | 3753
8,2 [19] 1,8 mod 28| 29,36 Table 3.10 589
8,4 19, 1372] 1 mod 7 22 none
8,7 [19, 2182] 0,1 mod 8 none none
8,14 [19] 0,1 mod 4 none none
8,28 [19] 0,1 mod 2 none none
8,56 [19] all none none
9,1 [3, 961] 1,9 mod 72 none Tables 3.11, 3.12| 16497
9,2 [20] 1,9 mod 36 none Table 3.13 1845
9,3 [21] 1,9 mod 24 none Table 3.13 385
9,4 [20] 1,9 mod 18 none Table 3.13 783
9,6 [21] 1,9 mod 12 none Table 3.13 213
9,8 [20] 0,1 mod 9 none none
9,9 [34] 1 mod 8 none none
9,12 [21] 1,3 mod 6 none none
9,18 [22] 1 mod 4 none none
9,24 [22] 0,1 mod 3 none none
9,36 [22] 1 mod 2 none none
9,72 [22] all none none

Table Values of v for which existence of a BIBD(v, 6,1) remains undecided.

51 61 81 166 226 231
346 351 376 406 411
616 646 651 676 771

256 261
436 441 471
796 801

286 316 321
501 561 591

Table Values of ¢ for which existence of a BIBD(42t + 1,7, 1) remains undecided.
2 3 5 6 12 14 17 19 22 27 33 37 39 42 47 59 62

Table Values of ¢ for which existence of a BIBD(42t + 7,7, 1) remains undecided.
3 19 34 39

Table Values of v for which existence of a BIBD(v, 7,2) remains undecided.

274 358 574 694 988 994

Table Values of ¢ for which existence of a BIBD(56¢ + 1, 8, 1) remains undecided.

2 3 4 5 6 7 14 19 20 21 22 24 25 26
27 28 31 32 34 35 39 40 46 52 59 61 62 67

Table Values of ¢ for which existence of a BIBD(56¢ + 8, 8, 1) remains undecided.
3 11 13 20 22 23 25 26 27 28
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3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

Table Values of v, A with A > 1 for which existence of a BIBD(v, 8, \) remains
undecided. There is no BIBD for (v, k, A) = (22, 8,4), (29,8, 2), or (36,8,2).

v A v A ) A ) A ) A ) A
365 2 393 2,5 477 2 484 2 533 2 540 2
589 2 785 3,5 1121 3,5 1128 3,5 1177 3,5

Table Values of ¢ for which existence of a BIBD(72t + 1,9, 1) remains undecided.

2 3 4 ) 7 11 12 15 20 21 22 24 27 31
32 34 371 38 40 42 43 45 47 50 52 53 56 60
61 62 67 68 75 76 8 92 94 96 102 132 174 191

194 196 201 204 209

Table Values of ¢ for which existence of a BIBD(72t + 9,9, 1) remains undecided.

2 3 4 5 12 13 14 18 22 23 25 26 27 28 31
33 34 38 40 41 43 46 47 52 59 61 62 67 68 76
8 93 94 102 103 139 148 174 183 192 202 203 209 229

Table Values (v, k,A) with A > 1 for which existence of a BIBD(v,9,\) remains
undecided.

(177,9,3) (189,9,2) (213,9,6) (253,9,2) (315,9,4)

(345,9,3) (385,9,3) (459,9,4) (505,9,2) (765,9,2)

(783,9,4) (837,9,2) (1197,9,2) (1837,9,2) (1845,9,2)

Table Parameter sets (v,k,A) with A(v — 1) = 0 (mod (k — 1)), Aw(v —1) = 0
(mod k(k — 1)), v < 43 and k < v/2 for which no BIBD exists. These nonexistence
results are generally due to Fisher’s inequality or to the known necessary conditions
for symmetric and quasi-residual designs. The nonexistence of a (22, 8,4) design was
shown by computer search [1372].

Fisher: (16,6,1) (21,6,1) (25,10,3) (34,12,2) (36,15,2) (36,15,4)
Symmetric: (22,7,2) (29,8,2) (34,12,4) (43,7,1) (43,15,5)
Quasi residual: (15,5,2) (21,6,2) (36,6,1) (22,8,4) (36,8,2)

Remark The only BIBD(v, k, A)s with v < 43 and k < v/2 whose existence remains
unsolved have the parameters: (39,13,6), (40,14,7), and (42,10,3).

Remark There exists a k-GDD of type k!~ (or equivalently, a BIBD (k(k — 1)t +
k,k,1) containing a parallel class) if any one of the following conditions is satisfied:
1. k£ <5.

2. k=6andt#1,2,7, 9,11, 39, 50, or 51.

3. k=17, t1is not in Table 3.6, and t # 24.

4. k =8 and ¢ is not in Table 3.9.

5. k=29, tis not in Table 3.12, and t # 16, 20, 48, 60, 92, 104, 147, 166, 187, 191,
or 205.

Remark k-GDDs of type (k(k —1))! can sometimes be useful for BIBD constructions.
For k = 3,4, and 5, k-GDDs of type (k(k—1))! exist for all ¢ > k. For k = 6, not much
is known, as most recursive constructions require the existence of k-GDDs of types
(k(k —1))* and (k(k — 1))**! for some small value of z; at present, none is known
for k = 6. Tables 3.18 through 3.21 summarize known results for k € {6,7,8,9} and
t < 100.

Table Values of ¢ < 100 for which existence of a 6-GDD of type 30¢ is known.
6 16 21 26 31 36 41 51 61 66 71 76 78 81 8 90 91 96
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3.19

3.20

3.21

3.22

3.23

3.24

3.25

3.26

3.27

3.28

Table Values of ¢ < 100 for which existence of a 7-GDD of type 42¢ is known.

7 8 9 15 17 28 33 36 41 49 50 56 57 63 64 65 70 71
72 73 77 78 80 81 8 88 91 92 96 97 99

Table Values of ¢ < 100 for which existence of a 8-GDD of type 56 is known.

8§ 9 10 15 16 17 29 30 33 36 37 41 43 44 49 50 51 53
54 55 57 58 63 64 65 71 72 73 74 79 80 81 82 83 84 85
86 87 88 89 90 91 92 93 94 95 96 97 98 99

Table Values of ¢ < 100 for which existence of a 9-GDD of type 72¢ is known.
9 10 17 19 49 54 55 57 58 64 65 66 73 74 80 81 89 90 91

3.2 Recursive Constructions

Theorem A BIBD(v, k, \) exists if any one of the following conditions holds:

1. v = w+ r/\, where there exist a BIBD(r/A, k,\) and an RBIBD(w, k — 1, \)
whose blocks form 7 parallel classes.

2. v=(w—1)m+1, A\ =\ Ay, where a (k, \;)-GDD of type (k — 1)(w=1/(k=1) 5
BIBD((k — 1)m + 1,k, A A2), and TDjy, (k, m) exist.

3. v=w1(va — @) + a, A = A\ Ag where a is 0 or 1, a TD,, (k, v2 — @) exists, and
BIBD(vy, k, A1) and BIBD(ve, k, A) both exist.

Remark Most recursive BIBD constructions start with a GDD (usually a truncated
transversal design), use Wilson’s Fundamental GDD construction (Theorem IV.2.5,
using Remark IV.2.6) to obtain a larger GDD, and finally fill in the groups of the
larger GDD. Some examples follow.

Example Suppose TD(10,¢) exists and 0 < v < ¢t. Then a {9,10}-GDD of type
toul exists, and because 9-GDD of type 8% exists for x € {9,10}, a 9-GDD of type
(8t)%(8u)! also exists. Therefore, if « = 1 or 9 and {8t + a,8u + a} C B(9,1), then
8(9t+u) + o € B(9,1).

Example Suppose TD(9,t) exists and 0 < u < t. Then a {8,9}-GDD of type t3u!
exists, and because a 7-GDD of type 427 exists for z € {8,9}, a 7-GDD of type
(42t)%(42u)t also exists. Therefore, if a = 1 or 7 and {42t + o, 42u + o} C B(7,1),
then 42(8¢ +u) + o € B(7,1).

Example Suppose TD(8,t) exists and 0 < u < t. Then a {7,8}-GDD of type ¢"u’
exists, and because a (7, 3)-GDD of type 2% exists for z € {7,8}, a (7,3)-GDD of type
(2t)7(2u)! also exists. Therefore, if {2t + 1,2u + 1} C B(7,3), then 2(7t +u) + 1 €
B(7,3).

Example Suppose TD(9,t) exists and 0 < u,w < t. Then a {7,8,9}-GDD of type
t"ulw! exists, and because (7,21)-GDDs of type 27 exist for x € {7,8,9}, a (7,21)-
GDD of type (2t)7(2u)!(2w)! also exists. Therefore, if {2t + 1,2u + 1,2w + 1} C
B(7,21), then 2(7t +u+w) + 1 € B(7,21).

Example Suppose there exists an RBIBD(w, k, 1) whose blocks form r parallel classes.
Then if z < r, adding each of z infinite points to a different parallel class gives a
{k,k + 1}-GDD of type 1¥xz!. If k,k — 1 are prime powers, then k-GDDs of type
(k — 1)t exist for t = k,k + 1; hence, a k-GDD of type (k — 1)*((k — 1)z)" exists.
Therefore, if (k — 1)z + 1 € B(k,1), then (k- 1)(w+z) + 1 € B(k, 1).
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3.29

3.30

3.31

3.32

Remark Theorem 3.30, the singular indirect product or incomplete TD construction,
has been useful for BIBDs with k& > 6 and A = 1.

Theorem Suppose v = k(w — f)+ (f +(k—1)-a) where a TD(k, w — f +a)—TD(k, a)
a PBD(w,{k} U f*,1) and a BIBD(f + (k — 1)a, k, 1) all exist. Then v € B(k,1). If,
in addition, a k-GDD of type kU/+(F=1a)/k and TD(k,w — f + a)-TD(k,a) — (w —
f)TD(k, 1) exist, then so does a k-GDD of type kV/F.

3

Examples

1. Because an RBIBD(65,5,1) exists, there is a PBD(81, {6}U16*). A BIBD(76,6,1)
and a TD(6,77)—TD(6,12) also exist; hence there exists a BIBD(v,6,1) for
v =466 =6(81—16) + (76 =16+ 5 - 12).

2. Because an RBIBD(28, 4, 1) exists, a PBD(37, {5} U9*) also exists. A 5-GDD of
type 5° and a TD(5, 32)—TD(5,4)—28-TD(5, 1) also exist; this gives a 5-GDD of
type 5Y/° for v = 165 = 5(37 — 9)+ (25 =9+ 4 - 4).

3.3 Miscellaneous Constructions

Table Most of these constructions have nonabelian automorphism groups. In each
case, the table includes the parameters (v, k, \), the point set X, the order of the
automorphism group G, suitable generators of this group, and a set of base blocks to
be developed using G. If s is the order of the largest subgroup of G that leaves a base
block invariant, then that base block generates a total of |G|/s blocks in the BIBD.

(v, k, \) Solution

(21,6,4) | X = Z7 x Zs, |G| = 21.

Generating automorphisms (for z € Z7, s = 0,1, 2):

a = (xs,2xs,4x5), B = (0s,1s,25,...,6s).

Base blocks:

(00, 50, 31, 32, 52, 62), (0o, 10,20, 40, 31, 62),

(0o, 10,01, 21,02, 42), (00, 30,01, 61,02, 52).

(66,6,1) | X =Z13 x (Z3 U {a,b}) U {oc}, |G| = 39.

Generating automorphisms (for x € Z13, t = a,b, s € Zs U {a, b}):
o= (00)7 (.’170, 31;17 9"1;2)7 (xt7 31;757 9"1;75)7 /8 = (00)7 (087 187 257 MR 125)
Base blocks:

(20, 50,41,91,04,64q), (10,20, 60,122, 5s, 8s),

(70,90,101, 12, 34,4s), (24,64, 54, 4p, 125, 10),
(OO,OO,O1,OQ,OQ,Ob).

(76,6,1) | X = Z19 x (Zs U {a}), |G] = 57.

Generating automorphisms (for z,y € Z19, s € Zs U {a}):

o= (.’170, 71;17 11"1;2)7 (ya7 7ya7 11ya)7 /8 = (057 187 257 ) 185)

Base blocks:

(0o, 10, 30, 140, 102, 04), (00, 70,01,22,14,34),

(30,21, 142, 14,74, 114), (120, 81,182, 34, 24, 144),

(70,160, 111,171, 12, 52), (130,170,151, 51, 102, 162).

(96,6,1) | X = Zus x {0,1], |G| = 48.

Generating automorphisms (for s = 0,1): a = (0s, 15, 2s,...,47s).
Base blocks:

(Oo, 80, 160, 240, 320, 400), (01, 81,161,241,32,, 401),

(0o, 10, 30, 130, 280,01), (00,40, 110,171,361, 381),

(00, 50,190, 11, 241,424), (00, 90, 260, 41, 71,401),

(0o, 60, 81,91, 181,221), (00,180, 111,281,331, 391).
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(v, k, \) Solution
(106,6,1) | X =Zs3 x {0,1}, |G| = 53.
Generating automorphisms (for s =0, 1):
a=(0s,1s,2,...,52,).
Base blocks:
(0o, 1o, 30, 110, 380, 01), (0o, 130, 300, 231, 351, 511),
(00, 50, 190, 250, 361, 391), (00, 40,281,301,371,471),
(0o, 70,290, 81,161, 481), (00,21, 71,251,291,491),
(00,90, 210, 121, 131, 271).
(111,6,1) | X = Zs7 x Zs, |G| = 111
Generating automorphisms (for z € Zs7, s =0, 1, 2):
a = (xo,10x1,26x2), 8 = (0s,1s,2s,...,36s).
Base blocks:
(00, 10, 30, 70,170, 01), (00, 50, 191, 281, 102, 302),
(50,330, 131, 341,192, 72), (90,270,161, 111,122, 362),
(100, 230, 261, 81, 12, 62), (130,240,191, 181, 52, 322),
(260, 340, 11, 71, 102, 332).
(136,6,1) | X = (Zas x Z3) U {0}, |G| = 135.
Generating automorphisms (for z € Zas, s = 0, 1, 2):
a = (0), (o, 1621, 3122), 8 = (00), (0s, 15,25, ... ,445).
Base blocks:
(00, 30, 150, 350, 62, 102), (00,220,114, 301, 12, 182),
(0o, 50, 181,411, 132,42,), (0o, 110, 170, 42, 52, 282),
(0o, 10,01, 161,02, 312), (o0, 00, 90, 180, 270, 360).
(AT6.0) | X = (Zos x (%5 U {a])) U (o), [G] = 105,
Generating automorphisms (for z,y € Zss, s € Zs U {a}):
a = (00)7 (xO, 16x1, 11272)7 (ym 16ya, 11ya)7
/8 = (00)7 (087 187 257 L) 345)
Base blocks:
(00, 160, 240, 241, 152,252), (00, 30, 260, 131, 331, 344),
(Oo, 130, 180, 151, 72, Oa), (Oo, 20,141,231, 264, 32(1)7
(007 407 2917 627 9!17 20&)7 (007 107 1227 2(17 4(17 19!1)7
(00, 00, 70, 140, 210, 280), (00, 04,y Ta, 144,214,284).
(171,6,1) | X = Zs7 x Zs, |G| = 171
Generating automorphisms (for z € Zs7, s = 0, 1, 2):
a = (xo, 721,4922), 8 = (05, 15,25, ..., 56s).
Base blocks:
(0o, 190, 39,410, 141, 382), (0o, 210,440, 480, 261, 11»),
(0o, 10,430, 82,152, 442), (0o, 30, 310, 231,431, 362),
(OO, 4007 500, 1117 252, 342), (007 1207 017 2717 027 182)7
(370,420,311, 91,462, 62).
(196,6,1) | X =Zay x (Z3 U {a}), |G| = 147.
Generating automorphisms (for z,y € Zag, s € Zs U {a}):
a = (x0, 3021, 1822), (Ya, 30Ya, 18ya), B = (0s, 15,25, ...,48s).
Base blocks:
(00,20, 120, 450, 31, 114), (00,30, 80,51,171,39,)
(00, 90, 360, 241,441, 37,), (00, 150, 341,411,472,18,)
(Oo, 70,310,131, 352, 41a), (00, 149, 321, 102, 22,, 44a)
(00, 230,211,391, 194, 254), (00,331, 0a,5a,29,474),
(Oo, 19,01, 301,02, 182), (80, 190,441,311, 462, 482).
(201,6,1) | X = Zer x Zs, |G| = 20L.

Generating automorphisms (for z € Zg7, s = 0, 1, 2):

a = (xs,292s,372s), B = (0s,15,25,...,665).

Base blocks:

(00, 10,42, 92, 342,622), (01,21,151, 82,272,492),
(00, 30,220, 541, 132,402), (00, 360,400, 311, 341, 52),
(00, 500, 550, 61, 241, 262), (00,20, 31,141, 351,252),
(31,201,444, 362,392,592), (0o, 01,301, 381,661,02).
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(v, k, \) Solution
(35,7,3) X =77 x (Zs U {a,b}), |G| = 21.
Generating automorphisms (for x € Z7, t = a,b, s € Zs U {a,b}):
a = ((zo, 221,4%2), (¢, 22+, 4x¢), B = (0s, 1s,25,...,6s).
Base blocks:
(517007 107411751173177517)7 (3175176176272a73a75b)7
(117217417627 1076117317)7 (217617427527 107307017)7
(51,61,32,52760,307011)7 (417 1272070177 1b72b74b)7
(Oa7 111721173&74&751176(1)-
(64,7,2) | X = (Z19 x Z3) U {001,002, ..., 007}, |G| = 57.
Generating automorphisms (for © € Z19,1=1,2,...,7, s =0,1,2):
o= (001)7 (.’170, 71;17 11"1;2)7 /8 = (001)7 (087 187 257 MR 185)
Base blocks:
(00, 100, 129, 140, 180,01, 21), (001, 1o, 70, 71,111,112, 12),
(OOQ7 10, 80, 71, 1817 112, 122), (()037 907 100, 617 131,42, 152),
(()047 907 140, 617 317 42, 22), (()057 120, 150, 81, 1017 182, 132),
(()067 20, 130, 141, 1517 32, 102), (()07,407 140, 917 317 62, 22),
(001, 002, 003, 004, 005, 006, 007 ) (twice).
(36,8,4) X =77 x (Zs U {a,b}), |G| = 21.
Generating automorphisms (for x € Z7, t = a,b, s € Zs U {a,b}):
o= (00)7 (.’170, 21;1741;2)7 (xt7 21;7574"1;75)7 /8 = (00)7 (087 187 257 MR 65)
Base blocks:
(017 117 627 107 607 5(170177 5b)7 (417 517407 6070117 1(174177 6b)7
(31,51,61,42750741175117 1b)7 (1176172275274073070117017)7
(00, 41,61, 12,52,20, 30, 0p), (00, 31, 62,50, 34, 5a, 64, 0b),
(O0,0t, 1,5, 2,5, 3,5,4,5, 5,5, 6,5), (t = 1, CL) (OO7 Ob7 1b, 217, 317,417, 517, 617) (thCQ)
(57,9, 3) X =719 X Zs, |G| = 5T.
Generating automorphisms (for x € Z19, s = 0,1, 2):
a = (xo, 721, 1122), 8 = (06, 15,25, ...,18s).
Base blocks:
(0o, 10, 30, 50, 130, 31, 111, 22, 142), (00, 20, 50, 60, 90, 01, 131, 102, 172),
(407 907 1007 917 617 1317 627 427 152)
(105, 97 3) X = Zss X Z:;, |G| = 105.
Generating automorphisms (for x € Zss, s = 0,1, 2):
a = (xs, 11xs,1625), 8= (0s, 15,25, ..., 34s).
Base blocks:
(00, 50, 130, 81, 141,291, 122,192, 212), (00, 90, 130, 11, 51, 81,91, 281, 222),
(0o, 10, 80,200, 340, 61,02, 52, 162), (00,21, 31, 51, 22,42, 202, 252, 332),
(10, 119, 160, 31,331, 131,42, 92, 292).
(64, 10, 5) X = (Zgl X Z‘;) @] {OO}7 |G| = 63.
Generating automorphisms (for x € Z21, s = 0,1, 2):
a = (xo,421,1622), 8 = (0s, 15,25, ...,20s).
Base blocks:
(00, 10, 30, 60, 140, 31,41, 131, 191, 192),
(007 207 607 1907 1417 1917 127 227 1127 162)7
(0o, 90, 120, 190, 200, 21, 51, 61, 81, 52),
(00, 50, 100, 150,201,191, 181,172,132, 92),
(00, 10,80, 150, 41, 110, 181, 162,22, 92),
(00,30, 100, 170,121, 191, 51, 62, 132, 202).
(35,14,13) | X =Z7 x (Z3 U {a,b}), |G| = 21.
Generating automorphisms (for x € Z7, t = a,b, s € Zs U {a,b}):
a = (xo,221,4%2), (¢, 22+, 4x¢), B = (0s,1s,25,...,6s).
Base blocks:
(11,21, 41, 12, 22,62, 10,04, Lo, 4a; 5a;, 26, 45, 56),
(11,21,44,62, 10,40, 50,60, 24, 3a, 64, 1o, 4, 6p),
(01,31, 51,61, 02, 12,22, 52, 10, 34, 20, 3v, 4p, 65,
(01,11,21,44, 32,52, 62,30, 50, 60, 04, 3a, 6a, 25),
(0, 1a,2a,3a,4a,5a, 64, 06, 16, 26, 3, 4b, 5b, 65).
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See Also

6I1.6 Nonexistence results for symmetric and quasi-residual BIBDs.

§I1.7 Resolvable designs are used in some recursive constructions for
nonresolvable designs.

§VI.16 Difference family constructions provide most of the small ingre-
dients needed for recursive constructions.

§VIIL.2 Several BIBDs come from special structures in affine and projec-
tive geometries.

[225] An extensive textbook presentation of direct and recursive con-
struction for BIBDs.

[1042] A major paper, proving existence results for k¥ < 5, for k = 6
with A # 1, and for k = 7 with \ € {6,7,42}.

References Cited: [3,4,19,20,21,22,34,41,42, 46,225,961, 1042, 1044, 1138, 1184, 1372, 2182, 2194,

2214]

4  t-Designs with t > 3

GHOLAMREZA B. KHOSROVSHAHI
REINHARD LAUE

4.1

4.2
4.3

4.4

4.5

4.6

4.7

4.1 Definitions

A t-(v,k, \) design, a t-design in short, is a pair (X, B) where X is a v-set of points
and B is a collection of k-subsets of X (blocks) with the property that every t-subset
of X is contained in exactly A blocks. The parameter A is the index of the design.

‘ A t-(v, k, \) design is also denoted by Sy (¢, k,v). If A = 1, then A is usually omitted. ‘

Remark A 2-(v, k, \) design is a balanced incomplete block design. See §II.1. A design
is simple if no two blocks are identical.

Example Let X = {1,...,6}. Let B = {124, 126, 134, 135, 156, 235, 236, 245, 346, 456 }.
Then (X, B) is a 2-(6, 3, 2) design.

Example Let X be the set of corner points of a cube. Consider two kinds of blocks: The
first kind consists of any corner point and its three neighbors; The second kind consists
of any two neighbors and their antipodes. Hence, there are altogether 84-6 = 14 blocks.
Any choice of three corner points can be completed in a unique way to exactly one
block. These blocks B, together with X form a 3-(8,4,1) design.

Example Let X = {0,1,2,3,4,5,6,7,8,9,a,b} and choose the 30 base blocks, shown
with braces and commas omitted:
045678 023456 012346 023567 014567 014568 012568 023578 024569 014569

024579 02346a 01245a 02347a 02457a 034680 023450 01245b 01246b 023560
01458b 01248b 04567b 02348b 02458b 045690 024596 03469b 0456ab 0235ab

Applying the automorphism (01234567 89 a)(b) yields 330 blocks that form a
4-(12, 6, 10) design.

Remark The 4-(12,6,10) design from Example 4.6 is the basis of Block Design for
Piano [1211]. The composer explains: “There are 12 notes, distributed into 6-note
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4.8

4.9

4.10

4.11

4.12

4.13

4.14

4.15

4.16

arpeggios, in such a way that every combination of four particular notes comes together
exactly 10 times in 10 different arpeggios.”

4.2 Properties and Theorems

Theorem If (X, B) is a t-(v, k, A) design and S is any s-subset of X, with 0 < s <'¢,
then the number of blocks containing S is

N =H{BeB:SCBH=A(T) /(7).

t—s

In particular A is an integer and (X, B) is a s-(v, k, As) design for all 0 < s < ¢. The
number of blocks of a t-(v, k, \) design is b = Ag.

An ordered quadruple of positive integers (\;t¢,k,v) is admissible if each A\ =
(v=5) /(52%) for 0 < s < t is an integer. An admissible quadruple (\;¢,k,v) is

t—s t—s
denoted by t-(v, k,\). An admissible ¢-(v, k, \) is realizable if a t-(v,k, \) design
exists.

Remark Given integers 0 < t < k < v, the smallest positive integer value of A
for which ¢-(v, k, A) is admissible is denoted by Amin, more exactly Amin(t, k,v). For
any admissible t-(v, k, \), Amin divides A. The largest value of A for which a simple ¢-
(v, k, \) design exists is denoted by Amax and is equal to (Z:i) The simple t-(v, k, Amax)
design D = (X, ()k()) is the trivial design or the complete design. Here ()k() is the set of
all k-subsets of X. If k > v — ¢, then the design is the trivial design. When k =1t +1,

Amin = ged(v — ¢, lem(1,2,...,t+ 1)) [2016].

If D= (X,B)isat-(v, k, \) design and I, J are disjoint subsets of X with |I|+]|J| < ¢,
then A7, 7] counts the number of blocks that contain I and no point of .J.

Remark Consider the admissible ¢-(v, k, A) and let 7, j be nonnegative integers. If
0<i+j <t then A\j; = )\(”;:J)/(Z:i) is an integer. A recursive formula for these
numbers is A; j11 = Aij — Aiy1,5. For A =1, see also §5.4.

Remark Mappings that map admissible quadruples onto admissible quadruples in-
clude:

o red: t-(v,k, \)

—~
~
|
—_

[
—~

U= 17 ka )\tfl,l)a

Theorem [226] Consider the admissible ¢-(v, k, \) with A # Apax. Then there exists
a unique maximal (v',t') with ¢'-(v/, ', \') admissible such that ¢-(v, k, A) is obtained
by iteratively applying some of the mappings red, der, and res to t'-(v', K/, \').

Remark The unique admissible quadruple ¢'-(v’, k', ') in Theorem 4.14 is the ancestor
of t-(v,k,A). All of the admissible quadruples with this ancestor form its family.
Table 5.17 lists explicit examples for A = 1. If the ancestor is realizable, then all the
quadruples of the family are realizable. The indices of the designs in a family are given
by appropriate values \; ; of the ancestor.

Theorem Let D = (X, B) be a t-(v, k, \) design. Then

1. Dis ared(t-(v, k, \)) design, the reduced design,
2. If z € X, then der,y (D) = (X,{B\ {2z} : z € B € B}) is a der(t-(v, k, \)) design,
the derived design at x,
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4.17

4.18

4.19

4.20

4.21

4.22

4.23

4.24

4.25

3. If x € X, then res; (D) = (X,{B : x ¢ B € B}) is a res(t-(v, k, \)) design, the
residual design at x,

4. supp(D) = (X, {X\B: B € B}) is a supp(t-(v, k, A)) design, the supplementary
design,

5. If D is simple, then comp(D) = (X, ()k()\B) is a comp(t-(v, k, A)) design, the
complementary design.

Remark In view of the last two constructions in Theorem 4.16, one usually only
considers t-(v, k, ) designs with ¢t < k < v/2 and simple designs only for 0 < A <
Amax /2.

Theorem [2069] Consider an admissible t-(v, k, A). If der(t-(v, k, X)) and res(¢-(v, k, X))
are realizable, then red(t-(v, k, \)) is realizable. If t-(2k + 1, k, \) is realizable, then

t-(2k + 2,k + 1, AZEE220) i realizable.

Remark A (t+ 1)-(v+ 1,k + 1, ) design (Y, .A) is an extension of a t-(v, k, ) design
(X, B) if (X,B) is a derived design of (Y,.A). Extensions are obtained by Theorem
4.20 and by large set recursions, see §4.4.

Theorem [76] Let D = (X, B) be a t-(2k + 1, k, \) design and oo a new point not in
X.
1. If ¢ is even, then (X U {oc},{BU{o0}: Be B} U{X\B: B e B})isa (t+1)-
(2k + 2,k + 1, \) design.
2. If D is simple, ¢ odd, and A = Apax/2, then (X U {0}, {BU {0} : B €
BYU{X\B: B e (¥)\B}) is a (t +1)-(2k + 2,k + 1, ) design.

Example Let X ={0,1,2,3,4,5,6,7,8,9,a,b, c} and choose the 66 base blocks:
013459 014567 012457 012346 012345 012367 023567 034567 024567 012458 023468
012468 012368 012568 012378 014568 034568 013478 023578 024578 012678 024569
012469 023459 014569 014579 012579 012479 023579 013679 012589 024589 034689
013469 035678 035679 01247a 035789 034789 036789 02357a 01467a 014789 01347a
02368a 02358a 02567a 01458a 01368a 024678 023478 023479 023469 025679 024679
025689 023689 023589 012356 013467 013458 013579 015678 013578 013569 013489

Applying the automorphism o = (01234567 89 a b ¢) yields 858 blocks that form

a 5-(13,6,4) design [1352]. By Theorem 4.20 this design is extended to a 6-(14,7,4)

design. This is the smallest possible 6-design. For further isomorphism types see

[1292].

Remark If there is a Hadamard matrix of order 4n, then there is a 2-(4n—1,2n—1,n—1)
design. By Theorem 4.20, this design can be extended to a 3-(4n,2n,n — 1) design, a
Hadamard 3-design. The blocks of such a design intersect in 0 or n points.

Theorem If there is a Hadamard matrix of order 4n, then for all integers ¢, m > 0
with m + £ < n, there is a 3-(4n,2n + £ — m, (n — 1) (%) (Q"Jrf*m) 9] /(2;) ) design.

Theorem [858] If there exists a simple ¢-(v, k, A1) design (X, A) and a simple ¢-(v, k, A2)
design (X, B) such that |B| < Apax/A1, then B can be chosen to be disjoint from A,
and thus a simple t-(v, k, \1 + A2) design exists.

Theorem [1867] If there exists a simple ¢-(v, k, A) design with a group of automor-

b—1)|G

phisms G and (Z > (s —1)(b* — ﬂ) for some positive integer s, then there
(v —k)!

exist s isomorphic copies of this design on the same point set with pairwise disjoint

block sets.
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4.26

4.27

4.28

4.29

4.30

4.31

4.32

4.33

4.34

4.35

4.36

4.37

Theorem [166, 1509, 2068] If there exists a simple t-(v, k, A) design such that for some
positive integer s, () > AX1" (Y) (3)Ao,n where m = min{s, v—k} and n = min{i, ¢},
then there exists a t-(v + s, k, A("~/")) design.

Remark In [1868], more general versions of Theorems 4.25 and 4.26, employing re-
solvable designs, are given (see §I1.7).

Theorem [753] If there is a t-(v, k, \) design (X, B) such that any two blocks intersect
in at most k — (¢ + m + 1) points, for fixed integers £, m > 0, then (X, A) is a

t-(v,k+£€—m, )\(”;k) (kH*m) (k)/(lz)) design

t m
where A={(BUL)\M :BeB,LC(X\B),|L|=¢MC B,|M|=m}.
Remark If G is a group acting t-homogeneously on a set X and S is a k-subset of
X, then the orbit S¢ of S under the action of G is a t-(v,k, \) design with A =
(|G|(§))/(|G5|(¥)) and |Gg| the number of elements of G that fixes S.

Example Let ¢ be a prime power and n > 0 be an integer. Then G =PGL(2, ¢") acts
sharply 3-transitive on X = Fgn U{oo}. If § C X is the natural inclusion of F,U{oo},
then the orbit of S under G is a 3-(¢" +1,¢+1, 1) design. These designs are spherical
geometries; when n = 2, they are inversive planes, Mébius planes, or circle geometries.

Theorem [1152] Let B be a subgroup of the multiplicative group of nonzero elements
of Fy. Then the orbit of S = B U {0,000} under the action of PGL(2, ¢) is the block
set of one of the designs:

1. 3-(¢" + 1,¢ + 1,1) design where ¢ is a prime power and n > 2 (a spherical

geometry);

2. 3-(¢g+ 1, k+1,k(k+1)/2) design if (k—1)|(¢ — 1), kfq, and k & {3,5};

3. 3-(¢+ 1,4, 3) design for g = 1,5 (mod 6);

4. 3-(¢+1,6,5) design for ¢ =1,9,13,17 (mod 20).

Remark The distribution of 3-designs among the orbits of k-subsets under PSL(2, q)
for ¢ =3 (mod 4) can be found in [421].

Remark Several 5-designs are obtained from codes by the Assmus-Mattson Theorem,
see §VII.1.4.

Theorem [2012] Given integers ¢ and v with v = ¢ (mod (t+1)!**1) and v > t+1 > 0,
then a simple t-(v,t + 1, (¢ + 1)!?!*1) design exists. That is, simple t-designs exist for
all ¢.

Remark In Theorem 4.34, v becomes very large as t grows. In contrast, Theorem 4.66,
which contains a recursive construction for large sets, produces t-designs with much
smaller v.

Remark Infinitely many infinite series of simple ¢-designs are obtained from large set
recursion; see §4.4. There are also infinitely many infinite series of resolvable 3-designs;
see §I1.7 and [1403, 2072].

Table Some infinite families of simple ¢-designs with ¢ > 3 (derived and residual
families are omitted).

t-(v, k, \) Conditions Ref

3-(n,4,1) n=2or 4 (mod 6) [1035]
3-(a+1,q+1,1) exists, a > 2,

3-(va® +1,q+1,1) g prime power, d sufficiently | [1621]

large, v—1 =0 (mod (¢—1)),
v(v —1) =0 (mod g(g — 1)),
v(v’—1) =0 (mod g(¢’ —1)).
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t-(v, k, \) Conditions Ref
3-(¢+1,4,2) g=1 (mod 3) 1152
3-(q+ 1,4,3) odd ¢ > 5 1152
3-(3"+ 1,4, ) XN=06kor6k+1,0<Fk <] [153]
(3"t —1)/2
3-(g+ 1,4, ) odd ¢ Z1 (mod 6), A =6k or | [753]
6k +3,0<k<(q—5)/6
3-(2" + 1,4, A=6k 1 <E< (2" T—-1)/3] [753
3-(4n, 4,2n — 3) n > 2 753
3-(n,5,5(n —4)/2) n = 2,4 (mod 6) 753
3-(6n,6,(3n —2)(3n — 4)(3n — 5)/4) n =0,3 (mod 8) 753
3-(2"7T + 2,6, 5(2” - 1) nodd and n > 5 2072
3-(2"m, 8, 7(2" Zm — 1)) m = 20,28 and n > 0 2072
3-(2" +13 2" (2" T - -, (27 "3-1))[j>0andn >3 [2072]
n>4,0+m<2, and [753]
2™ —6\ (6+L—m 6 o (2” — 4)/3 fOI' n even,
B0+ m ) (V) (3)/20) 2= {2 o o
3-(¢ +1, g 1+0—m, (77O (T (S /() [ f> 2, and £+ m <g—2 [753]
3-(g+1, 42, M) 4 divides q + 1 [1175]
3-(4n,2n+ L —m,(n — 1)( )(2”H ™) (f:)/(Q:”)) Z:—m <n-—1, and H(4n) ex- | [753]
1STS
3-2n,n,n —2) H(4n) exists and n > 5 isodd; | [753]
or 2n — 1 is a prime power
3-(6k, 2k, 2k — 1) (°F 7)) E>2 [753]
= k() ()2 = (/%) @n— D), 20— 1 > 2k,| [753
k
s=(3)/(2n—1)
4-(27 +1,5,)) A€ {5,20},0dd f>5 [257]
4-(27 +1,6,10) for all odd f > 5 [252]
4-(27 41,6, ) X € {60, 70,90, 100, 150, 160}, | [257]
ged(f,6) =1
4-(27 +1,7,70(27 — 5)/3) ged(f,6) = 1 [257]
4-(27 +1,8,35) ged(f,6) = [257]
4-(27 +1,9,84) f>5 [253]
4-(27 +1,9,)) X € {63,147}, ged(£,6) =1 | [257]
4-(2" +1,2™, (2™ = 3Lt 2=t 2<m<n [1145]
42"+ 1,2 -1, (2" T -3) (2" T - 1)(2" T —4)) [n>4 [753]
4-(2" + 1,2 4 1, (2’”+1)H§“21§;1 -1) 2<m<n—1,min [1145]
A2 14,20 =1, (T )2 - [ 22 5 5 46,5 > 2,0 > 6 | [1509]
2"t —4)
for m sufficiently close to n,
4-(2" + 1+ s,2™, (2n+5573) (2™ —3)u) with m large enough so that | [1509]
(¥)/(°*%) > bo(bo — b1) where
k 0\V0 1
p= 11T 2122; 11 11
for m sufficiently close to n,
4-2" +1+4s,2m+1, (2n+:73) (2™ 4+ 1)) with m large enough so that | [1509]
(1)/("F*) > bo(bo — b1) where
k 000 1
=1L 21 22:; 1711
4-(9m + 5,6, (27m? + 3m) /2) m >0, [1340]
5(2”+22”1+1(2"1 )(2"2—1)) n>4, [75]
5-(2" +3,2" T+ 1,(2" —2) (2" T —-3)(2" ?—1)) |n>6 2069
5-(2" +4,2" T 42 (2" — 1)(2" — )(2" 1) n>6 2069
5-(2" +5,2" T 42 2"(2" — (2" —2)(2" 1)) |n>6 2069
5-(2" 46,27 T3, 2" (2" + (2" —1)(2" —2)) [n>6 2069
52" +2+45,2"+1, (TR =3)(2" 2 - 1) [N >4, n> N, s >0, (2~ — [ [1509]

N)/(N—1))>s+4
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4.38 Remark Bierbrauer [256] has constructed an infinite series of nonsimple 7-designs with
affine automorphism groups of characteristic 2.

4.39 Remark There is no known simple 4-(4™ + 1,5, 2) design for any m > 0. However,
there exist such designs with repeated blocks for all m > 0 [128].

4.40 Remark [1333] A 6-(17,7,2) design with repeated blocks can be constructed using
orbits of T-element subsets under the action of G = PSL(2,16) on the projective
line F16 U {oc}. Only one orbit is repeated. More precisely take G to be the group
generated by the permutations:

(05124311491311286107); (0 15)(1 2)(3 4)(5 6)(7 8)(9 10)(11 12)(13 14);
and (0)(1 2)(3 8)(4 6)(5 7)(9 13)(10 12)(11 14)(15 16).

Then the union of the orbits of the 3 base blocks {0, 1,2,4,5,6,9},{0,1,2,3,4,5,7}, and
{0,2,3,4,6,8,9} with the last one repeated twice form a 6-(17,7,2) design.

4.41 Remark All known simple ¢-(v, k, \) designs with ¢ > 6 have A > 4.

4.42 Theorem [2147] Given integers 0 < t < k < v, then there is an integer n > 0 such
that a t-(v, k, A) design with repeated blocks exists whenever the conditions A(}~;) = 0
(mod (]::f)) fori=0,1,...,t, and A > n are satisfied.

4.43 Conjecture If there exists a t-(v, k, \) design with A\ < A\pax/2 having repeated blocks,
then there exists such a design without repeated blocks.

4.3 Table of Simple t-Designs
4.44 Table Admissible but not realizable parameter quadruples [291, 1009].

t (v, k, ), v<30

3 [(11,5,2), (16,6,2), (22,10,6), (26,10,3)

4 1(12,6,2), (12,6,6) [1574], (15,5,1), (17,7,2), (17,8,5), (18,6,1), (23,8,2), (23,11,6),
(23,11,12), (24,12,15)

5 1(16,6,1), (18,8,2), (18,9,5), (19,9,7), (24,12,6), (24,12,12)

6 [(17,7,1),(19,9,m2) form € {1...5}, (20,10,7), (20,10,14), (24,12,12), (30,15,44)

7 1(18,8,1), (20,10,m2) for m € {1...5}, (26,11,6)

8 1(19,9,1), (27,11,3), (27,12,6), (27,12,12), (27,13,18), (28,13,24)

9 [(20,10,1), (28,12,3), (28,13,6), (28,13,12), (28,14,18), (29,14,24)

o [@T12.4), (27,13,20), (29,13.3), (29,13,6), (20,13,9), (29,14,m0) for m €
{1...8}, (30,14,15), (30,15,m24) for m € {1...4}

11[(28,13,4), (28,14,20), (30,14,m3) for m € {1...5}, (30,15,m6) for m € {1...8}

12[(29,14,4), (30,15,24), (31,15,m3) for m € {1...12}

13((30,15,4)

4.45 Remark For v < 20, the only parameters of 3-designs for which existence is undecided
are 3-(16,7,5), 3-(17,7,7), and 3-(19,9, m28), where m € {5, 23, 29, 35, 41, 47, 53,
59, 65, 71, 77, 83, 89, 92, 95, 101, 107, 113, 116, 122, 125, 128, 131, 134, 137, 143,
146, 149, 155, 161, 167, 173, 179, 185, 191, 197, 203, 209, 215, 221}. The designs
can be found in [172, 333, 467, 1343, 1351, 1453, 1692, 2014], employing the standard
constructions from Theorem 4.16, or prescribing the group D7 x Cs for a 3-(14,5,5)
design.

4.46 Table Existence of simple ¢-(v, k, A) designs for t = 3,4 and t < k < v/2 and v < 24,

5<t<k<wv/2and v <40, and A < A\pax/2.

An entry of m in the set for row t-(v, k, mAnin) indicates the existence of a t-
(v, ky, mAmin) design. List(¢, &k, v) denotes the list of these values of m. A list may be
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multiplied by a factor f, meaning that each member is multiplied by f. By Theorem
4.16 some lists are easily obtained from others.

o If Apin (6, k,v) = f- Amin(t — 1,k —1,v—1), then fxList(¢, k,v) C List(t — 1,k —

1,v—1).

. If)\mm(t k,v) 55 t+1 = f-Amin(t—1,k,v—1), then fxList(t, k,v) 575 til C List(t—
1, k,v—1).

o If )\mm(t k,0) ¥ =5 = f - Amin(t — 1, k,v), then fxList(t, k, v) =% C List(t —
1,k,v).

These implications are used to avoid duplications of long lists in the table. The
notation a...b is used to indicate the set of integers from a to b. The upper limit
[ Amax/(2Amin)] on m is given by LiM. The sets are followed by prescribed automor-
phism groups, references, and theorems among which the constructions can be found.

If G is a permutation group on V', H a permutation group on W, then G— denotes
a point stabilizer, G+ adds a fixed point to G, G is a subgroup of index i in G, G
denotes the action on two element subsets, G & H denotes the direct product of the
two groups acting on VU W, and G x H denotes the direct product of the two groups
acting on the Cartesian product V' x W. The designs were constructed by prescribing
these groups and employing DISCRETA [241].

3-(20, 4, m) {1...8} L = 8, [1337)].
3-(20, 5, m2) List(4,6,21) U {3, 4} LIM = 34, Do+, Theorem 4.16 [1337, 1351].

3-(20,6,m10)  {1...34} Liv = 34, [1337].

3-(20,7,m35)  {1...34} Liv = 34, [1337].

3-(20,8,m14)  {1...221} L = 221, [1337).

3-(20,9, m28) List(4,9,21)UList(4,10,21) U {1...4, 6 ...22, 24 ...28, 30...34,
38, 42...46, 48...52, 54...58, 60...64, 66...70, 72...76, 78...82,
84...88, 91, 93, 98, 104, 106, 110, 111, 119...121, 140, 141, 151,
152, 156, 164, 171, 174, 181, 182, 188, 194, 196, 200, 201} LM = 221,
PSL(3,4)—, PSL(2,19) , HOL(C4), [1337], Theorems 4.24, 4.16, 4.18,

4.23.
3-(20, 10, m4) {1...2431} LM = 2431, Theorem 4.20.
3-(21,4, m6) {1} Lim = 1, [2011].
3-(21,5,m3) {1...25} Lim = 25, PGL(3, 2) [1335, 1351], Theorem 4.18.
3-(21,6, m4) {3...102} LM = 102, PGL(3,2)? [1351, 1335], Theorem 4.18.
3-(21,7, m15) 4xList(5,7,23) U2xList(5,8,23) U {3, 4, 6, 8, 9, 12, 15, 16, 18, 20, 21,

27, 28, 30, 32, 33, 39, 42, 44, 45, 51, 52, 57, 63, 66, 69, 75, 76, 78, 81,
87, 88, 90...93, 99, 100} Lim = 102, PSL(3,4) — +, [1335], Theorem
4.18.

3-(21,8,m84) {6, 8, 9, 12, 14, 15, 16, 18, 21, 22, 24, 27, 30, 32, 33, 36, 38, 39, 40, 42,
45, 46, 48, 51} LM = 51, PSL(3,2) x Cs, [1335], Theorems 4.8, 4.18.

3-(21,9, m42) List(5, 10,22)UList(5, 11, 23) U 13xList(5,9,22) U {1, 2, 4, 7, 10, 12,
13, 16, 17, 19, 24, 25, 31, 36, 46, 51, 61, 66, 76, 79, 106, 111, 115,
119, 120, 121, 126, 133, 141, 147, 151, 160, 165, 166, 170, 171, 177,
178, 181, 186, 187, 192, 193, 196, 201, 205, 210, 211, 214, 216, 219}
LIM = 221, Theorems 4.18, 4.8.

3-(21,10,m72) List(4,10,21) U {1, 2, 4, 7, 17, 31, 51, 61, 76, 79, 91, 106, 111, 119,
141, 151, 171, 181, 196, 201} Lim = 221, Theorems 4.18, 4.16.

3-(22,4,m) {1...9} Lim = 9, Theorem 4.16.

3-(22,5,m3) {1...28} LM = 28, Theorems 4.18, 4.16.

3-(22,6,m) {1...484} Liv = 484, [289, 753, 1338], Theorems 4.18, 4.16.
3-(22,7,m) 2x List(4,8,23) U {5, 10, 171, 285, 513, 570, 627, 630, 726, 798, 810,

855, 969, 1026, 1197, 1311, 1386, 1425, 1482, 1539, 1653, 1710, 1881,
1890} LIM = 1938, [289, 753, 1045], Theorems 4.18, 4.16, 4.24.
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3-(22,8, m6) {(m=2n:n=1..484} U{m =3n:n = 1,2,4...322} LIM = 969,
[289, 753], Theorems 4.18, 4.16, 4.8.

3-(22,9, m42) {1, 2, 4...322} Liv = 323, [289, 753], Theorems 4.16.

3-(22, 10, m6) List(5, 12, 24) U 20x List(4, 10,23) U {m = 13n,n = 2,4...322} U {7,
14, 76, 133, 190, 304, 323, 361, 475, 589, 684, 969, 1159} LM = 4199,
[289, 1045], Theorems 4.16, 4.18, 4.24.

3-(22,11, m9) 19x List(4, 10, 21)UList(5, 12, 24) U {1, 2, 4, 76, 133, 323, 589, 969,
1045, 1159} LM = 4199, [289, 753], Theorems 4.24, 4.18, 4.16.

3-(23,4, m4) {1, 2} Liv = 2, [467).

3-(23,5,m10) {1...9} LiM = 9, Theorem 4.8.

3-(23,6,m20) {1...28} LM = 28, Theorems 4.18, 4.8.

3-(23,7, m5) {1...484} LM = 484, Theorems 4.8, 4.18, 4.18, 4.16.

3-(23,8, m8) {2...969} Liv = 969, [1351].

3-(23,9,m12) {4,5,6}U{m:m >8and m =0 (mod 2)}, [1351], Theorem 4.8.

3-(23,10,m120)  List(4,10,24) U {323} LiM = 323, Theorems 4.16, 4.18.

3-(23,11,m15)  List(5,12,24) LM = 4199, Theorems 4.8, 4.18, 4.16.

3-(24, 4, m3) {1, 2, 3} Liv = 3, [2011].

3-(24, 5, m30) {1, 2, 3} LM = 3, [467].

3-(24,6,m10) {1...66} LM = 66, [1351].

3-(24,7,m105)  {1...28} LM = 28, [467].

3-(24,8, m21) {1...484} Liv = 484, [1351].

3-(24,9, m84) {1, 2, 4...322} Liv = 323, [753], Theorems 4.18, 4.8, 4.16.

3-(24,10,m180) {1, 2, 4, 6...322} LM = 323, [753], Theorems 4.18, 4.8, 4.16.

3-(24,11,m45)  7TxList(5,11,24) U {1, 2, 4, 66, 67, 133, 1210, 1276, 1277} LM = 2261,
[753], Theorems 4.24, 4.8, 4.18, 4.16.

3-(24,12, m5) 7xList(5,12,24) U {1, 2, 4, 8, 16, 24, 32, 48, 64, 144, 145, 532, 931,
1330, 2128, 2261, 2527, 3325, 4123, 4356, 4357, 4500, 4501, 4788, 6517,
6783, 8113} LM = 29393, [753, 1152], Theorems 4.24, 4.8, 4.18.

4-(11,5,m) {1, 2, 3} LM = 3, [333, 1342, 2150].

4-(12,5, m4) {1} Liv = 1, [695].

4-(12,6, m2) {2, 4...7} LM = 7, [1354], Theorems 4.16, 4.20, 4.18.

4-(13,5, m3) {1} LM = 1, Theorem 4.16.

4-(13,6, m6) {2, 3} LM = 3, [1343], Theorem 4.18.

4-(14,6,m15) {1} Liv = 1, [467].

4-(14,7, m20) {1, 2, 3} LM = 3, [333], Theorems 4.20, 4.18.

4-(15,5,m) {3, 4, 5} LM = 5, [1588, 333, 1291].

4-(15,6, m5) {2...5} LM = 5, [333], Theorem 4.16.

4-(15,7, m5) {4...16} LM = 16, HOL(C5)Cs [333].

4-(16,6, m6) {1...5} LM = 5, (Ds x Cs)+, [333], Theorems 4.18, 4.16.

4-(16,7, m20) {1...5} LM = 5, [333], Theorem 4.16.

4-(16,8,m15) {4...16} LM = 16, [333], Theorem 4.16.

4-(17,5,m) {3...6} LIMm = 6, D17, [1333].

4-(17,6, m6) {1...6} LM = 6, Theorem 4.16.

4-(17,7, m2) {3,6...71} Liv = 71, [333], Theorem 4.16.

4-(17,8, m5) {3, 6...71} LM = 71, C17Cs, [333, 1145, 1333], Theorems 4.18, 4.8,
4.16.

{1, 2, 3} LM = 3, [333].

{5...45} Liv = 45, HOL(Ci7)+, T(2,3) 1 Cs, [333, 1333, 2159)].
{1...6} LIM = 6, Theorem 4.8.

{3, 5...71} LiM = 71, [333, 1333], Theorems 4.18, 4.8.

{3, 6...71} Lim = 71, [1333], Theorem 4.18.

{1, 2, 3} LM = 3, [333], Theorem 4.18.

{1...6} LIM = 6, Theorems 4.8, 4.16.

{1...6} LIM = 6, Theorems 4.8, 4.16.

{3, 6...71} LiM = 71, Theorems 4.18, 4.8, 4.16.

{1, 2} LM = 2, [1351], Theorem 4.16.
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4-(20, 6, m30) {1, 2} Lim = 2, [1351, 1337].

4-(20,7,m140) {2} Liv = 2, [1337].

4-(20, 8, m70) {1...13} v = 13, [1337].

4-(20,9,m168)  {2...6, 8...13} LIM = 13, [1337], Theorem 4.8.

4-(20,10,m28)  List(5,10,20)U{72, 74...82, 84...92, 94...102, 104...112, 114...122,

124...132, 134...142} LM = 143, [1337], Theorem 4.18.

4-(21,5,m) {2...8}Lmt = 8, HOL(C7) x C3, HOL(Ca1).
4-(21,6,m2) {5, 6, 8...34} LIm = 34, PGL(3,2)"!, HOL(C21), [1351, 1335], Theo-
rems 4.18, 4.8.

4-(21,7, m10) List(5,7, 22) U 2xList(5, 8, 22) LIM = 34, [1335], Theorem 4.18.
4-(21,8,m70) List(5,9,22) LM = 17.
4-(21,9,m14) List(5, 10, 22) LM = 221, U{51, 169, 187, 192, 216} Liv = 221, [1335],
Theorems 4.18, 4.8.
4-(21,10, m28) {9, 10, 12, 13, 16, 18, 19, 22, 24, 25, 27, 28, 30, 33, 34, 36, 37, 39,
40, 42...46, 48, 49, 52, 54, 55, 57, 58, 60, 63, 64, 66...70, 72, 73,
75, 78, 82, 84, 85, 87. 88, 90, 93, 94, 96, 97, 99, 100, 102, 103, 105,
108, 109, 110, 112, 114, 115, 117, 118, 120, 123, 124, 126, 127, 129,
130, 132, 133, 135, 136, 138, 139, 142, 144, 145, 147, 148, 150, 153,
154, 156, 157, 158, 159, 160, 162, 163, 165, 166, 168, 169, 170, 172,
174...178, 180, 183, 184, 186, 187, 189, 190, 192, 193, 195, 198, 199,
202, 204...221} Liv = 221, PSL(2, 19)+, [1335], Theorems 4.18, 4.8,
4.16.
4-(22 6) {1} LM = 1, Theorem 4.16.
4-(22,6,m3) 3xList(5, 6,22) LM = 25, Theorem 4.16.
4-(22,7, m4) 4AxList(5,7,23) U 2xList(5, 8, 23) LM = 102.
4-(22,8,m30) 3 x (List(5, 8, 22)UList(5, 9, 23)) LiM = 51, Theorem 4.16.
4-(22,9,m252)  List(5,9,22) U {11, 66} Liv = 17, Theorem 4.16.
4-(22,10,m42)  List(5, 10,22)UList(5, 11, 23) Liv = 221, Theorem 4.16.
4-(22,11,m72)  List(4,10,21) Liv = 221, Theorem 4.18.
4-(23,5,m) {1...9} Lim = 9, [1351], Theorem 4.16.
4-(23,6, m3) {1...28} LM = 28, Theorem 4.16.
4-(23,7,m) {1...484} Liv = 484, [2159, 1338, 289, 753], Theorem 4.16.
4-(23,8,m2) {m=2n1<n<484} U{3} U{m =6n+3, 3 <n < 160} U {969}
LIM = 969, [1783, 289], Theorems 4.16, 4.18.
23,9, m18) (1,2, 4...322} LM = 323, [289, 753], Theorem 4.16.
93,10,m42)  {2,4...323} LM = 323, [289, 753], Theorem 4.16.
23,11, m6) List(5, 12, 24) LM = 4199.
24,6, m10) {1...9} LiMm = 9, Theorem 4.8.
24,7, m20) {1...28} LM = 28, Theorem 4.8.
24,8, mb) {1...484} LM = 484, Theorem 4.16.
24,9, m24) {1,2, 6...233} LM = 323, Theorems 4.8, 4.16.
(24,10,m60)  {2,4...323} LIM = 323, Theorems 4.8, 4.16.
(24,11,m120)  List(5, 11, 24)UList(5, 12, 25)UList(5, 11, 25) LM = 323, Theorem 4.16.
24,12,m15)  List(5,12,24)) L1 = 4199, Theorem 4.16.
12,6, m) {1, 2, 3} LM = 3, Theorem 4.20.
1 ) {1} L = 1, [1352]. (See Example 4.21.)
14,6, m3) {1} v = 1, [333].
1 ) {2, 3} LM = 3, Theorems 4.20, 4.18.
15,7, m15) {1} Liv = 1, [2069].
16,6, m) {3, 4, 5} LM = 5, D1, [333], Theorem 4.16.
1 ) {3, 4, 5} Lim = 5, HOL(C46), HOL(Cs) x Ca, [333].
16,8, m5) {4...16} LM = 16, Theorem 4.20.
1 ) {2...5} Lim = 5, [333, 2069].
17,8, m20) {3, 4, 5} LM = 5, [2069, 1333].
18,6, m) {4, 5, 6} LIM = 6, [333, 1333], Theorem 4.16.
18,7, m6) {1...6} L = 6, [1333).
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5-(24, 12, m6)

(3,7, 8,15, 16, 20, 22, 23, 24, 30...33, 38...41, 46...49, 52, 54...57,
62...65, 70, 71} LIM = 71, [1333, 1504], Theorems 4.18, 4.16.

{3, 6...71} LIM = 71, [333, 1333], Theorems 4.16, 4.20.

{2,3} Lim =7, HOL(Ch9) [239].

{4, 5, 6} LIM = 6, [333, 2069], Theorem 4.18.

{2...6} LIM = 6, [2069], Theorem 4.16.

(3,7,8,15,16,18...71} LM = 71, PSL(2,17)+, [333, 1320, 2069],
Theorem 4.16.

{1...6} LM = 6, [1337].

{1...6} Liv = 6, [1337, 2069)].

{3, 6...71} LIM = 71, [1337], Theorems 4.18, 4.20.

{1, 2} LM = 2, HOL(C5; ), Theorem 4.16.

{2} LM = 2, Theorem 4.16.

{1} LM = 1, Theorem 4.16.

{2...6,8...13} LI = 13, PSL(2, 19)+, Theorem 4.16, PSL(3, 2) x Ss,
(PTL(2,9) x id2)+ [2069].

{2, 4, 5, 6, 8, 10, 11, 12, 13} LM = 13, PGL(2, 19)+, PSL(3,2) x Ss,
[1335, 2069], Theorem 4.18.

{4...8} LM = 8, Theorem 4.16.

{8, 16, 18, 20, 24, 28, 30, 34} LIM = 34, Theorems 4.16, 4.8.

{2...12, 14, 16, 17} LM = 17, PSL(2, 19)++, Theorem 4.8.
{3,4,6,7,9,10,12,13,15,16, 17} LM = 17, PSL(2,19)++, Theorem
4.16.

List(6, 11,23) U {18, 22, 27, 28, 30, 33, 34, 37, 39, 40, 42, 43, 44, 45,
48, 49, 52, 54, 57, 58, 60, 68, 69, 70, 75, 84, 88, 93, 96, 97, 102, 110,
124, 129, 136, 138, 142, 170, 174, 183, 202, 221} Lim = 221, M1 x Ca,
PSL(2,19)++, PSL(3,4) — ®C2, PT'L(2,9) x Cy & C2, Theorems 4.18,
4.16.

List(4,10,21) Lim = 221, Theorem 4.20.

{1} LM = 1, HOL(C43).

{12, 15, 18, 21, 24} Liv = 25, Theorem 4.16.

{12, 24, 27, 30, 36, 48, 51} LM = 51, Theorems 4.8, 4.18, 4.16.
{3,4,6,7,9,10, 11, 13, 16, 17} Liv = 17, Theorems 4.8, 4.18, 4.16.
{3, 4, 6, 9, 10, 11, 12, 13, 15, 16, 17} Liv = 17, PSL(2,19) @ Cs,
PSL(2,23), Theorems 4.8, 4.18, 4.16.

List(6,12, 24) U {18, 22, 27, 28, 30, 33, 34, 37, 39, 40, 42, 43, 45, 48,
49, 52, 54, 57, 58, 60, 68, 69, 70, 75, 84, 88, 93, 102, 124, 129, 136,
138, 142, 143, 170, 174, 183} LiM = 221, Theorems 4.8, 4.18, 4.16.
{1...9} L = 9, [691, 753, 1351].

{1...28} Lim = 28, [753, 1351].

{1...484) Liv = 484, [289, 753, 1338, 2150].

{1, 2, 6...323} Liv = 323, PSL(2, 23), PGL(2, 23), [120, 289, 753).
{2, 4...323) LIm = 323, PSL(2, 23), PGL(2, 23), [289, 753].

19x List (6, 11, 24)UList (6, 11, 25)UList(6, 12, 25) U {8, 11, 19, 22, 30,
33, 41, 44, 52, 55, 57, 63, 66, 74, 76, 77, 85, 88, 96, 99, 107, 110,
118, 121, 129, 132, 140, 143, 151, 154, 162, 165, 173, 176, 239, 323}
LM = 323, PSL(2,23), PGL(2,23), [289, 753], Theorems 4.18, 4.16.
19xList(6, 12, 24) U {8, 16, 19, 27, 30, 33, 38, 41, 44, 49, 52, 55, 60,
63, 66, 71, 74, 77, 82, 85, 88, 93, 96, 99, 104, 107, 110, 115, 118, 121,
126, 129, 132, 137, 140, 143, 148, 151, 154, 159, 162, 165, 170, 173,
176, 181, 184, 187, 192, 195, 198, 203, 206, 209, 214, 217, 220, 225,
9228, 231, 236, 239, 242, 247, 250, 253, 258, 261, 264, 269, 272, 275,
280, 283, 286, 291, 294, 297, 302, 305, 308, 313, 316, 319, 324, 327,
330, 335, 338, 341, 342, 346, 349, 352, 357, 360, 363, 368, 371, 374,
379, 382, 385, 390, 393, 396, 401, 404, 407, 412, 415, 418, 423, 426,
429, 434, 437, 440, 445, 448, 451, 456, 459, 462, 467, 470, 473, 4TS,
481, 484, 489, 492, 495, 500, 503, 506, 511, 513, 514, 517, 522, 525,
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5-(25, 12, m120)

5-(26,6, m3)
5-(26,8, m70)
5-(26,9, m315)
5-(26, 10, m63)
5-(26, 11, m84)

5-(26, 12, m180)

5-(26, 13, m45)

27,6, m2)
97,7, m21)
27,8, m140)
27,9, m35)
27,10, m126)

5-(
5-(
5-(
5-(
5-(
5-(27,11,m231)

528, 532, 533, 536, 539, 544, 547, 550, 555, 558, 561, 566, 569, 570,
572, 577, 560, 563, 568, 571, 574, 577, 580, 583, 588, 591, 594, 599,
602, 605, 610, 613, 616, 621, 624, 627, 632, 635, 638, 643, 646, 649,
654, 657, 660, 665, 668, 671, 672, 676, 679, 682, 687, 690, 693, 698,
701, 703, 704, 709, 712, 715, 720, 723, 726, 731, 734, 737, 741, 742,
745, 748, 753, 756, 759, 760, 764, 767, 770, 775, 778, 781, 786, 789,
792, 797, 798, 800, 803, 808, 811, 814, 817, 819, 822, 825, 830, 833,
836, 841, 844, 847, 852, 855, 858, 863, 866, 869, 874, 877, 880, 885,
888, 891, 896, 899, 902, 907, 910, 912, 913, 918, 921, 924, 929, 931,
932, 935, 940, 943, 946, 951, 954, 957, 962, 965, 968, 973, 976, 979,
984, 987, 988, 990, 995, 998, 1001, 1006, 1009, 1012, 1017, 1020, 1023,
1026, 1028, 1031, 1034, 1039, 1042, 1050, 1053, 1056, 1061, 1064, 1067,
1072, 1075, 1078, 1083, 1086, 1089, 1094, 1097, 1100, 1102, 1105, 1108,
1111, 1116, 1119, 1122, 1127, 1130, 1133, 1138, 1140, 1141, 1144, 1149,
1152, 1155, 1160, 1163, 1166, 1171, 1174, 1177...4199} Lim = 4199,
PSL(2,23), PGL(2, 23), [120, 289], Theorems 4.16, 4.20, 4.18.
{1...9} Lim = 9, Theorem 4.18.

{1...28} Lim = 28, PSL(2, 23), Theorems 4.16, 4.18.

{1, 3...161} Liv = 161, PSL(2, 23), Theorems 4.16, 4.18.

{2, 6...323} Liv = 323, PSL(2, 23), Theorems 4.16, 4.18.
List(6, 11, 25)UList(6, 12, 26)UList(6, 11, 26) U {8, 11, 19, 22, 30, 33,
41, 44, 52, 55, 57, 66, 74, 77, 85, 88, 96, 99, 107, 110, 114, 118, 121,
129, 132, 140, 143, 151, 154, 158, 171, 173, 176, 187, 195, 206, 217,
231, 239, 242, 253, 261, 272, 273, 283, 285, 294, 305, 308, 318 ...323}
LM = 323, PSL(2,23), Theorems 4.16, 4.18.

List(6,13,26) U {8, 11, 19, 22, 30, 33, 41, 44, 52, 55, 57, 66, 74, 77,
79, 81, 85, 88, 96, 99, 106, 107, 108, 110, 118, 121, 129, 132, 133, 135,
158, 151, 154, 160, 162, 173, 176, 189, 196, 214, 226, 239, 268, 270,
288, 298, 321} LIM = 323, PSL(2, 23), Theorems 4.16, 4.18.

{3} LM = 3, HOL(C4).

{1...9} Lim = 9, PSL(2, 25), Theorems 4.16, 4.18.

{1...9} Lim = 9, PGL(2, 25), Theorems 4.16, 4.18.

{1, 3...161} Lim = 161, PGL(2, 25), Theorems 4.16, 4.18.

List(6, 12, 27) U 2xList(6, 11, 27) U {8, 11, 19, 22, 30, 33, 41, 44, 55,
57, 61, 63, 74, 76, 77, 85, 88, 96, 99, 107, 110, 114, 118, 121, 129, 132,
140, 143, 151, 154, 165, 169, 171, 173, 176, 195, 206, 209, 217, 219,
231, 239, 242, 247, 253, 261, 272, 275, 283, 285, 294, 305, 308. .. 323}
LM = 323, PGL(2,25), Theorems 4.16, 4.18.

List(7, 14, 28)UList(6, 12, 27) U {8, 11, 19, 22, 30, 33, 41, 44, 55, 57,
66, 74, 77, 85, 88, 96, 99, 107, 110, 114, 118, 121, 129, 132, 140, 143,
151, 154, 171, 173, 176, 184, 195, 206, 217, 220, 231, 239, 242, 250,
253, 261, 264, 272, 275, 283, 285, 288, 305, 319, 321, 323} LM = 323,
Theorems 4.16, 4.18.

7xList(7,14,28) U {56, 77, 133, 154, 210, 231, 287, 308, 385, 399,
462, 518, 539, 553, 567, 595, 616, 672, 693, 742, 749, 756, 770, 798,
826, 847, 903, 924, 931, 980, 1001, 1057, 1078, 1120, 1134, 1197, 1211,
1232, 1288, 1309, 1323, 1365, 1442, 1498, 1519, 1540, 1617, 1673, 1694,
1750, 1771, 1827, 1848, 1904, 1925, 1981, 1995, 2016, 2135, 2233, 2247,
2261} LM = 2261, Theorems 4.16, 4.18.

{3} LM = 11, Theorem 4.16.

{2...5} LM = 5, Theorem 4.16.

{2...5} LM = 5, Theorem 4.16.

List(6, 10,28) U {11, 22, 55, 88} LiM = 104, Theorem 4.18.

List(6, 10,28) U {11, 22, 55, 88} LiM = 104, Theorem 4.18.

List(6, 12, 28)UList(6, 11, 27) U{4, 11, 15, 22, 26, 37, 38, 44, 48, 55, 57,
59, 66, 70, 77, 88, 102, 103, 120, 121, 136, 147, 154, 158} LM = 161,
Theorems 4.16, 4.18.
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5-(27,12, m264)

5-(27, 13, m495)

5-(28,8,m7)

5-(28,9, m35)

5-(28, 10, m7)

-(28,11,m231)
-(28,12,m33)

gt Ot

5-(28,13,m33)

5-(28, 14, m55)

-(29,6,m12)
-(29,7, m6)

Ut Ot

5-(29, 8, m8)

5-(29,9, m42)

2x List(6, 12, 28)UList (6, 12, 27) U {8, 11, 19, 22, 30, 33, 41, 44, 55, 57,
61, 63, 66, 74, 76, 77, 85, 88, 96, 99, 102, 107, 110, 114, 118, 121, 126,
129, 132, 140, 143, 150, 151, 154, 156, 165, 169, 171, 173, 176, 184,
195, 196, 198, 206, 209, 217, 219, 220, 231, 232, 238, 239, 242, 247,
250, 253, 261, 264, 272, 275, 283, 285, 288, 294, 305, 308, 319, 321,
323} LM = 323, Theorems 4.16, 4.18.

List(7,14,28) U {8, 11, 19, 22, 30, 33, 41, 44, 55, 57, 66, 74, 77, 79, 81,
85, 88, 96, 99, 106, 107, 108, 110, 114, 118, 121, 129, 132, 133, 140,
143, 150, 151, 154, 160, 162, 171, 173, 176, 184, 187, 189, 195, 206,
214, 217, 220, 231, 239, 242, 250, 253, 261, 264, 272, 275, 283, 285,
288, 305, 319, 321, 323} LiM = 323, Theorems 4.16, 4.18.

{2...11} L = 11, [1355].

List(6,8,29) U {1, 7, 8, 14, 15, 21, 22, 28, 29, 30, 33, 35, 40, 46, 50, 56,
60, 71, 73, 77, 88, 90, 92, 98, 103, 113, 119, 121, 123} Liv = 126, S,
PSL(2,13) x Cy PSL(2,27), PI'L(2,27), PT'L(2,25) ® Cs, [691, 289,
Theorems 4.16, 4.18.

{3...126} Liv= 126, S, PSL(2,27), [289], Theorem 4.8. Theorems
4.16, 4.18.

List(6,9,29) U {3, 4, 10, 12, 13, 16, 19, 21, 24, 25, 27, 28, 30, 31, 33,
34, 37, 39, 40, 43, 45, 48, 49, 51, 52, 55, 57, 61, 73, 75, 79, 82, 84, 88,
91, 94, 97, 103, 106, 111, 115, 124} L = 126, PSL(2, 27), Sp(6, 2),
[289], Theorems 4.16, 4.18.

11xList(6, 11, 29) U 19x List (6, 10, 29) U 23 x List (6, 10, 28) U {253, 307,
420, 427, 506, 720, 960, 1080, 1265, 1440, 1680, 1800, 1867, 2024}
LM = 2392, PSL(2,27), Sp(6,2), Theorems 4.16, 4.18.

{69, 138, 152, 161, 184, 207} LM = 218, Theorems 4.16, 4.18.

List(6, 13, 29) U 23x List(6, 12, 28) U {92, 253, 345, 506, 598, 621, 750,
851, 874, 1012, 1104, 1173, 1265, 1311, 1357, 1449, 1518, 1610, 1771,
1794, 2024, 2116, 2254, 2277, 2369, 2530, 2584, 2668, 2737, 2760, 2783,
2875, 3036, 3128, 3312, 3381, 3542, 3634} LiM = 3714, Theorems 4.16,
4.18.

List(7,15,30) U {184, 253, 437, 506, 690, 759, 943, 1012, 1265, 1311,
1403, 1449, 1518, 1702, 1748, 1771, 1817, 1863, 1955, 2024, 2208, 2277,
2346, 2438, 2461, 2484, 2530, 2622, 2714, 2783, 2898, 2967, 3036, 3059,
3220, 3289, 3450, 3473, 3542, 3588, 3680, 3726, 3795, 3887, 3933, 3979,
4048, 4232, 4301, 4347, 4485, 4508, 4554, 4738, 4807, 4922, 4991, 5037,
5060, 5313, 5336, 5474, 5497, 5566, 5681, 5750, 5819, 6003, 6072, 6256,
6325, 6509, 6555, 6624, 6762, 7015, 7084, 7337, 7383} LIM = 7429,
Theorems 4.16, 4.18.

List(6, 14, 29) U 23x List(6, 14, 28) U {184, 253, 437, 506, 690, 759, 943,
1012, 1265, 1311, 1518, 1702, 1748, 1771, 1817, 1863, 1955, 2024, 2208,
2277, 2438, 2461, 2484, 2530, 2622, 2714, 2783, 2967, 3036, 3059, 3220,
3289, 3450, 3473, 3542, 3680, 3726, 3933, 3979, 4048, 4232, 4301, 4347,
4485, 4738, 4922, 4991, 5060, 5313, 5497, 5566, 5750, 5819, 6003, 6072,
6256, 6325, 6509, 6555, 6624, 7015, 7337, 7383} LIM = 7429, Theorems
4.16, 4.18.

{1} LM = 1, Theorem 4.16.

{4, 6, 14, 16, 18, 22, 21, 23} Liv = 23, PGL(2, 27)+, Theorems 4.16,
4.18.

List(6, 9, 30)U List(6, 8, 20)U{7, 8, 14, 15, 21, 22, 28, 29, 30, 33, 35, 40,
50, 56, 71, 73, 77, 88, 90, 92, 98, 103, 113, 119, 121, 123} LM = 126,
PGL(2,27)+, Theorems 4.16, 4.18.

List(6,9,29)U{3, 4, 10, 12, 13, 16, 19, 21, 24, 25, 27, 28, 30, 31, 33, 34,
37, 39, 40, 43, 45, 48, 49, 51, 52, 55, 57, 61, 73, 75, 79, 82, 84, 88, 91,
94, 97, 103, 106, 111, 115, 124} Lim = 126, PGL(2, 27)+, Theorems
4.16, 4.18.
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5-(29, 10, m168)
5-(29, 11, m308)
(29,12, m792)

5-
5-(29, 13, m99)

5-(29, 14, m44)

-(30, 6, m5)
0,7, m30)
0,8, m20)

0,9, m10)

(3
(3
_(3
(3

-(30, 10, m42)
0,11, m1540)

3
3
30, 12, m220)
3
3

5-(
5-(
5-(
5-(
5-(

0,13, m495)
0,14, m55)

5-(30, 15, m22)

5-(31, 10, m4)

1,11, m154)
1,12, m440)
1,13, m715)
1,14, m1430)

W www

5-(
5-(
5-(
5-(

List(6, 10, 20)UList(6, 10, 30) LM = 126, Theorem 4.16.

List(6,11,29) U {2, 3, 23, 36, 54, 72, 81, 108, 184} LM = 218,
PI'L(2,27)+, Theorem 4.16.

{69, 152, 161, 184} Lim = 218, PGL(2, 27)+, Theorems 4.16, 4.18.
List(6,13,29) U {92, 253, 345, 506, 598, 759, 851, 874, 1012, 1104,
1173, 1219, 1242, 1265, 1311, 1357, 1449, 1518, 1610, 1771, 1794, 1840,
1863, 2024, 2116, 2254, 2277, 2369, 2461, 2530, 2668, 2737, 2760, 2783,
2875, 3036, 3128, 3312, 3381, 3542, 3634} Lim = 3714, PGL(2,27)+,
Theorems 4.16, 4.18.

2x List(7,15,30) U {368, 506, 874, 1012, 1380, 1518, 1886, 2024, 2530,
2622, 2806, 2898, 3036, 3404, 3496, 3542, 3634, 3726, 3910, 4048, 4416,
4554, 4692, 4876, 4922, 4968, 5060, 5244, 5428, 5566, 5796, 5934, 6072,
6118, 6440, 6578, 6900, 6946, 7084, 7176, 7360, 7452, 7590, 7774, 7866,
7958, 8096, 8188, 8464, 8602, 8694, 8970, 9016, 9108, 9476, 9614, 9844,
9982, 10074, 10120, 10488, 10626, 10672, 10948, 10994, 11132, 11362,
11500, 11638, 12006, 12144, 12512, 12650, 13018, 13110, 13248, 13524,
14030, 14168, 14674, 14766} LM = 14858, PGL(2,27)+, Theorems
4.16, 4.18.

{1} LM = 2, PSL(2,29).

{3,5} Lim = 5, PSL(2,29), Theorem 4.8.

{5, 10, 15, 24, 35, 40, 45, 52, 55} LIM = 57, Theorems 4.16, 4.18.

5x List(6,9,30) U {75, 105, 110, 140, 150, 165, 200, 215, 245, 264, 285,
365, 420, 440, 450, 455, 515, 530, 572, 605, 615} LIM = 632, Theorems
4.16, 4.18.

5x List(6, 10, 30) U {440} LiM = 632, Theorems 4.16, 4.18.

{40} LM = 57, Theorem 4.16.

{1, 345, 760, 805, 920} LiM = 1092, Theorems 4.16, 4.18. [1504].
{345, 805, 920} Lim = 1092, PGL(2,27)+, Theorem 4.18.
List(6,15,31) U {98, 460, 1025, 1265, 1725, 2530, 2990, 3795, 4255,
4370, 5060, 5520, 5865, 6095, 6210, 6325, 6555, 6785, 7245, 7590, 8050,
8855, 8970, 9200, 9315, 10120, 10580, 11270, 11385, 11845, 12305,
12650, 13340, 13685, 13800, 13915, 14375, 15180, 15640, 16560, 16905,
17710, 18170} LM = 18572, PGL(2, 27)+, [1504] Theorems 4.16, 4.18.
10xList(7, 15, 30) U {392, 1840, 2530, 4100, 4370, 5060, 6900, 7590,
9430, 10120, 12650, 13110, 14030, 14490, 15180, 17020, 17480, 17710,
18170, 18630, 19550, 20240, 22080, 22770, 23460, 24380, 24610, 24840,
25300, 26220, 27140, 27830, 28980, 29670, 30360, 30590, 32200, 32890,
34500, 34730, 35420, 35880, 36800, 37260, 37950, 38870, 39330, 39790,
40480, 42320, 43010, 43470, 44850, 45080, 45540, 47380, 48070, 49220,
49910, 50370, 50600, 53130, 53360, 53820, 54740, 54970, 55660, 56810,
57500, 58190, 60030, 60720, 62560, 63250, 65090, 65550, 66240, 67620,
70150, 70840, 73370, 73830} LM = 74290, Theorems 4.16, 4.18.

{3,5} LIM = 6, Theorem 4.16.

List(7,33,9) U {15} LM = 32, Theorem 4.16.

List(5,7,31) U {18, 22} LM = 32, Theorem 4.16.

13xList(6, 9, 31)UList(6, 10, 32) U {276, 299, 368, 391, 460, 520, 552,
575, 637, 644, 667, 715, 736} LIM = 747, Theorems 4.16, 4.18.
13xList(6, 10, 31) U {3795, 4554, 5313, 5566, 5720, 5808, 5850, 6864,
7029, 7557, 7865, 7995, 8096, 8184} LiM = 8222, Theorems 4.16, 4.18.
{520} LM = 747, Theorem 4.18.

{520} LM = 747, Theorem 4.18.

{345, 805, 920} LM = 1092, Theorem 4.18.

{345, 805, 920} LM = 1092, Theorem 4.18.
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5-(31,15, m143)

5-(32,6,m3)
5-(32,7, m3)
5-(32,8, m5)

5-(32,9, m90)
5-(32,10, m18)
5-(32, 11, m66)
5-(32,12, m198)
5-(32, 14, m715)
5-(32, 15, m429)
5-(32, 16, m39)

5-(33,6, m4)
5-(33,7, m42)
5-(33,8, m28)

5-(33,9, m105)

5-(33, 10, m504)
5-(33,11, m84)
5-(33,12, m264)
5-(33, 15, m2002)
5-(33,16, m1092)
5-(34,6,m)
5-(34,7, m14)
5-(34,9, m21)
5-(34,10, m21)

5-(34, 11, m84)
5-(34,12,m12)
5-(34, 16, m182)
5-(34,17, m91)

5,7, m15)

5,8, m140)
5,9, m315)
5,10, m126)

List (6, 16, 32) U {460, 1265, 1725, 2530, 2990, 3795, 4255, 4370, 5060,
5520, 5865, 6095, 6210, 6325, 6555, 6785 7245, 7590, 8050, 8855, 8970,
9200, 9315, 10120, 10580, 11270, 11385, 11845, 12305, 12650, 13340,
13685, 13800, 13915, 14375, 15180, 15640, 16560, 16905, 17710, 18170}
LIM = 18572, Theorem 4.18.

{1} LM = 4, PSL(2, 31).

{12, 27, 45, 57} LM = 58, Theorems 4.16, 4.18.

3xList(6,9,33) U {73, 80, 84, 85, 88, 92, 100, 101, 109, 112, 113, 116,
121, 128, 133, 135, 136, 137, 140, 213, 216, 217, 224, 241, 260, 289}
LIM = 292, AGL(4,2) x C2, Theorems 4.16, 4.18.

List(6,9,33) U {5, 45, 54, 58, 65, 66} LIM = 97, Theorems 4.16, 4.18.
3x List(6, 10, 32) U 23x List(6, 10, 33) U {1472, 1560, 2145} LM = 2242,
Theorems 4.16, 4.18.

{1560} LM = 2242, Theorem 4.18.

{1560} LM = 2242, Theorem 4.18.

{1035, 2415, 2760} LiM = 3277, Theorem 4.18.

{3105, 7245, 8280} LiM = 9832, Theorem 4.18.

9x List(6, 15,31) U {4140, 11385, 15525, 22770, 26910, 34155, 38295,
39330, 45540, 49680, 52785, 54855, 55890, 56925, 58995, 61065,
65205, 68310, 72450, 79695, 80730, 82800, 83835, 91080, 95220,
101430, 102465, 106605, 110745, 113850, 120060, 123165, 124200,
125235, 129375, 136620, 140760, 149040, 152145, 159390, 163530}
LIM = 167152, Theorems 4.16, 4.18.

{1,2,3} L = 3, PGL(2, 32), PTL(2, 32), [1867].

{1,3,4} Lim = 4, PT'L(2, 32), [1867).

{5,12,25,27, 32,45, 57} LIM = 58, PT'L(2, 32), [1867], Theorems 4.16,
4.18.

List(6,10,34) U {8, 11, 12, 45, 80} LiM = 97, PGL(2, 32), PT'L(2, 32),
Theorems 4.16, 4.18. [1867], Theorems 4.16, 4.18.

List(6, 10,34) U {5, 45, 58, 65, 66} LiM = 97, Theorems 4.16, 4.18.
{1560, 1725} LM = 2242, Theorems 4.16, 4.18.

{1560} LM = 2242, Theorem 4.18.

{1035, 2415, 2760} LiM = 3277, Theorem 4.18.

{3105, 7245, 8280} LiM = 9832, Theorem 4.18.

{4,5,9,12} Lim=14 , PGL(2, 23)+, PTL(2, 16) x C, PGL(2, 16) x C»
[1867].

{5,14} Lim = 14, PT'L(2,16) x C2, PGL(2,16) x C> [1867].

List(6, 10, 35) U {261} LIM = 565, Theorem 4.16.

5x List(6, 10, 35) U 29x List(6, 10, 34) U {1305} LIM = 2827, Theorems
4.16. 4.18.

List(6,11,35) LM = 2827, Theorem 4.16.

{45240} LM = 65032, Theorem 4.18.

{30015, 70035, 80040} LM = 95047, Theorem 4.18.

{1...40, 90045, 210105, 240120} LiM = 285142, Theorems 4.24,4.16,
4.18.

{5} LiM = 14, Theorem 4.18.

{11} uim = 14, Sp(6,2)s6.

{33, 37} LIM = 43, Theorem 4.18.

List(6, 11,36) U { 116, 261, 481, 551} LM = 565, Theorems 4.16, 4.18.
List(6, 66, 35) LIM = 2827, Theorem 4.16.

{30015, 70035, 80040} LM = 95047, Theorem 4.18.

{1...15} LM = 15, PGL(2, 17) x Cs, [1401].

{11} Lm = 15, Séz], graphical design.

{216, 395, 440} LIM = 449, Theorem 4.16.

{216, 341, 395, 440} LM = 449, Sp(6, 2)36, Theorem 4.16.

{1147} LM = 1348, Theorem 4.18.
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6,11, m21)
6,12, m15)
6,15, m143)

5-(3
5-(3
5-(3
5-(36, 18, m35)

5-(

5-(

5-(

5- (37 9 m10)
5-(37,10, m56)
5-(37,11,m84)
5-(37,12,m24)
5-(38, 6, m3)
5-(38,7, m6)
5-(38, 8, m4)
5-(38,9,m30)

5-(38, 10, m6)

4,10, m90)
4,11, m252)

31xList(6,11, 36) Lim = 17530, Theorem 4.18.

{3} Lim = 87652, Self-dual Code.

{39} LM = 155077, Self-dual Code.

{5991, 930465, 2171085, 2481240} LiM = 2946472, Self-dual Code,
Theorem 4.18.

{4} LM = 4, Theorem 4.16.

{88, 124} Lim = 124, Theorem 4.18, Theorem 4.65.

{36, 62} LIM = 62, Theorem 4.16.

List(6, 10, 38) U 4x List(6, 9, 37) LIM = 1798, Theorem 4.16.

List(6, 10, 38) LM = 1798, Theorem 4.16.

3xList(6,11,38) LiM = 5394, Theorem 4.16.

13x List (6, 12, 38) LIM = 70122, Theorem 4.16.

(3,4} Liv = 5, PGL(2, 37), [1867].

{33, 44} LM = 44, PGL(2, 37).

List(6, 10, 39) LM = 682, Theorem 4.16.

List(6,10,39) U {275, 374, 396, 473, 495, 504} LiM= 682, Theorems
4.16, 4.18.

11xList(6, 10, 38) U 29x List(6, 10, 39) U {7975, 10846, 11044, 13717,
14355, 17226} LiM = 19778, Theorems 4.16, 4.18.

List(6, 11,39) U {1044} LM = 1798, Theorems 4.16, 4.18.
List(6,12,38) LM = 5394, Theorem 4.16.

{8} Lim = 17, PSL(3,3) x Cs.

List(6,9,40) U {374} LiM = 374, Theorems 4.16, 4.18.

List(6, 10, 40) U 31x List (6, 9, 40) LiM = 11594, Theorem 4.16.

List(6, 10, 40) U 11x List(6, 11, 40) LiM = 11594, Theorem 4.16.

29x List(6, 11, 40) U 17xList(6, 11,39) LIM = 30566, Theorem 4.16.
List (6, 12,40) LM = 30566, Theorem 4.16.

List(6,9,40) LiM = 374, Theorem 4.16.

List (6, 10,40) LM = 11594, Theorem 4.16.

List(6,11,40) Lim = 1054, Theorem 4.16.

List (6, 12,40) LM = 30566, Theorem 4.16.

{1} LM = 1, Theorem 4.20.

{4,6} L1m = 6, [239].

List(7,10,20) Lim = 71, Theorem 4.16.

{4} LM = 6, [1337].

{48, 58, 62, 63, 67, 68} LM = 71, PSL(2, 19), PSL(3,4)—

{3,5,6} LIM = 6, Theorem 4.16.

{2} Lim = 2, [2014].

{1} Lim = 1, [1350].

{1} uim = 1, (PSL(3,2) x S3)+

{5, 12} Lim = 13, PSL(2,19)++.

{5, 6, 9, 10, 11, 12, 13} LM = 13, PGL(2, 19)++, Theorems 4.18,
4.20.

{4...8} LM = 8, Theorem 4.18.

{8, 10, 12, 14, 16, 17} Liv = 17, Theorems 4.16, 4.18.

{10, 12, 16, 17} Liv = 17, (PSL(3,2) x S3)+ Theorem 4.16.

{6, 9, 10, 12, 15, 16, 17} LiM = 17, (PGL(2, 19) ® Cs)+, Theorem 4.16.
{55, 63, 64, 67, 72, 73, 78, 82, 85, 87, 90, 94, 99, 100, 103, 105, 108,
109, 112, 114, 117, 118, 123, 127, 130, 132, 135, 139, 144, 145, 148,
150, 152, 153, 154, 156, 157, 159, 162, 163, 168, 172, 175, 180, 184,
189, 190, 195, 198, 199, 204, 207, 208, 213, 217, 220} LM = 221,
(PGL(2,19) & C3)+, Theorems 4.16, 4.18.

{12, 15, 18, 21, 24} LM = 25, [239].

{10, 12, 16, 17} LM = 17, Theorems 4.16, 4.18.

{10, 11, 12, 16, 17} LM = 17, Theorems 4.16, 4.18.

{6, 9, 10, 11, 12, 15, 16} LM = 17, Theorems 4.16, 4.18.
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6-(24, 12, m42)

(=]

_(257 77 m)
-(25,8,m3
6-(25,9, m3)

(=]
=

6-(25, 10, m6)
6-(25, 11, m18)
6-(25, 12, m42)

6-(26,8, m10)
6-(26, 9, m60)
6-(26, 10, m15)

6-(26, 11, m24)
6-(26, 12, m60)

6-(26, 13, m120)
6-(27,9, m70)
6-(27,10, m315)
6-(27, 11, m63)

6-(27,12, m84)

6-(28, 11, m1386)
6-(28,12, m231)

6-(28, 13, m264)

6-(28, 14, m495)
6-(29,7,m)
6-(29,8,m)

6-(29,9, m7)

-(29, 10, m35)
9,11, m77)
9,12, m231)

9,13, m33)

(2
(2
(2
(2

List(7,12,24) U {155,176, 188,209,210,211,221} LM =
PSL(2, 23).

{6} LM = 9, Theorem 4.16.

{12, 15, 18, 21, 24, 27} LM = 28, [239], Theorem 4.16.

{35, 48, 60, 63, 68, 75, 80, 83, 95, 102, 108, 114, 119, 120, 123, 128, 135,
140, 143, 144, 152, 153, 155} LM = 161, AGL(2, 5), [1867], Theorem
4.16.

List(7, 11,26) U {190, 304, 323} LiM = 323, Theorems 4.16, 4.18.
List(7, 11, 26)UList(7, 12, 26) U {190, 209, 304} LM = 323, Theorems
4.16, 4.18.

List(7,12,26) U {114, 171, 184, 187, 190, 195, 198, 206, 209, 217, 220,
231, 242, 250, 253, 261, 264, 272, 275, 283, 285, 294, 297, 304, 305,
308, 316, 319} LiM = 323, Theorems 4.16, 4.18.

{6, 7} LM = 9, [239].

{1, 3...9} Lim = 9, PSL(2,25), Theorems 4.16, 4.18.

List(7,11,27) U {38, 48, 50, 53, 65, 68, 75, 83, 93, 95, 113, 120} LM =
161, PGL(2,25), Theorems 4.16, 4.18.

2x List(7, 11, 27)UList(7, 12, 27)U{190, 226, 316, 321} LIM = 323, The-
orems 4.16, 4.18.

List(7, 13, 27)UList(7, 12, 27) U {190, 209, 304, 316} LM = 323, Theo-
rems 4.16, 4.18.

List(6, 12, 25)UList(7, 13, 27) U {323} LiM = 323, Theorems 4.16, 4.18.
{4,6,7,9} Lim = 9, U(4, 2), PTL(2, 25), [1867], Theorems 4.16, 4.18.
{3,4,7,9} LM =9, ASL(3,3)"®, [1867], Theorems 4.16, 4.18.
List(7,11,27) U {27, 33,42,53,95,113} LiM=161, [1867], Theorems
4.16, 4.18.

List(7, 12, 27)UList(7, 13, 28) U {52, 54, 135, 178, 187, 190, 234, 241,
282, 304} LM = 323, [1867], Theorems 4.16, 4.18.

List(7, 14, 28) LIM = 323.

{3} LM = 5, PSU(3,9).

{2...5} LM = 5. [1848].

{2, 3} LM = 5, PSL(2,25) & C2, Theorem 4.16.

{24, 26, 27, 29, 30, 32, 33, 35, 36, 38, 39, 41, 42, 44, 45, 47, 48, 50, 54,
57, 62, 63, 66, 72, 74, 77, 80, 83, 84, 89, 90, 92, 93, 98, 99, 101, 102,
104} LM = 104, PSL(2,27), PTL(2,25) & C,, [1867], Theorems 4.16,
4.18.

{3, 6, 7, 9} LiIm = 9, Theorems 4.16, 4.18.

List(7,12,28) U {27, 53, 60, 89, 95, 105, 113, 117, 141, 150, 152, 155}
LIM = 161, Theorems 4.16, 4.18.

List(7, 14,29) U {52, 150, 178, 190, 234, 268, 282, 304, 310, 323} LM =
323, Theorems 4.16, 4.18, 4.65.

List(7, 28, 14) U{323} LM = 323, Theorem 4.65.

{11} uim = 11, PSU(3,9)+.

List(7,9,30) U {36, 42, 43, 49, 57, 69, 70, 78, 84, 85, 91, 99, 106, 120,
126} LIM = 126, [239], Theorems 4.16, 4.18.
List(7,10,30)UList(7,9,30) U {15, 18, 22, 36, 42, 46, 58, 66, 67, 69,
70, 85, 102, 112, 114, 118, 120, 126} LiM = 126, [239], Theorems 4.16,
4.18.

List(7, 10, 30) U {46, 69, 88} LM = 126, Theorems 4.16, 4.18.

{69, 138, 152, 161, 207} LIM = 218, Theorems 4.16, 4.18.

{152} LM = 218, Theorem 4.16.

List(7, 14, 30) U {1380, 2047, 2185, 2415, 2599, 2691, 3082, 3243, 3450,
3496, 3565} LM = 3714, Theorems 4.16, 4.18.

List(7,15,30) LM = 7429, Theorem 4.16.

{1} Lim = 1, [2014].

{9} Lim = 11, PTL(2, 27)++.

List(7,10,31)UList(7, 9, 30) U {36, 42, 69, 70, 78, 85, 99, 120, 126}
LIM = 126, Theorems 4.16, 4.18.

221,
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6-(30, 10, m42)

0,11, m1848)
0,12, m308)
0, 14, m99)
0,15, mA4d)

W W wWwwww

6-(32, 16, m143)
6-(33,8, m3)
6-(33,9, m15)

6-(33, 10, m90)

-(34,9, m84)

6
6-(34, 10, m105)

4,11, m504)
5,10, m21)
5,11, m21)

6-(38, 11, m56)

6-(38, 12, m84)

=W W W w W
Lo«
—
-
D
D
=

6-(40, 10, m2)

6-(40, 11, m132)

6-(40, 12, m22)
7-(20, 10, m2)
7-(22, 11, m105)
7-(24,8, m)

List(7,10,30) U {36, 42, 46, 64, 69, 85, 112, 118, 126} LiM = 126 [239)],
Theorems 4.16, 4.18.

{8} LM = 11, Theorem 4.16.

{6} LM = 8, Theorem 4.16.

List(6,13,29) Lim = 3714, Theorems 4.16, 4.18.

9 List(7, 15,30) LIM = 14858, Theorem 4.16.

{10, 15, 24, 45, 52} LM = 115, PT'L(2,27) & S5, PGL(3, 5).

5x List(7, 10, 31) U {180, 210, 320, 345, 390, 425, 495, 560, 630} LIM =
632, Theorem 4.18.

5xList(7,15,31) U {6900, 10235, 10925, 12075, 12995, 13455, 15410,
16215, 17250, 17480, 17825} LiM = 18572, Theorem 4.18.

{3, 5} LIM = 6, [239], Theorem 4.16.

List(7,9,33) LiM = 32, Theorem 4.16.

List(7, 9, 33)U List(7, 10, 33) LiM = 32, Theorem 4.16.

{345, 414, 483, 506, 528, 585, 624, 639, 687, 744} LIM =
AGL(4,2) x C2, Theorem 4.18.

List(6,15,31) Lim = 18572, Theorem 4.18.

{12, 45, 57} LM = 58, [1508], Theorem 4.16.

List(7,10,34) U 3xList(7,9,33) U {7, 8, 11, 12, 15, 16, 19, 20, 23, 24,
97, 28, 31, 32, 80} LIM = 97, PT'L(2, 32), Theorem 4.16,
List(7,10,34) U {5, 15, 39, 45, 54, 58, 65, 66} LM = 97, PI'L(2, 32),
Theorems 4.16, 4.18.

{4, 15, 19} Lim = 19, Theorems 4.16, 4.18.

List(7,10,34) U {7, 15, 16, 19, 20, 23, 24, 27, 28, 31, 32, 36, 39, 50, 51,
53, 54} LIM = 97, PT'L(2, 32)+, Theorems 4.16, 4.18.

{75} LM = 97, Theorem 4.16.

List(7, 11,36) U {116, 551} LM = 565, Theorems 4.16, 4.18.
5xList(7,11,36) LiM = 2827, Theorem 4.16.

{11} LM = 14, Theorem 4.16.

{37} LM = 43, PT'L(2, 32)+

List(7,11,36) LIM = 565, Theorem 4.18.

{216, 395, 440} LM = 449, Sp(6,2)36+, Theorem 4.16.

{4} LM = 4, Theorem 4.65.

{62} LM = 62, Theorem 4.65.

{36} LM = 62, Theorem 4.16.

747,

{648, 680,972, 1004, 1044, 1296, 1328, 1620, 1652} LM = 1798, Theo-
rem 4.16.

{648, 680,972, 1004, 1044, 1296, 1328, 1620, 1652} LiMm = 1798, Theo-
rem 4.16.

{1944, 2040, 2916, 3012, 3888, 3984, 4860, 4956} LIM = 5394, Theorem
4.16.

{22} Liv = 22, [1350].

{140, 252, 302, 324, 392, 414, 576, 626} LM = 682, Theorem 4.16.
List(7, 10, 40)LM = 682.

List(7, 11, 39)U{725, 986, 1247, 1305, 1566} LiM = 1798. Theorem 4.18.
List(8, 12, 40) LIM = 1798.

{162, 163, 180, 181, 243, 244, 262, 324, 325, 342, 343} LIM = 374,
PSL(4, 3).

18xList (7,10, 40) U {648, 1944, 2380, 2430, 3078, 3240, 3888, 4284,
5134, 5184, 5508, 6664, 7038, 9792, 10642} LiM = 11594, PSL(4, 3).
Theorems 4.16, 4.18.

17xList(7, 11, 40) U {281, 864, 873} LM = 1054, PSL(4, 3), Theorems
4.16, 4.18.

17xList(8, 12, 40) LiM = 30566, Theorem 4.18.

{58, 62, 63, 67} LIM = 71, [239], Theorem 4.16.

{3, 5, 6} Lim = 6, PGL(2,19)++ Theorem 4.20.

{4...8} Lim = 8, [239].
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7-(26,12, m18)

(26,13, m42)
(27,9, m10)
(27,10, m60)
(

7-
7-
7-
7-(27,11, m15)

7-(27,12, m24)

7-(27,13, m60)

7-(28, 10, m70)
7-(28, 11, m315)
7-(28,12, m63)

7-(28,13, m84)

7-(28, 14, m180)

9,10, m140)
9,11, m385)
9,13, m231)

)

7-(2
7-(2
7-(2
7-(29, 14, m264

0,11, m385)
0,12, m77)
0,14, m33)
0,15, m33)

1,10, m8)
1,12, m1848)

{10, 12, 21} Lim = 34, [239].

{3, 5, 6} LIM = 6, [239].

List(6,11,23) Lim = 221, Theorem 4.20.

{5,6,8} LIM = 8, [239].

{12, 16} v = 17, [239)].

{11, 12} Liv = 17, [239)].

{12} LM = 17, Theorem 4.18.

{6} LM =9, [239].

{6, 7, 9} Lim = 9, [239].

{114, 144, 152} LiM = 161, Theorem 4.16, [239].

{180, 196, 216, 226, 228, 256, 286, 288, 316, 321, 322} LM = 323,
PGL(2,25), PT'L(2,25), Theorems 4.16, 4.18.

List(8, 13, 27)U{216, 228, 322} LM = 323, PT'L(2, 25), Theorems 4.16,
4.18.

List(6,12,25) Lim = 323, Theorem 4.20.

{6} LM =9, [239].

{4, 7,9} LM = 9, U(4,2), [239].

{36, 45, 51, 54, 56, 60, 62, 63, 69, 72, 74, 78, 80, 81, 87, 89, 90, 92, 96,
98...101, 105, 107, 108, 110, 114, 116, 117, 119, 123...126, 128, 132,
134, 135, 137, 141, 143, 144, 146, 150, 152, 153, 155, 159, 160, 161}
LM = 161, ASL(3,3), U(4, 2), [1867].

List(8,13,28) U {79, 81, 106, 108, 133, 160, 162, 180, 189, 214, 216,
298, 256, 268, 270, 286, 322} LM = 323, ASL(3,3), [1867], Theorem
4.18.

List(8, 13, 28)UList(8, 14, 28)U{61, 63, 76, 165, 169, 216, 219, 228, 243,
247, 322} LM = 323, ASL(3, 3), [1867], Theorems 4.16, 4.18.

{9} Lim =9 [239].

{7, 9} LM = 9, Theorem 4.18.

{54, 80, 81, 90, 107, 108, 114, 128, 134, 135, 143, 161} LM = 161,
Theorem 4.18.

List(8,13,28) U {120, 180, 210, 216, 226, 228, 240, 256, 270, 286, 300,
316, 322} LIM = 323, Sp(6,2), Theorems 4.16, 4.18.

List(8, 14, 28) U {48, 52, 61, 63, 76, 102, 115, 117, 120, 126, 128, 130,
139, 156, 165, 168, 169, 182, 190, 193, 196, 198, 209, 210, 212, 216, 219,
9224, 226, 228, 232, 238, 240, 243, 247, 254, 268, 270, 273, 294...297,
300, 304, 308, 316, 322} LM = 323, Sp(6,2), Theorems 4.20, 4.18.
{3} LM = 5 [239].

{6, 9} Lim = 9 PT'L(2,27)+

{90, 108, 114, 128, 135, 143, 161} LM = 161, Theorem 4.18.

{120, 180, 210, 216, 226, 228, 240, 243, 256, 270, 286, 295, 297, 300,
316, 322} LM = 323, Theorem 4.18.

{63, 64, 93, 100, 105, 112} LiM = 126 PT'L(2, 27) @& Cs, Theorem 4.16.
List(8,10,31) U {54, 60, 72, 76, 78, 81, 87, 90, 96, 99, 105, 108, 109,
117, 121, 123} LM = 126 PTL(2,27) @ Ca, Theorem 4.16.

{8} LM = 11 Theorem 4.16.

{152} LM = 218 PT'L(2,27) @ C2, Theorem 4.16.

23x List(7,13,29) Lim = 3714 Theorem 4.18.

{1196, 2760, 4094, 4140, 4370, 4830, 4968, 5198, 5244, 5382, 5520,
5589, 5888, 6164, 6210, 6486, 6578, 6785, 6831, 6900, 6992, 7130,
7268, 7406, 7429} LM = 7429 Theorems 4.65, 4.20, 4.18.

{60, 93, 100, 105} Lim = 126 PSL(3,5), Theorem 4.18.

{8} LM = 11 Theorem 4.18.

{2070, 2484, 2622, 2944, 3105, 3289, 3703} LiM = 3714 Theorem 4.18.
List(6,15,31) Lim = 18572, Theorem 4.20.

{5} Lim = 13 [235].

{12, 13, 16, 17, 20, 21, 24, 25, 28, 29, 32} LIM = 32 PT'L(2, 32).
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7-(33, 10, m40)
7-(34,9, m9)
7-(34,10, m15)

7-(35, 10, m84)
7-(35,11, m105)
7-(36, 11, m21)

39,10, m40)
39,11, m10)
~(39, 12, m56)
40,10, m4)
~(40, 11, m330)
40,12, m66)
7,11 m3)

1,12, m385)
6,11, m84)
0,11, mA40)
(40, 12, m10)

7
7
7
7
7
7-
8-(2
8-(27,
8-(27,
8-(28,
8-(28, 14, m60)
8-(31,

8-(3

8-(3

8-(4

8

(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(

9-(28, 14, m18)

{15, 18, 21, 22} Liv = 32 PT'L(2, 32).

{15, 19} LM = 19 PT'L(2, 32)+

{35, 40, 43, 44, 47, 48, 49, 52, 55, 56, 59, 60, 63, 64, 67, 68, 71, 72, 75
76, 79, 83, 84, 87, 88, 91, 92, 95, 96} Lim = 97 PI'L(2, 32)+

{15, 19} LM = 19 Theorems 4.16, 4.18.

{75} LiIm = 97 Theorem 4.16.

{160, 200, 216, 235, 240, 251, 256, 275, 280, 291, 296, 315, 320, 336,
355, 360, 371, 376, 395, 400, 411, 416, 435, 440, 451, 456, 475, 480,
491, 496, 515, 520, 531, 555, 560} LIM = 565 Sp(6, 2)36, Theorem 4.18.
{36} LM = 62, Theorem 4.16.

List(8, 12, 40) U {1440} Liv = 1798, Theorem 4.16.

List(8,12,40)LiM = 1798, Theorem 4.16.

{140, 252, 302, 324, 392, 414, 576, 626} LM = 682, PSL(4, 3).

{25, 34, 36, 43, 45, 54} LM = 62 PSL(4, 3), Theorem 4.18.
List(8,12,40) Lim = 1798, Theorem 4.16.

{144} LM = 161, ASL(3, 3).

{216,322} LM = 323, ASL(3, 3).

{178, 180, 256, 282, 286} LiM = 323, ASL(3, 3).

{243, 295, 297} LM = 323, ASL(3,3)+

List(8, 13,27) U {234, 310}, Liv = 323, ASL(3, 3)+, Theorem 4.18.
{93, 100} LM = 126, PSL(3, 5), [1401].

{8} Lim = 11, PSL(3,5).

{15} nim = 19, Sp(6,2)s6.

{36} LM = 62, PSL(4, 3), [1401].

{648, 680,972, 1004, 1296, 1328, 1620, 1652} LM =
[1406).

List(8,13,27) Lim = 323, [1401].

1798, PSL(4,3),

4.47 Remark There are other sporadic examples of t-designs known with 3 < ¢ < 5; see

4.48

4.49

4.50

§VIL1.

Examples The first 6- and small 7-designs were obtained with G =PT'L(2,32) as an
automorphism group. This group is generated by the two permutations:
(1248 g)36coh)(5ak90)(Tetpj)bmdql)(fvusn)and
lTiv)2lc)Bat)dwz)50e)(6T7Th)(8ps)97k)bfd(gnu)(mOqg).
Base blocks for one 6-(33, 8, 36) design [1508]:

01234568 01235789 0123569a 1234678c 0123567a 013689adb
0124568a 0134678b 01345789 1234789a 0145678a

Base blocks of one 7-(33, 8,10) design [235]:

01234589 01234569 01234568 0123456a 01235789 01356789 01345679 0123468a 0123458b
0125679a 012469ab 12456790 01456789 013678ab 0123567a 01346789 01235689 0123579b
012345ab 01234689 0134579a 0134569a 0125689b 01234679 01345789 01234789 0124579b
012378ab 01245789 013478ab 0124678a 014679ab 134679ac 1234568a 0145678b 0145678a

Remark Any two distinct designs with the automorphism group from Example 4.48 are
pairwise nonisomorphic. There are 1179 6-(33, 8, 36) designs and 4996426 7-(33, 8, 10)
designs with this automorphism group. Determining isomorphism types of ¢-designs
with prescribed groups of automorphisms is treated in [1002, 1401, 1402, 1848].

Remarks Many of the designs in the Table 4.46 were constructed on the computer via
a method that employs A;,-matrices. A description of this method is in §VII.6.3. For
general references on t-designs, see [1072, 1245].
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4.51

4.52

4.53

4.54

4.55

4.56

4.57

4.58

4.59

4.60

4.61

4.62

4.4 Large Sets of t-Designs

A large set of t-(v, k, \) designs of size N, denoted by LS[N](¢, k, v), is a partition
[(X, Bi)]X, of the complete design into N disjoint t-(v, k, Amax(t, k,v)/N) designs.
Large sets are also denoted by LSy (¢, k, v) to emphasize the value of \.

An ordered quadruple (N;t, k,v) is admissible if the necessary conditions
N[~} for0<i<t
are fulfilled and it is realizable if LS[N](t, k, v) exists.

Remark Research in large sets aims at determining which admissible quadruples are
realizable.

Remark The large sets that are known to exist are:

An LSy, (1,k, v) exists [158, 1059)].

An LSy, (2,3,v) exists if and only if v # 7 [1482, 1483, 1854, 1855, 2008, 2015).
An LSy, (3,4,v) exists if v =0 (mod 3) [2011].

An LS, (4,5,20u + 4) exists if ged(u, 30) = 1 [2014].

An LS4 (4, 5,60u + 4) exists if ged(u, 60) = 1,2 [2014]

An LS1(2,4,13) exists [498], and an LS;(2, 4, 16) exists [1540].

These are the only known large sets of t-(v, k, 1) designs with ¢ > 2 and k > 4. Etzion
and Hartman [795] constructed (v — 5) disjoint 3-(v, 4, 1) designs for v = 5-2™. This
leaves only two more to go for a large set!

Remark The importance of large sets in design theory was revealed by Theorem 4.56,
that simple ¢-designs exist for all ¢.

Theorem [2014] For every natural number ¢, let A(t) = lem((})|m = 1,2,...t)),
M (t) =lem(1,2,...t+1) and £(t) = [T'_, (i) - A\*(i). Then for all N > 0, there is an
LS[N](t,t 4+ 1,t + N - £(t)).

Remark The construction of infinite series of large sets mostly concerns a fixed size

N and recursive constructions that start from directly constructed large sets. Direct
methods mostly prescribe a group of automorphisms.

If every t-(v,k, \) design in the large set [(X,B;)], has the group G as an auto-
morphism group, then the large set is a uniformly-G LS[N](t, k, v).

Example A uniformly-G LS[3](3, 5, 13) is given by the group
G=(0123456789ab¢),(249)((376)(50b)(89¢))
and the base blocks:
Design 1: 12357 12359 1238a 1248a 12460 1245¢ 12345 12468 12678 12459 1234b
Design 2: 12456 12467 12349 1235¢ 12347 12378 12389 1235b 1239b 1246¢ 12350
Design 3: 12457 12348 12478 12379 1237c 12356 12358 12368 12469 1234a 1234c

Remark Let a group G act on a set X with only one orbit on t-subsets of X. If the
orbits on k-subsets can be combined to a4 families of size % each for some divisors
d of |G| such that a natural number N divides each aq, then an LS[N](¢, k, v) can be
constructed. This has been used with G = PGL(2,p/) or PSL(2,p/) when p/ = 3

(mod 4) to obtain infinitely many LS[N](3, k, v). See [625, 1404, 1405].

Remark The basic recursion techniques for large sets utilize the following results. For
a detailed account, see [1294].

Theorem [1294] If an LS[N](¢, k, v) exists, then there exists an LS[N](t —i, k —j,v—1)
for 0<j<1<i<t.
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4.63

4.64

4.65

4.66

4.67

4.68

4.69

4.70

4.71

Theorem [71] If an LS[N](¢, k,v) and an LS[N](¢, k + 1,v) exist, then there exists an
LS[N](t,k+1,v+1).

Theorem [71] If LS[N](t,,v) exist for ¢ < i < k and an LS[N](t, k, u) exists, then
there exist LS[N](¢, k, u+ (v —t)) for all I > 1.

Theorem [69] Let p be a prime. If an LS[p|(¢, k, v — 1) exists, then there exists an
LS[p|(t,pk+i,pv+j) for —p<j<i<p-—1.

Theorem [69] Let p be a prime. If an LS[p|(¢, k, v — 1) exists, then there exists an
LSp|(t+ 1, pk+i,pv+j) forall0 < j<i<p-—1.

Remark For fixed p, ¢, and k there are finitely many admissible quadruples (p; t, k, v),
root cases [1294], such that if they are realizable, then all admissible quadruples
(p; t, k,v) are realizable.

Theorem [1294]

1. Let t, k, s be positive integers such that 257! < ¢ < 2571 — 1 and ¢t < k. Assume
that LS[2](¢,2" + j,2"" + ¢) exist for all j,n such that 0 < j < |t/2] and
t+1<2"+j <k. Then there exist LS[2](¢1, k1,v) for all 25 — 1 < ¢; <t and
t1 < k1 < k and admissible v.

2. Let p be an odd prime and ¢, k, s nonnegative integers such that p* — 1 <t <
p*™t —1and t < k. Let v/ = p**1 +¢. Assume that LS[p|(¢, k', ') exist for all
t <k’ <min(k,v'/2) and LS[p](t,ip" + j, p" T + t) exist for all 4, j, n such that
0<j<t, 1<i<(p—1)/2, ip"+j <k, n > s. Then all admissible quadruples
(p;t, k,v), with p® — 1 <t; <t and t; < k1 < k, are realizable.

Remark All quadruples (5;2,3,7), (7;3,4,10), (14;3,5,11), (7;4,5,11), (11;4,5,15)
are admissible but not realizable. Also, the admissible quadruples that would be
extensions of these large sets are not realizable.

Conjecture All admissible (2;¢, k,v), halvings, are realizable (Hartman). All admis-
sible (3;t, k,v), for t < 4 are realizable (Khosrovshahi). All admissible (4;¢, k, v) are
realizable for t < 3 (Khosrovshahi).

Table Parameter sets that are realizable if they are admissible (x means all admissible
values).

N t k v Reference

* 1 * * [158, 1059]

* 2 3 #£7 1195, 1482, 1483, 1854, 1855, 2008, 2015]

2 2 * * [70]

2 <5 <15 * [70, 71, 1059, 1400]

2 6 7,8,9 * [70, 1400]

3 2 <80 * 1293

3 3 <80 * 1405

3 4 <10 * [1405]

4 2,3 <7 * [1289)

5 2 <8 +7 [1405]

5 3 <6 #38 [1405]

7 2 <7 * [1405]

7 3 <7 # 10 1405

11 2 <10 * 1405
13,17,19,23 2 3,4 * 1405

29 2 <29 * 1405




100 ¢-Designs with ¢t > 3

1.4

4.72 Table Realizable parameters of large sets with v < 30. When {Ny, ...,

N,} is given

. ¢
as ap - ag - - - ag, the large set exists for N = [[,_; a;, and hence also for every one of

its divisors.

(t,k, {N1,..., N}

6| (2,3,02])

8 (24,05}

912347}, (24{7})

10](2,3.{2)), (2442 7)), (2.542- 7)), 35471

11[(2,3,{3}), (24{2-3}), (25{2-3-7}), 3,4{2}), (3,5.{2,7})
2,3,{5}), (

12

3,6,{2-3-7}), (4,5{2}), (4,6.{2})

2,4,{3,5}), (2,5,{2-3}), (2,6,{2-3-7}), (3,4,{3}), (3,5,{2-3}),
)

13

6,42 -3}), (4,5{3}), (4,6,{2,3}), (5.6,{2})

2,3,{11}), (2,4,{5-11}), (2,5,{3,11}), (2,6,{2- 3,11}), (3,4,{5}), (3,5,{3}),

@32, AT, 2

1), (2,6,{3,11}), (2,7,{4,2-3,3-11,2 - 11})C13+,

.6

5.1
(3,7.{2-3,11}) Cust
(2,5,

5{2}), (4,6.{2}), (4,7.{2}), (4,8,{2}), (4,9.{2}), (4,10,{2})

3
6{ }) 3+ (4767{3})7 (4777{273})7 (5777{273})7 (6777{2})
1523, }1%’) 2.4, {13), {113), 2,6, {117), (3,7, {3, 11, 13} )Cis, (3.7, {3]);
7,
1612347, (2,4.{7-13}), (2,5, {7}), (2,6,{7, 11}), (2,7, {11}), (3,8, {3, 11,13}),
8.{3}). (5.8 {3})
171 2:3.453), (24,05, 7}), (2,5.{7}), (2,6.{7}), (2,7.{11}), (2.8,{5,11}), 3,4{7}),
5{7}). (3.6.{7})
18] 2:3.443), (2,4,{2,5}), (25,42, 7)), (2,6,{2,7}), (2,7,{2}),(2,8,{2, 11}),
:9.42,5,11}), (3,4.{5}), (3,5{7}), (3,6.{7}), (3,9.{5,11})
)3 {17}) (2 4 { 17})7 (2757{47 17})7(2767{77 4, 17})7 (2777{47 17})019037
19 ,8 {2 13- 7}) (2797{27 11})7 (3747{4})7 (3757{4})7 (3767{77 4})7 (3777{4}) 01704+—|—,
8,{2 .9,
3 }38 E 24 }3 17}), (2,5,{3,4,17}), (2,6,{3,4,17}), (2,7,{3,4,17}), (2,8,{3,17}),
20 | (2,10,{2,11}), (3,5,{4}), (3,6,{4}), (3,7,{4}), (3,8,{2}), (3,9,{2}), (3,10,{2,11}),

21

3,101, (24,03, 191), (25,03, 17}, (2,6,(3, 17}, (27,03, 4, 17}), (28,13, 17},
4,{3}), (3,5{3}), (3,6,{3,4}), (3,7.{3,4}), (3,8,{2,3}), (3:9,{2}), (3,10,{2}),
(4,7.42}), (4:8,{2}), (4,9,{2}), (4,10,{2}), (5,6,{2}), (5:7,{2}), (5.8,{2}),

),
3 {2}%} 2.4,12,5,191), (2.5.12,31), (2.6.{2, 3,171, (2,712,3,17}),
8.{2,3,
8,{2,3}
8,{2,3}
10.{2}),

22

(5,11,{2}), (6,7,{2}), (6,8,{2})

3,9{2}), (3,10,{2}), (3,11,{2}), (4,5,{3}), (4,6,{3}), (4,7,{2,3}),

), (
? 1(7})7 (2,9,{2,5}), (2,10{2}), (3,5,{3}), (3,6,{3}), (3,7,{3,4}),
), (4,942}), (4,10{2}), (4,11.42}), (5,7.{2}), (5,8,{2}), (5,9.{2}),

23
7.{3}), (4,8,{2,3}), (4,9{2}),
9,{2}), (5,10{2}), (5,11,{2}), (6,8,{2}), (6,9,{2}), (6,10,{2})

3470, 24,12,7-5}), (25,(2,7- 191), (2,6,12,3-7-19)), (27,{2,3- 17 19}),
8,{2,3-17-19}), (2,9,{2,5-17-19}), (2,10,{2,7 - 17 - 19}), (2,11,{2}), (3,4,{5}),
6,{3}), (3,7.{3}), (3,8,{2,3}), (3,9,{2,5}), (3,10,{2}), (3,11,{2}), (4,6,{3}),

), (4,10,{2}), (4,11,{2}), (5,6,{3}), (5:8,{2}),

311D, (24,1711, (25.12.7.11D). (2,6.12,7.11, 19},

oq | 3:4:471), (3:5{7}), (3,6.{7}), (3,7.{3-19}),(3,8,{3}), (3 9,{2}
11{2}), (3,12,{2}), (4,7.{3}), (4,8{3}), (4
12,{2}), (5,7.{3}), (5,8{3}), (5,9,{2}), (5,10,{2}), (5,11,{2}),

9,{2}), (6,10,{2}), (6,12,{2}), (7,10,{2}

(2,7,{2,3,11, 19}),
8,{2,3,11,17,19}), (2,9,{2,11,17,19}), (2,10,{2,11,17,19}),(2,11,{2}),(2,12,{2}),
), (3,10,{2,17 - 19}),
9:{2}), (4,10,{2}), (4,11.{2}),
) (5:12,{2}),

3
2
3
2
4,
2
4,
2
3,
2
2
2
2
3,
2
2
4,
2
3,
4,6,{2}
5,9
2
2
3,
4,
5,
2
2
3
4,
5,
2
2
3,
3,
4,
6,
2

25| (2,12,{2}), (3 5{7}), (3,6,{7}), (3,8,{3}),
4,8,{3}), (4,10,{2}), (4,11,{2}), (4,12,{2}

5,12,{2}), (6,10,{2})

(
(
(
(
(
(
(
(
(
(
(
(2,
(
(2,
(
(
(
(
(
(
(
(
(
(2,
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(
(2,
(
(

2,8,{2,3,11,19}), (2,9,{2,11,17,19}), (2,10,{2,11,17,19}), (2,11,{2, 17,19, 23}),
3,10,{2), (3,11,{2), (3,12,{2}),

(
3.423)), (2,4,{11,23)), (2,5,{7,11}), 22 6.12,7,11}), (2,7.12,3, 11,19},
1
(
), (5,8,{3}), (5,10,{2}), (5,11,{2}),




1.4.4

Large Sets of t-Designs 101

26

kN, N
24 {23}) (2 5 {11}), (2,6,{7, 11}), (2,7,{2, 11}), (2,8,{2, 11, 19}), (2,9,{2, 11, 19}),
2,10 {2 11,17, 19}) ( 2,11,{2, 17, 19}), (2,12,{2}), (2,13,{2}), (3,6,{7}), (3,11,{2}),
3,12 {2}) (3 13 {2}) (4,11,{2}), (4,12,{2}), (4,13,{2}), (5,11,{2}), (5,12,{2}),
5,13,{2}), (6,13,{2))

27

2,3.151); (2,412, 25}), (25.{2,5- 23, 11]), (2,6,15, 11}), (&7,{5 - 11- 23},

2,8,{25 - 11-23}), (2,9,{2,11,19}), (2,10,{2,5-11-19-23}), (2,11,{2,5-17-19 - 23}),
2,12,{2,5}), (2,13,{2}), (3:4,{2}), (3,5,{2}), (3,6,{2}),(3,7,{2}), (3,12,{2}),
3,13,{2}), (4,12,{2}), (4,13,{2}), (5,12,{2}), (5,13,{2})

28

2,3 {13}) (2,4,{5,13}), (2,5,{5}), (2,6,{5}, (2,7,{5,11},(2,8,{5, 11,23}, (2,9,{11}),
2,10,{2,11,19}), (2,11,{2,5-19-23}), (2,12,{2,5}), (2,13,{2}), (2,14,{2}), (3,4,{5}),
3,5,{2,5}), (3,6,{2,5}), (3,7,{2}), (3,8,{5}), (3,11,{5-19-23}), (3,12,{5}),

5,13,{2}), (5,14,{2}), (6,13,{2}), (6,14.{2})

29

(
S T BT 8 (e s T BT T
2,8,{3,5,11}),(2,9,{3, 11}),(2,10,{3, 5,11, 13,23}),(2,11,{2, 3,5,13, 19, 23}),
2,12,{2,3,5}), (2,13,{2,3,5}), (2,14.{2,3}), (3,5.{5}),(3,6,{2.5}), (3,7.{2}),
512 EB (3.14,42}), (4,6,021),(47.42)), (4,14,{2}), (5.6.{2}), (5,7.{2}), (5,14,{2}),

30

23.071), A3, 7D, (25,03, 70, (2.6.(3,5,71), (3.7,(3,50), (2.8.(3,5}),
2,9,{3,11}), (2,10,{3,11}), (2,11,{3,5,13,23}), (2,12,{2,3,5}), (2,13,{2,3,5}),
2,14,{2,3}), (2,15,{2,3}), (3,4,{3}), (3,5,{3}), (3,6,{3,5}), (3,;7,{2,3}), (3,8,{3}),
3,9,{3}), (3,10,{3}), (3,11,{3,5,13,23}), (3,12,{3,5}), (3,13,{3,5}), (3,14,{3}),
3,15,{2}), (4,7.{2}), (4,15.{2}), (5,7.{2}), (5,15,{2}), (6,7.{2}), (6,15.{2})

(
(2,
(
(
(
(
(2,
(
(
o
E3 13,{2}), (3,14,{2}), (4,5,{2}), (4,6,{2}), (4,7.{2}), (4,13,{2}), (4,14,{2}),
(
(
(2,
(3,
(
(
(
(2,
(
(

4.73 Remark Several parameter sets in Table 4.72 are followed by a uniform automorphism
group of the large set, obtained using DISCRETA [241]. Many LS[N](¢, k, v)s for t < 3
are obtained by prescribing AGL(1,¢) and PSL(2,¢) as groups of automorphisms;
these groups are not noted. There are some remarkable large sets not in the scope of
the table. There exist LS[3](6, 10, 33) and LS[13](6, 10, 33) with uniform automorphism
group PT'L(2,32). The first has been used to show that admissible LS[3](3, k, v) are
realizable for k < 80.

See Also
6I1.5 Steiner systems, t-designs with index one.
§I1.7 Resolvable designs.
§V.1 Hadamard designs and matrices.
§VI.63 t-wise balanced designs.
SVII.1 Codes.
§VIL.9 Group theory.
§VIL.6.3 Computer algorithms for finding ¢-designs.
[241] DISCRETA, a tool for constructing ¢-designs.
[1294] Large sets of t-designs through partitionable sets: A survey.
[1404] New large sets of t-designs.
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2016,2068,2069,2072,2147, 2159
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I
5 Steiner Systems
CHARLES J. COLBOURN
RuDOLF MATHON
5.1 Basics
5.1 Given three integers ¢, k, v such that 2 <t < k < v, a Steiner system S(t, k,v) is a

5.2

5.3

5.4

5.5

5.6

5.7

5.8
5.9

v-set V together with a family B of k-subsets of V' (blocks) with the property that
every t-subset of V is contained in exactly one block. Equivalently, an S(¢, k, v) is a
t-(v, k, 1) design.

Remark The nineteenth century geometer Jakob Steiner posed the question of the
existence of Steiner systems. Unaware of the earlier work of Kirkman, in 1853 Steiner
first asked about S(2,3,v):

Steiner’s Combinatorische Aufgabe:

Welche Zahl, N, von Elementen hat die Eigenschaft,
dass sich die Elementen so zu dreien ordnen lassen,
dass je zwei in einer, aber nur in einer Verbindung
vorkommen?

Steiner went on to ask about S(¢,t + 1,v) systems.

Remark Suppose that an S(¢,k,v) exists. By choosing an element z, selecting all
blocks containing x, and deleting x from each, one obtains an S(t — 1,k —1,v—1), a
derived design.

Lemma (Numerical or Divisibility Conditions) An S(¢, k, v) exists only if (::z) / (]::;)
is an integer for every ¢ = 0,1,...,t—1. When k = ¢+ 1, this is equivalent to requiring

that ged(v — ¢,1lem(1,2,...,t4+ 1)) = 1.
Theorem [1684] An S(t, k, v) exists only if (,*)) 755 < [ [455 [+ 252 -]

k-1 > t—2
and ()5 < [ [ [ [51-1])
Theorem [761, 1783] Let ¢ = 2h + (8 for an integer h and [ equal 0 or 1. Then an
S(t, k,v) exists only if (7;) > (%)ﬁ (“;ﬁ) (];) Consequently an S(t, k, v) exists only if
() = (/) (-

Remark For the Steiner system S(5,8,24), one has h = 2 and 3 = 1, and the inequality
of Theorem 5.6 is attained.

5.2 Infinite Families

‘An S(2,3,v) is a Steiner triple system STS(v). See §2. ‘

Remark See §I1.3 and §I1.1.2 for existence results and examples of small S(2, k, v).

5.10 ‘An S(3,4,v) is a Steiner quadruple system SQS(v). See §5.5. ‘
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5.11

5.12

5.13

5.14
5.15

5.16

5.17

Theorem Known infinite families of S(¢, k, v) are
1. 8(2,q,¢™), q a prime power, n > 2 (affine geometries, see §VII.2.4);
2. 5(3,g+1,¢"™ + 1), ¢ a prime power, n > 2 (spherical geometries);
3. 5(2,g+1,¢"+---+q+1), g a prime power, n > 2 (projective geometries, see
§VIL2.3);
4. S(2,q+1,¢3 + 1), q a prime power (unitals, see §VII.2.12);
5. 5(2,27,2"Fs + 27 — 2%), 2 < r < s (Denniston designs).

Theorem (Wilson, see [281]) Let ¢ be a prime power. If an S(3,¢+ 1,v+ 1) and an
S(3,¢+ 1,w+ 1) both exist, then there exists an S(3,¢+ 1,vw + 1).

Corollary [1043] If ¢ is a prime power and an S(3,¢+ 1,v+ 1) exists, then an S(3, ¢+
1,qu+ 1) exists.

Theorem [1043] If an S(3, 6, v) exists, then an S(3, 6, 4v — 2) exists.

Theorem [281] Let ¢ be a prime power, and let u be a prime power satisfying the
standard divisibility conditions. Then there is a constant ng depending only on ¢ and
u so that, for all £ > 0 and n > ng, there exists an S(3,q + 1, u‘q"™ + 1).

Remarks
1. Only finitely many S(t, k, v) with ¢ > 3 are known and none are known for ¢ > 6.
2. See [1621] for recursive constructions of Steiner 3-designs using candelabra sys-
tems.

5.3 Existence Table

Table Parameters for S(¢, k,t + n) with n < 200. The column headed ¢ < gives the
maximum value of ¢ for which numerical necessary conditions are met and Theorem
5.6 holds. 3 gives the largest ¢ > 2 for which a system in the family is known. A
gives the smallest ¢ in the admissible range for which the system is known not to exist.
For example, the first entry in the fourth column of the table (n = 13,¢t < 11,3 = 3)
indicates that there exists an S(3,4,16) (hence an S(2,3,15)) and that it is possible
according to the necessary conditions that there exists an S(¢,t+1, t+13) for all ¢ < 11.
The table was constructed using the infinite families and recursive constructions of
§5.2, along with the following remarks:

1. For results on designs with ¢ = 2, also see §II.3.

2. All designs with ¢t = 5 are displayed in §5.6, and all parameters of known Steiner
4-designs are derived from the known Steiner 5-designs.

3. The nonexistence of S(4, 5, 15) and S(4, 6, 18) (see [225]), S(4, 10,66) [1011], and
S(3,13,145) [678] has been established.

[ P23 A =3 A 7 <[5 A w (<3 A 0T[5 7)

k=t+1

5 313 7 5|5 11 9(3 4| 13 113 17 153
19 175 23 213 25 3|3 29 27|3 31 295
35 3|3 37 35|3 41 3913 43 4115 47 45|3
49 5|3 53 5113 55 3|3 59 57|3 61 593
65 3|3 67 65|5 71 693 73 71)3 7 5|3
79 773 83 81|3 8 3|3 89 87|3 91 5|3
95 3|3 97 95|3 101 99(3 103 1015 107 1053
109 1073 113 1113 115 3|3 119 5|3 121 913
125 313 127 1255 131 1293 133 5|3 137 1353
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5.18

SRS ER) IS ER) NS ER BRASER.] BTN ER)
k =t + 1 (continued)

139 137]3 [[143 9|3 [[145 3|3 [ 149 147[3 [[151 149]3
155 3|3 ||157 155|3 |[161 5[3 ||163 161|5 167 165|3
169 11|3 ||173 171|3  |[175 3|3 |[179 177|3 181 1793
185 3|3 ||187 9|3 ||191 189[3 ||193 191|3 197 195|3
k=t+2
11 2[2 |14 4[3 4] 23 8|5 | 26 2[2 | 35 2[2
38 162 | 47 20|2 | 50 2|2 || 59 26[2 | 62 283
71 202 || 74 34|2 | 83 38/2 |8 2[2 | 95 2|2
98 4[3 107 50|2 (110 2|2 ||119 4|2 |[122 8|2
131 2[2 |134 4|2 |143 8|2 |[146 2|2 ||155 2|2
158 76|12 ||167 80|2 |[170 2|2 |[179 86|2 [182 4|2
191 2[2 194 942
k=t+3
19 5[5 [ 23 3[3 [ 39 9[2 [ 43 3[2 [ 59 152
63 32 |79 3|2 |8 5(3 |99 3[3 |103 13|3
119 3|2 [123 7|3 |[139 19[2 |[143 7|2 159 49|2
163 3|2 ||179 5|2 |[183 3|2
k=t+4
20 2[2 [ 34 3| 2| 44 2 9 2 59 2
64 2/2 |74 3|2 |79 2 89 3|2 | 94 2|2
104 3[2 |109 4[2 |119 2|2 (124 6[2 ||134 2|2
139 3 149 2[2 |154 2|2 [164 2]|2 |[169 2|2
179 3|2 |l184 2|2 ||194 3
k=t+5
4T 2] 2[ 47 3[3 [ 83 2 89 2[2 [125 5
131 2 167 5|2 |13 3
k=t+6
55 2[2 || 62 12[3 4[[111 2 18 2[2 167 2
174 2
kK=t+7
(71 2[2 [ 79 3[3 [143 3] [i51 2] | ]
k=t+8
89 2[2 [ 98 4] 2[134 2 143 2 179 2
188 2
k=t19 k=t+10
[T09 3] 2[[119 3[3 [131_ 2[2 [142 3] 3[i75 2] |
k=t +11 k=t+12
(155 2] [[167 4[3 [181_2[2 [194 3] 2] [ ]

5.4 Intersection Triangles

Let (V,B) be an S(t, k,v) and let B € B. Let ¢ and j be nonnegative integers with
i+j < k, and let I and O be disjoint subsets of B of sizes ¢ and j, respectively. Then
the 7, j-intersection number ); ; is the number of blocks that contain all elements of
I and no elements of O. The array (A;; : 0 < i+ j < k) is the intersection triangle
of the design.
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5.19

5.20

5.21

5.22

5.23

5.24
5.25

5.26

5.27

Construction The definition of A; ; does not depend on the choice of B, I, or O,
because A; ; can be computed as follows. By definition,

Ao — { (:2)/(i=) when 0<i<t
’ 1 when t<i<k
and since A\; j_1 = A\jt1,5-1 + Aij, for all j > 1 and 1 <4+ j < Kk, one can calculate
Aij = Nig1,j-1 — Aijj—1-
Example The intersection triangle for S(5,8,24). See Table 5.37.
759 506 330 210 130 78 46 30 30
253 176 120 8 52 32 16 O

77T 56 40 28 20 16 16
21 16 12 8 4 0

) 4 4 4 4
1 0 0 0

1 0 0

1 0

1

Remark The number z; of blocks that intersect a fixed block B in exactly ¢ elements
is (f) i k—i, and hence does not depend on B. Thus, for example, in an S(5, 8, 24), for
every block B, one finds 30 disjoint blocks, 448 blocks intersecting B in two elements,
and 280 blocks intersecting B in four elements.

Theorem [988] For an S(t, k,v), if z; = 0 and 0 < ¢ < t, then
1. i =0 and the design is one of S(4,7,23), S(¢t,t + 1,2t + 3) when ¢ + 3 is prime,
or a projective plane S(2,q+ 1,¢%> +q + 1);
2. i =1 and the design is one of 5(3,6,22), S(5,8,24), or S(¢t,t + 1,2t + 2) when
t 4 2 is prime;
3. i = 2 and the design is S(4,7,23); or
4. i = 3 and the design is S(5, 8, 24).

Remark An analogous definition of intersection triangles can be made for ¢-designs
with A > 1; however, in that case, because the intersection numbers \; o for ¢ > ¢ may
depend on the block B and sets I and O chosen, one cannot guarantee that \; ; for
t <i+4+ j < k is a constant. However, when i 4+ j < ¢, the intersection numbers for
t-designs in general are again independent of the block and sets chosen.

5.5 Steiner Quadruple Systems

Theorem An SQS(v) (a 3-(v,4,1) design) exists if and only if v = 2,4 (mod 6).

Remark Theorem 5.24 can be proved using six recursive constructions: If there is
an SQS(v), then SQS(2v), SQS(3v — 2), SQS(4v — 6), and SQS(12v — 10) all exist.
If, in addition, v = 2 (mod 12), then an SQS(3v — 8) also exists. If instead v = 10
(mod 12), then an SQS(3v —4) exists. These constructions, together with an SQS(14)
and a certain SQS(38), suffice to prove existence. See [1063].

Example The unique SQS(10) is a graphical design. See Table §VI.26.7. A SQS(16)
is given by Construction VI.63.49.

Let V =275, n > 3. Let B be the set of all sets of four distinct elements of V' whose
(vector) sum is zero. Then (V,B) is an SQS(2"), the boolean quadruple system of
order 2.
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5.28 Example The boolean quadruple system of order 8; the unique SQS(8).

000 001 010 011 000 001 100 101 000 001 110 111 000 010 100 110
000 010 101 111 000 011 100 111 000 011 101 110 100 101 110 111
010 011 110 111 010 011 100 101 001 011 101 111 001 011 100 110
001 010 101 110 001 010 100 111

5.29 Example An SQS(14) (also a (14,4,6) BIBD). Let V = {z; : © € Z7, i € Z2}. The
blocks are obtained by applying the automorphisms x; — (z + 1); and z; — (32);41
to the five base blocks:

0o, 10,20,40  00,11,21,41 30,40,31,41  40,50,21,31 D0, 060,11,21
5.30 Theorem There are 4 nonisomorphic SQS(14)s [1588] and 1054163 nonisomorphic
SQS(16)s [1273].

5.31 Theorem For v < 100, an SQS(v) whose automorphism group contains a (cyclic)
automorphism of order v exists when v = 2,4 (mod 6), except when v € {8,14,16}
and possibly when v € {46, 56,62, 70, 86, 94}.

5.32 Theorem Every Steiner triple system of order v < 15 is the derived system of some
SQS(v + 1).

5.33 | An SQS(v) is resolvable if its blocks can be partitioned into parallel classes, each of
which is a set of blocks that partition the set of elements.

5.34 Theorem [1198] A resolvable SQS(v) exists for all v = 4,8 (mod 12).

5.6 Steiner 5-Designs

5.35 Remark All but one of the known Steiner 5-designs are of order ¢ + 1, where ¢ = 3
(mod 4) is a prime power, and have automorphism group PSLy(q); the S(5, 8, 24) has
the larger Mathieu group May as its automorphism group, and the unique S(5, 6, 12)
has the Mathieu group Mis. The S(5,8,24) and its derived S(4,7,23) are the Witt

designs.

5.36 Remark Representations of the groups used to construct the designs in Table 5.37. For
q € {11,23,47,71,83,107,131,167}, employ the representation of PSLy(¢) acting on
ZqyU{oo} that contains the permutations generated by (1) z +— z+1 (mod q), (2) z +—
az (mod ¢q) where a = 2 for ¢ € {23,47,71,167} and « = 3 for ¢ € {11,83,107,131};
and (3) x — —1.

For PSL2(27), an explicit set of five generators is:
012)(345)(678)(910 11)(12 13 14)(15 16 17)(18 19 20)(21 22 23)
036)(147)(258)(9 12 15)(10 13 16)(11 14 17)(18 21 24)(19 22 25)

)

( 24 25 26)
(
(09 18)(1 10 19)(2 11 20)(3 12 21)(4 13 22)(5 14 23)(6 15 24)(7 16 25
(
(©

20 23 26)
(8 17 26)

=
=~

191513201211 67 16 22 8 25)(2 18 21 26 10 24 19 3 5 23 17 4 14
00)(1 2)(3 11)(4 15)(5 12)(6 19)(7 24)(8 21)(9 14)(10 16)(13 17)(18 25)(20 23)(22 26)

The only known example [240] not admitting PSLa(g) on ¢+ 1 points is an S(5, 6, 36)
admitting PGL(2,17) x Cs; use the representation:

(0 17)(1 16)(2 8)(3 11)(5 10)(6 14)(7 12)(9 15)(18 35)(19 34)(20 26)(21 29)(23 28)(24 32)(25
30)(27 33)

(012345678910 1112 13 14 15 16)(18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34)
(139101351511 16 14 8 74 12 2 6)(19 21 27 28 31 23 33 29 34 32 26 25 22 30 20 24)
(0 18)(1 19)(2 20)(3 21)(4 22)(5 23)(6 24)(7 25)(8 26)(9 27)(10 28)(11 29)(12 30)(13 31)(14
32)(15 33)(16 34)(17 35)
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5.37

For PXL(2,243) the generators are

(1217 241 80 195 104 38 111 175 153 17 191 131 41 31 140 42 84 172 236 133 68 34 57 169
72 8 190 238 160 71 197 211 157 151 70 61 60 89 199 239 53 192 184 154 231 105 91 227 132
94 144 16 55 223 78 88 63 7 54 6 83 119 120 176 46 219 187 74 115 66 170 208 237 186 100
225 25 56 116 202 156 177 99 11 108 12 164 128 121 147 179 209 130 148 150 96 90 10 218
134 201 185 47 112 149 43 58 143 205 76 142 69 87 92 117 13 135 1581 9) (2 110 122 40
138 178 73 222 107 198 22 136 232 79 62 196 75 168 101 118 230 52 59 33 86 36 4 137 125
203 49 139 152 206 212 50 32 30 166 155 124 67 141 98 200 129 174 182 127 228 188 207 23
29 113 39 167 45 5 27 3 163 235 240 106 65 114 95 37 221 51 85 146 123 93 173 126 14 28
220 161 204 102 171 19 216 24 82 226 242 213 103 145 233 215 210 183 180 20 109 229 159
97 64 224 214 77 35 193 158 44 194 48 165 181 234 26 189 21 162 18)

(0 90 56 55 156 75 240 168 148 117 207 150 91 233 3) (1 160 2 110 182 57 105 104 15 122
180 92 43 196 186) (4 69 242 162 151 co 118 66 20 38 48 152 145 119 169) (5 95 29 31 106
183 214 171 47 11 128 100 174 197 218) (6 154 213 226 195 238 89 84 136 81 191 79 134
205 203) (7 65 13 27 121 12 200 36 185 124 158 201 108 230 26) (8 10 228 232 99 21 166
78 19 37 101 212 146 30 188) (9 239 131 45 127 194 24 18 221 80 53 97 87 40 204) (14 149
83 184 52 241 113 224 217 88 163 25 59 23 58) (16 42 175 135 44 39 86 172 41 189 187 129
61 132 161) (17 227 216 72 165 225 177 206 123 210 126 64 190 120 202) (22 125 143 223
111 33 237 181 139 32 144 153 103 173 159) (28 193 199 209 236 140 142 234 222 192 198
96 102 54 114) (34 116 141 229 46 167 109 63 219 107 208 176 60 74 138) (35 235 231 112
71 133 73 67 50 94 179 70 137 170 98) (49 220 178) (51 147 215 82 130 115 62 77 164 93
76 157 155 211 85)

Table Parameters of known S(5,k,v), and an example of each. The S(5,8,24) is
unique; for S(5,6,24) and S(5,7,28), all examples having the PSL group as a group
of automorphisms are listed. See [238, 240, 691, 943, 1611, 2158] for further discussion.

S(5,6,12)
0,0,1,2,3,5

S(5,8,24)
00,0,1,2,3,5,14,17

S(5,6,24) (three nonisomorphic solutions)

50,0,1,2,3,12 50,0,1,2,5,14 50,0,1,3,7,10
50,0,1,2,3,12 50,0,1,2,5,14 50,0,1,3,7,21
50,0,1,2,3,13 50,0,1,2,5,18 50,0,1,3,4,16

S(5,7,28)
0,0,1,2,3,4,5 00,0,1,3,7,10,18

S(5,6,36)
0,1,2,21,24,32 0,1,2,18,21,31 0,1,2,3,6,32 0,1,2,7,18,25
0,1,2,18,22,29 0,1,2,18,26,28 0,1,2,18,27,33 0,1,2,21,22,35
0,1,2,21,25,27 0,1,2,21,30,33 0,1,2,3,10,35 0,1,2,3,23,27
0,1,2,3,4,20 0,1,2,3,5,30 0,1,2,4,27,34

S(5,6,48)
50,0,1,2,3,40 00,0,1,2,5,8 50,0,1,2,10,27 50,0,1,2,13,26
50,0,1,3,4,18 50,0,1,3,8,14 50,0,1,3,12,39 50,0,1,4,20,41

S(5,6,72)
00,0,1,2,3,14 00,0,1,2,5,17 50,0,1,2,6,67 00,0,1,2,7,46
50,0,1,2,8,56 50,0,1,2,9,68 50,0,1,2,10,18 50,0,1,2,27,31
50,0,1,3,7,8 50,0,1,3,10,51 50,0,1,3,11,67 50,0,1,3,12,46
00,0,1,3,13,66 00,0,1,3,17,38 00,0,1,3,20,42 00,0,1,3,31,65
50,0,1,4,9,21 50,0,1,6,10,49 50,0,1,6,14,31
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S(5,6,84) — every orbit is a 3-design
00,0,1,2,3,32 00,0,1,2,5,66 00,0,1,2,6,20 00,0,1,2,7,13
50,0,1,2,8,57 50,0,1,2,10,80 50,0,1,2,11,46 00,0,1,3,4,40
00,0,1,3,7,61 00,0,1,3,11,17 00,0,1,3,12,65 00,0,1,3,13,15
00,0,1,3,14,53 50,0,1,3,18,24 00,0,1,3,22,23 00,0,1,3,34,44
00,0,1,3,37,68 00,0,1,3,50,51
S(5,6,108)
00,0,1,2,3,55 00,0,1,2,5,28 00,0,1,2,6,103 00,0,1,2,7,19
00,0,1,2,8,101 00,0,1,2,9,68 00,0,1,2,10,13 00,0,1,2,11,98
50,0,1,2,12,97 00,0,1,2,14,95 20,0,1,2,16,93 00,0,1,2,22,87
00,0,1,2,25,59 50,0,1,3,4,9 50,0,1,3,7,21 00,0,1,3,8,24
00,0,1,3,10,90 00,0,1,3,12,86 00,0,1,3,13,102 00,0,1,3,14,42
00,0,1,3,15,67 00,0,1,3,16,94 00,0,1,3,17,77 00,0,1,3,19,64
00,0,1,3,20,60 00,0,1,3,26,91 00,0,1,3,27,30 00,0,1,3,28,45
00,0,1,3,31,72 00,0,1,3,33,62 00,0,1,3,35,40 00,0,1,3,44,71
00,0,1,3,48,51 00,0,1,3,56,98 00,0,1,3,74,96 00,0,1,3,88,100
00,0,1,4,5,92 00,0,1,4,11,69 00,0,1,4,15,90 00,0,1,4,17,31
50,0,1,4,20,80 00,0,1,4,21,32 50,0,1,4,28,50 00,0,1,4,35,44
00,0,1,4,38,45 00,0,1,4,46,60 00,0,1,4,47,57 00,0,1,4,51,63
00,0,1,4,68,84 00,0,1,4,76,83 00,0,1,5,6,25 00,0,1,5,8,80
00,0,1,5,18,70 00,0,1,5,26,62 00,0,1,5,35,46 00,0,1,6,26,30
00,0,1,6,33,78 00,0,1,6,39,66 00,0,1,6,50,77 00,0,1,7,23,85
00,0,1,8,11,38 00,0,1,9,15,73 00,0,1,9,22.91 00,0,1,9,30,99
S(5,6,132)
00,0,1,2,3,68 00,0,1,2,5,99 00,0,1,2,7,126 00,0,1,2,8,33
50,0,1,2,9,18 50,0,1,2,10,105 00,0,1,2,11,24 50,0,1,2,12,22
50,0,1,2,13,121 50,0,1,2,15,118 50,0,1,2,16,25 00,0,1,2,17,74
00,0,1,2,28,31 00,0,1,2,32,94 00,0,1,2,34,43 00,0,1,2,36,51
50,0,1,2,38,65 50,0,1,2,40,48 50,0,1,2,58,100 50,0,1,2,60,112
00,0,1,2,64,95 00,0,1,3,4,9 00,0,1,3,7,41 00,0,1,3,8,63
00,0,1,3,10,62 00,0,1,3,11,52 00,0,1,3,12,91 00,0,1,3,13,55
00,0,1,3,14,92 00,0,1,3,15,69 50,0,1,3,16,90 00,0,1,3,17,124
00,0,1,3,18,83 00,0,1,3,19,27 00,0,1,3,20,65 00,0,1,3,21,100
00,0,1,3,22,24 00,0,1,3,23,51 00,0,1,3,25,115 00,0,1,3,28,106
00,0,1,3,29,31 00,0,1,3,33,43 00,0,1,3,34,111 00,0,1,3,40,57
00,0,1,3,42,127 00,0,1,3,61,84 00,0,1,3,72,117 00,0,1,3,98,110
00,0,1,4,5,103 50,0,1,4,11,102 00,0,1,4,13,128 00,0,1,4,14,84
00,0,1,4,15,106 50,0,1,4,19,48 00,0,1,4,22,46 00,0,1,4,23,114
50,0,1,4,24,92 00,0,1,4,26,112 00,0,1,4,28,34 50,0,1,4,29,81
00,0,1,4,35,77 50,0,1,4,39,63 50,0,1,4,52,108 00,0,1,4,61,62
00,0,1,4,64,107 00,0,1,4,93,125 00,0,1,5,6,98 00,0,1,5,11,83
00,0,1,5,12,31 00,0,1,5,14,70 00,0,1,5,16,40 00,0,1,5,19,30
00,0,1,5,22,107 00,0,1,5,24,35 00,0,1,5,43,82 00,0,1,5,52,60
00,0,1,5,55,64 00,0,1,5,79,95 00,0,1,6,7,36 00,0,1,6,10,53
00,0,1,6,13,51 00,0,1,6,20,49 00,0,1,6,38,97 00,0,1,7,8,83
00,0,1,7,18,91 00,0,1,7,24,97 00,0,1,8,20,42 00,0,1,8,35,94
50,0,1,9,10,90 50,0,1,9,19,97 50,0,1,9,101,118  ©0,0,1,9,107,114
00,0,1,11,12,73 00,0,1,11,53,117  ©00,0,1,15,37,92 00,0,1,16,54,68
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S(5,6,168)
0,0,1,2,3,85 0,0,1,2,5,113 0,0,1,2,7,162 0,0,1,2,8,25
0,0,1,2,9,16 0,0,1,2,10,131 0,0,1,2,11,20 0,0,1,2,12,92
0,0,1,2,13,24 0,0,1,2,14,78 0,0,1,2,18,60 0,0,1,2,19,150
0,0,1,2,21,40 0,0,1,2,22,94 0,0,1,2,28,69 0,0,1,2,31,75
0,0,1,2,34,72 0,0,1,2,36,107 0,0,1,2,43,164 0,0,1,2,45,106
0,0,1,2,47,70 0,0,1,2,56,86 0,0,1,2,59,118 0,0,1,3,4,83
0,0,1,3,8,41 0,0,1,3,10,30 0,0,1,3,11,95 0,0,1,3,12,68
0,0,1,3,13,39 0,0,1,3,14,135 0,0,1,3,15,81 0,0,1,3,17,147
0,0,1,3,18,134 0,0,1,3,19,132 0,0,1,3,20,109 0,0,1,3,21,51
0,0,1,3,22,115 0,0,1,3,23,123 0,0,1,3,24,117 0,0,1,3,25,156
0,0,1,3,27,116 0,0,1,3,28,131 0,0,1,3,31,90 0,0,1,3,33,69
0,0,1,3,37,44 0,0,1,3,40,45 0,0,1,3,43,54 0,0,1,3,48,110
0,0,1,3,49,89 0,0,1,3,52,73 0,0,1,3,57,162 0,0,1,3,61,153
0,0,1,3,62,118 0,0,1,3,63,99 0,0,1,3,64,107 0,0,1,3,65,100
0,0,1,3,67,87 0,0,1,3,70,76 0,0,1,3,77,146 0,0,1,3,79,165
0,0,1,3,94,128 0,0,1,3,98,119 0,0,1,4,5,20 0,0,1,4,13,45
0,0,1,4,14,131 0,0,1,4,15,59 0,0,1,4,17,46 0,0,1,4,18,98
0,0,1,4,19,31 0,0,1,4,21,95 0,0,1,4,23,60 0,0,1,4,24,130
0,0,1,4,25,115 0,0,1,4,26,104 0,0,1,4,27,37 0,0,1,4,29,148
0,0,1,4,30,125 0,0,1,4,32,97 0,0,1,4,34,92 0,0,1,4,39,73
0,0,1,4,40,81 0,0,1,4,41,48 0,0,1,4,43,138 0,0,1,4,47,124
0,0,1,4,49,91 0,0,1,4,50,63 0,0,1,4,52,82 0,0,1,4,55,152
0,0,1,4,62,157 0,0,1,4,64,99 0,0,1,4,68,113 0,0,1,4,71,143
0,0,1,4,77,135 0,0,1,4,79,149 0,0,1,4,87,100 0,0,1,4,136,142
0,0,1,5,6,148 0,0,1,5,11,34 0,0,1,5,12,60 0,0,1,5,16,108
0,0,1,5,19,146 0,0,1,5,21,48 0,0,1,5,24,87 0,0,1,5,37,141
0,0,1,5,39,131 0,0,1,5,41,49 0,0,1,5,44,74 0,0,1,5,66,163
0,0,1,6,7,138 0,0,1,6,13,75 0,0,1,6,14,33 0,0,1,6,15,65
0,0,1,6,17,142 0,0,1,6,20,64 0,0,1,6,22,154 0,0,1,6,23,104
0,0,1,6,25,157 0,0,1,6,35,131 0,0,1,6,39,145 0,0,1,6,43,139
0,0,1,6,52,100 0,0,1,6,66,78 0,0,1,6,108,134 0,0,1,6,147,159
0,0,1,7,11,123 0,0,1,7,12,128 0,0,1,7,15,110 0,0,1,7,20,71
0,0,1,7,22,54 0,0,1,7,23,107 0,0,1,7,41,95 0,0,1,7,50,78
0,0,1,7,60,66 0,0,1,7,73,159 0,0,1,7,77,102 0,0,1,7,82,119
0,0,1,7,98,149 0,0,1,7,115,133 0,0,1,8,10,58 0,0,1,8,13,124
0,0,1,8,20,141 0,0,1,8,34,44 0,0,1,8,55,131 0,0,1,8,63,77
0,0,1,9,23,40 0,0,1,9,39,159 0,0,1,9,47,117 0,0,1,9,53,155
0,0,1,9,59,107 0,0,1,9,89,157 0,0,1,9,90,121 0,0,1,9,96,131
0,0,1,10,81,103 0,0,1,11,15,149 0,0,1,12,30,86 0,0,1,13,40,142
0,0,1,13,79,152 0,0,1,15,31,119 0,0,1,18,34,58 0,0,1,33,34,81
S(5,6,244)
0,0,1,2,3,241 0,0,1,2,9,59 0,0,1,3,4,86 0,0,1,3,7,167
0,0,1,3,10,64 0,0,1,3,11,33 0,0,1,3,12,36 0,0,1,3,13,58
0,0,1,3,14,28 0,0,1,3,15,240 0,0,1,3,16,165 0,0,1,3,17,188
0,0,1,3,18,83 0,0,1,3,19,59 0,0,1,3,20,184 0,0,1,3,23,87
0,0,1,3,25,226 0,0,1,3,26,66 0,0,1,3,27,217 0,0,1,3,31,102
0,0,1,3,32,136 0,0,1,3,34,166 0,0,1,3,35,97 0,0,1,3,39,128
0,0,1,3,40,50 0,0,1,3,42,79 0,0,1,3,43,173 0,0,1,3,44,45
0,0,1,3,51,216 0,0,1,3,52,119 0,0,1,3,53,118 0,0,1,3,62,178
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50,0,1,3,67,129 50,0,1,3,68,155 50,0,1,3,75,154 50,0,1,3,76,234
00,0,1,3,84,98 00,0,1,3,88,152 00,0,1,3,103,208  00,0,1,3,109,197
00,0,1,3,121,190  00,0,1,3,123,.214  00,0,1,3,153,201  00,0,1,3,164,215
00,0,1,3,185,220  00,0,1,4,5,145 00,0,1,4,9,170 00,0,1,4,17,83
00,0,1,4,20,208 00,0,1,4,30,221 00,0,1,4,31,101 00,0,1,4,34,138
00,0,1,4,36,96 00,0,1,4,37,64 00,0,1,4,43,234 00,0,1,4,45,143
00,0,1,4,54,85 00,0,1,4,72,176 00,0,1,4,87,144 00,0,1,4,204,219
00,0,1,5,16,41 00,0,1,5,32,139 00,0,1,5,33,143 00,0,1,5,35,72
00,0,1,5,51,205 20,0,1,5,100,212  0,0,1,9,49,135

5.38 Remark The number N of nonisomorphic S(5,6,¢ + 1) that are invariant under
PSLa(q) [238, 944]; for v € {108,132,168}, only systems using short orbits are con-
sidered:

g+1 | 48 72 84 108 132 168 244
N 459 926299 348512 >71 >55 >4 > 6450

Omitting the restriction to short orbits, Laue (unpublished) reports that there are at
least 719,144 nonisomorphic S(5, 6, 108)s and at least 945 nonisomorphic S(5, 6, 132)s.

See Also

6I1.3 Steiner 2-designs are BIBDs with index one.

1.4 S(t, k,v) are t-designs with index one.

§VI.63 t-wise balanced designs are generalizations of Steiner systems.
§VIL.2 Finite geometries furnish many examples of S(t, k, v).

[225] Textbook covering most of the material in this chapter.

578] A comprehensive monograph on triple systems.

1403 Resolvable t-designs.

1439 Necessary conditions for Steiner systems.

1951 Asymptotically most efficient known isomorphism algorithm for
S(2,k,v)s.

References Cited: [225, 238, 240, 281, 578, 678,691, 761, 943, 944, 988, 1011, 1043, 1063, 1198, 1273,
1403,1439,1588,1611,1621,1684,1783,1951,2158]
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6 Symmetric Designs

YURY J. IONIN
TRAN VAN TRUNG

6.1 Preliminaries

6.1 | A BIBD with b = v (or equivalently, r = k) is a symmetric (v, k, \) design or simply
a symmetric design. A symmetric design with k = 1 or k = v — 1 is trivial. The
value n = k — X is the order of the design.

6.2 Remark This chapter deals only with nontrivial symmetric designs, those with 1 <
k<v-—1.

6.3 Proposition In a symmetric (v, k, \) design every two distinct blocks have A points in
common (the design is linked).
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6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

6.12

6.13
6.14

Example The paradigmatic example of a symmetric design is the (7,3,1) design.

This is the Fano plane. The point set is X = {0, - -+, 6} and the block set
is B = {013,124, 235, 346, 450, 561, 602}. The seven blocks are presented
by six lines and one circle.

The complement of a symmetric (v, k, A) design D is a symmetric (v,v—k,v—2k+\)
design, whose blocks are the complements of blocks of D.

Remarks In any symmetric design, the parameter v satisfies 4n —1 < v < n? +n + 1.
1. The lower bound on v corresponds to a symmetric design D with parameters
(v=4n—1,k =2n—1,A =n — 1) or its complement; and D is a Hadamard
design of order n. See §V.1.
2. The upper bound on v corresponds to a symmetric design D with parameters
(v=n?4+n+1,k=n+1,)=1) or its complement; and D is a finite projective
plane of order n. See §VIIL.2.1.

Let D = (V,B) be a BIBD, then the dual of D is D* = (B,V) where b € B is
contained in v € V if and only if v is contained in b in D.

Remark The dual of a BIBD is a BIBD if and only if the BIBD is symmetric. Also,
the parameters of a symmetric design and its dual are the same, yet they are not
necessarily isomorphic.

A polarity of a symmetric design D is an isomorphism 7 from D to D* that has order
2 (7?2 is the identity mapping on D).

6.2 The Bruck—Ryser—Chowla Theorem

Remark For a symmetric (v, k, A) design to exist the arithmetic condition A(v — 1) =
k(k—1) must be satisfied. The most fundamental necessary condition on the existence
of symmetric designs is due to Bruck, Ryser, and Chowla [356, 503].

Theorem (Bruck-Ryser—Chowla) Let v, k, and A be integers with A(v — 1) = k(k —1)
for which there exists a symmetric (v, k, A) design.
1. If v is even, then n = k — A is a square.
2. If vis odd, then the equation 22 = naz?+(—1)"=1/2)\y? has a solution in integers
x,y, z not all zero.

Remarks The Bruck—Ryser—-Chowla theorem implies that if a projective plane of order
n =1or 2 (mod 4) exists, then n is the sum of two squares of integers. The smallest
orders of projective planes whose existence is still undecided are n = 12, 15, 18, 20,
24, 26, 28.

At one time it was conjectured that the necessary conditions of the Bruck—Ryser—
Chowla theorem are sufficient for the existence of symmetric designs. This conjecture
is now known to be false: A symmetric (111,11,1) design cannot exist [1378]. See
Remark VII.6.27.

Conjecture For every A > 1, there exist only finitely many symmetric (v, k, A) designs.

Remarks If A = 2, the only values of k for which symmetric (v, k, 2) designs (biplanes)
are known are k = 4, 5,6, 9, 11, 13. The values of k of the known symmetric designs
with A\ =3 are k =6, 7, 9, 10, 12, 15. Arasu [107] shows the finiteness of the number
of symmetric designs for a given A, when v is of a special form.
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6.15

6.16

6.17

6.18

6.19

6.20

6.21

6.3 Automorphisms of Symmetric Designs

An automorphism of a design is a permutation of the point set that preserves the
block set. A group obtained under composition of automorphisms is an automor-
phism group. The group of all automorphisms of a design D is the full automorphism
group of D, denoted by Aut(D).

Theorem An automorphism of a symmetric design fixes the same number of points
as blocks.

Theorem [114] Let D be a symmetric (v, k, A) design and let p be a prime divisor of
the order of Aut(D). Then either p divides v or p < k.

Theorem [1874] If f is the number of fixed points of an automorphism of a symmetric
(v, k, \) design, then f <k + /n, where n =k — \.

Theorem (Multiplier theorem) [1019]) Suppose that there exists a symmetric (v, k, A)
design having an abelian group G of order v as a regular automorphism group. Suppose
that p is a prime such that p > A\, p divides n = k — A, and p is relatively prime to v.
Then the mapping g — pg, g € G, is also an automorphism of the design. (See also
§VI.18.2.)

Theorem [1256] Let D be a symmetric (v, k, A) design with k < v/2 such that Aut(D)

acts doubly transitively on points. Then D is one of the following:
1. a point-hyperplane design with v = qm+171, k = q;n:l, and A = ¢ 1

q—1 1 q—1
(§VIL2),
2. the unique Hadamard design with v = 11, k =5, and A = 2 (§V.1);
3. a unique design with v = 176, k = 50, and A = 14 admitting the Higman—-Sims
group; or
4. a unique design with v = 22™ k= 2m"1(2m — 1), and A = 2"~ 1(2m~1 — 1), for
each m > 2.

Theorem [681, 682] Let D = (P, B) be a symmetric (v, k, A) design and G < Aut(D).
Assume that G acts as a primitive rank 3 group on points and blocks.

A. If G has a nontrivial socle T, then T is simple and one of the following holds:

1o =221 p — q%;jfl,)\ = 422:2171,71 > 2, ¢ a prime power. T ~
PSp(2n, q) and D is the point-hyperplane design on a 2n-dimensional space
over ]F;q 2 1 2 2

2. v = %, =1 T;:fl,)\ =1 T;ilfl,n > 2, q is a prime power, and q is

odd if n > 3. T ~ PQ(2n + 1,q) and P is the set of isotropic points in
a nondegenerate, (2n + 1)-dimensional, orthogonal space over F,. Blocks
have the form b(P) = {Q € P|P L Q}, P € P.

3. v =3Bl o 3G\ STIETAD s 9 T~ P20+ 1,3)
and P is the set of anisotropic points P =< p >, (p,p) = —1 in a nonde-
generate, (2n+ 1)-dimensional, orthogonal space over Fs with discriminant
(=1)™. Blocks have the form b(P) = {Q € P|P L Q}, P € P.

4 =32G8 3TETS) 3G ) > 9 T~ PO20 4 1,3)
and P is the set of anisotropic points P =< p >, (p,p) = 1 in a nonde-
generate, (2n+ 1)-dimensional, orthogonal space over Fs with discriminant
(—=1)™. Blocks have the form b(P) = {Q € P|P L Q}, P € P.

5. v=15k="7XA=3. T ~As P = (), |X| = 6. Blocks have the form

b(P)={PIu{Qe (3)|PnQ =0}, Pc(3).




1.6.4 Quasi-Residual Designs and their Embedding 113

6.22

6.23

6.24

6.25

6.26

6.27
6.28

6.29

6. v=235k=17,A=8. T ~ Ag ~ GL(4,2) and points are the lines in a
4-dimensional space over Fy. Blocks have the form b(P) = {P} U {Q €
PIPNQ =0}, PeP.

7. v=236,k=15,A=6. T ~ U3(3), G ~ G2(2). A point and block stabilizer
isa PGL(2,7).

8. v=>56,k=11,A=2. T ~ L3(4). A point and block stabilizer is an Ag.

9. v = 176,k = 50,\ = 14. T ~ Mss. Point and block stabilizers are Az
belonging to different conjugacy classes.

10. v = 351,k = 126, A = 45. T ~ G2(3). A point and block stabilizer is an
Us(3).2.
11. v = 14080, k = 1444, A = 148. T ~ F'i(22). Point and block stabilizers are
PQ(7,3) belonging to different conjugacy classes.
B. If G is a primitive affine rank 3 group of degree p™, p a prime, then one of the
following holds:

12. p > 2 and D is the Paley design with parameters v = p™, k = @2;”, A=
—(pm[?’), p™ =3 (mod 4).

13. p™ = 22% and D = Sy, is the unique design with parameters v = 22
ko=20-1(2% — 1), A =29 1(20"1 — 1) and Aut(Saa) ~ V(2a,2).Sp(2a, 2).

Remarks

1. For further results about automorphisms of symmetric designs, see [1397].

2. For any given finite group G, for all sufficiently large d, and for each ¢ > 3,
there are symmetric designs with the same parameters as the point-hyperplane
symmetric designs PG(d, ¢) having G as full automorphism group [1260].

3. See [1553] for a study of symmetric designs having unitals or unitary polarities.

6.4 Quasi-Residual Designs and their Embedding

Let D be a symmetric (v, k, \) design and let B be a block of D. Remove B and all
points in B from the other blocks. The result is a BIBD(v — k, k — A\, \), a residual
design.

Remark If a design with parameters (v,b,r, k, \) is a residual design of a symmetric
design, then r =k + A.

A BIBD with » = k + X is a quasi-residual design. If such a design is a residual
design, then it is embeddable or residual; otherwise, nonembeddable.

Remark A quasi-residual design with A = 1 is an affine plane and is embeddable in a
projective plane.

Theorem (Hall-Connor [1017]) A quasi-residual design with A = 2 is embeddable.
Theorem [310] For every A > 3, there is a function f(A) such that any quasi-residual
(w, k, A) design with k& > f()) is embeddable. The function f is given by
76 A=3,
f) = TA—DA =222+ A +2) : 4< A<,
TA=D(a+ /a2 +4A-1)) —(A—=1) : 10< A,
where a = (A — 1)(A\2 — 3\ + 3).
Remarks

1. No example of a quasi-residual (w, k, A) design with k& > f()\) of Theorem 6.28
is known.
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6.30

6.31

6.32

6.33

6.34

6.35

6.36

2. Example 6.30 gives the nonembeddable quasi-residual design with parameters
(16,6, 3) [250]. For more information on the existence of nonembeddable quasi-
residual designs, see [2070].

3. See [1169] for sufficient conditions for nonembeddability of quasi-residual designs
and constructions of infinite families of designs satisfying these conditions.

4. See [2089] for a sufficient condition for nonembeddability of quasi-derived designs
and constructions of designs satisfying this condition.

Example A nonembeddable quasi-residual (16,6,3) design. (Look at the block inter-
section sizes to verify nonembeddability.)

123 456 123 4 7 8 12 9101213 1310111215
149131416 157101415 15 7111316 16 8 91114
168121516 239101116 2412131415 25 6 91516
258111315 267111214 27 8101416 3411141516

356101314 358 91214 36 7121316 37 8 91315
457 91112 458101216 46 7 91015 46 8101113

Remark [1946] All four 2-(8,4,3) designs are residual; of 18,920 nonisomorphic quasi-
residual 2-(16,6,3) designs, only 1305 are residual; all 3809 nonisomorphic 2-(21,7,3)
designs are residual.

6.5 Extensions of Symmetric Designs

If a t-design D* is the derived design of some (¢+1)-design D, then D is an extension
of D*, and D* is extendible.

Example Every Hadamard (4n — 1,2n — 1,n — 1) design D is extendible to a 3-
(4n,2n,n — 1) design &, a Hadamard 3-design. See Construction V.1.7.

Theorem [413] If a symmetric (v, k, A) design D is extendible, then one of the following
holds:

1. v=4X+ 3, k =2\ + 1; that is, D is a Hadamard design,
2. 0=A+2) (AN +41+2), k= 43 +1,0r
3. v=1495 k=39, A =3.

Remarks The known symmetric designs in the three cases of Theorem 6.34 are the
known Hadamard designs in case 1, the projective plane of order 4, and the biplanes
with parameters (56,11,2) in case 2. The Hadamard designs and the projective plane of
order 4 are extendible. In 1988, Bagchi claimed that no (56,11,2) biplane is extendible;
however, there was a fatal error in the proof. None of the five known (56,11,2) biplanes
can be extended to a 3-(57,12,2) design [1283]. In case 2, see [1840] for a connection
between extendability and existence of maximal arcs.

6.6 )\-Designs and the )\-Design Conjecture

For integers A and v with 0 < A\ < v, a A-design D on v points (also known as a
Ryser design) is a pair (X, B), where X is a set of cardinality v and B is a set of v
distinct subsets (blocks) of X, such that

1. for all blocks A, B € B, A+# B, |AN B| = A, and

2. there exist blocks A, B € B with |A| # |B|.
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6.37

6.38
6.39
6.40

6.41

6.42

6.43

6.44

6.45

6.46

Construction A \-design can be constructed from a symmetric design with parameters
(v, k, ) (when p # k/2) as follows. Let (X,.A) be such a symmetric design and let
Aec A Put B={A}U{AAB | B € A, |B| # |A|}, where A denotes the symmetric
difference of sets. Then (X, B) is a A-design on v points with A = k—p. This procedure
is complementation with respect to the block A.

‘A type-1 A-design is any A-design arising from Construction 6.37. ‘
Conjecture (Ryser (1968), Woodall (1970)) Every A-design is of type 1.

Remarks The \-design conjecture was proved for A = 1 by de Bruijn and Erdés (1948),
for A = 2 by Ryser (1968), for 3 < A < 9 by Bridges and Kramer (1970), for A = 10
by Seress (1990), for A = 14 by Bridges and Tsaur (1996), and for all other values of
A < 34 by Weisz (1995). Singhi and S. S. Shrikhande (1976) proved the conjecture for
prime A, and Seress (2001) proved it when A is twice a prime.

Investigating the conjecture as a function of v rather than A, Ionin and M. S.
Shrikhande (1996) proved the conjecture for v =p+1, 2p+ 1, 3p+ 1 and 4p + 1,
where p is any prime. Hein and Ionin (2002) proved it for v = 5p 4+ 1 with any prime
p Z 2 or 8 (mod 15). Fiala (2002) proved it for v = 6p+ 1 where p is any prime. Fiala
[812] proved it for v = 8p + 1 with any prime p = 1 or 7 (mod 8). References can be
found in [812, 1170]. This is all summarized in Theorems 6.41.

Theorems The A-design conjecture is true when A < 34 and when A is a prime or
twice a prime. It is also true when v = np + 1 where p is a prime and n = 1,2, 3, 4,
or 6; for v = 5p + 1 where p # 2 or 8 (mod 15) is a prime and for v = 8p 4+ 1 where
p#5or 1l (mod 24) is a prime.

Given a A-design D = (X, B) and a point « € X, the replication number of z is the
number of blocks in B that contain x.

Proposition If D = (X, B) is a A-design on v points, then there exist distinct integers

r,7* > 1 such that every point z € X has replication number r or r*. Furthermore

r+r*=v+1land X+ 1 (b1
Y ASB TA=X — =D =1)"

6.7 Generic Constructions of Symmetric Designs

Theorem [1163, 1170] Let M be a nonempty finite set of incidence matrices of symmet-
ric (v, k, \)-designs such that ¢ = k?/(k — ) is a prime power. Suppose there exists a
permutation o of M satisfying (i) 0971 is the identity permutation, (ii) for all M, N €
M, (eM)(eN)T = MNT; and (iii) for all M € M, 327" 0’ M = (k(q—1)/v)J. Then,
for any positive integer m, there exists a symmetric design with parameters

(v(g™ = 1)/(q = 1), kg™, Ag™ 7).

Theorem [1164, 1170] Let M be a nonempty finite set of incidence matrices of quasi-
residual 2-(v, k, \) designs, such that »r = k + X is a prime power, and let L be
an incidence matrix of a quasi-derived 2-(r, \, A — 1) design. Suppose there exists
a permutation o of M satisfying (i) 0”1 is the identity permutation; (ii) for all
M,N € M, (cM)(eN)T = MNT and (¢M)LT = M\J; and (iii) for all M € M,
S = otM = (k(r—1)/v).J. Then, for any positive integer m, there exists a symmetric
design with parameters
1+@+r—=1)0m=1)/(r —1),r™ ™1,

Remark See §V.6, Theorems 6.49 and 6.53, for a more general form of Theorems 6.44
and 6.45.
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6.8 Known Symmetric Designs

Family 1 (Point-hyperplane designs)
m—+1 —1
p=1"-1 , k= ‘1:11,)\* qq fl,n:qm L ¢ a prime power and m > 2. Points
and blocks of the des1gns are points and hyperplanes of the projective geometries

PG(m, q). (See §VIL.2.)

Family 2 (Hadamard designs)
v=4n—-1,k=2n—1, A=n—1. (See §V.1.)

Family 3 (Chowla [501])
v=A4t? +1, k=12, A= (t* —1)/4, n = (3t + 1)/4, t an odd positive integer, v a
prime. Designs are constructed via a difference set consisting of biquadratic residues
modulo v. (See Example VI.18.48.)

Family 4 (Lehmer [1421]) (See Construction VI.18.48.)
a. v=4t2+9, k=t>+3, A= (t?+3)/4, n = 3(t* 4+ 3) /4, t an odd positive integer, v
a prime. Designs are constructed via a difference set consisting of 0 and biquadratic
residues modulo v.
b. v =82 +1=064u?+9, k=12, A =u?, n =12 —u?, t, u odd positive integers, v a
prime. Designs are constructed via a difference set of octic residues modulo v.
c. v=2S8t24+49 =64u® + 441, k=t +6, A =u? +7, n =12 —u? -1, t an odd
positive integer, u an even integer, v a prime. Designs are constructed via a difference
set consisting of 0 and octic residues modulo v.

Family 5 (Whiteman [2136])
v=npq, k= (pg—1)/4, A\ = (pq — 5)/16, n = (3pqg + 1)/16, p and q = 3p + 2 primes,
k an odd square. Designs are constructed via a difference set modulo v. However, the
only known examples are p = 17, ¢ = 53, and p = 46817, ¢ = 140453.

Family 6 (Menon [1591])
v=4t2 k=2t2 —t, A =12 —t, n = t2. A symmetric design with these parameters
exists if and only if there exists a regular Hadamard matrix of order 4t2. The existence
of such matrices is known whenever (i) there is a Hadamard matrix of 2¢ or (ii) 2t — 1
and 2t + 1 are both prime powers or (iii) n is an odd square or (iv) there exists a
Hadamard difference set and in other cases. It is conjectured that designs exist for all

values of ¢t. See §VI.18.6 and §V.1.)

Family 7 (Wallis [2104])
v=g" g+ g+ 2) k=g (" g+ 1), A= (¢ g+ D),
n = ¢®™, ¢ a prime power, m a positive integer. The construction is based on the
existence of affine designs with parameters (¢™**, g™, qq 711) A different construction

due to McFarland [1564] is based on noncyclic difference sets. (See §VI.18.5.)

Family 8 (Wilson (unpublished); Shrikhande and Singhi [1908])
v=m34+m+1, k=m?+1, A =m, n =m?—m+1, where both m—1 and m? —m+1
are prime powers. The construction is based on symmetric group divisible designs and
projective planes of order m — 1.

Family 9 (Spence [1939])
v=23"3"=1)/2, k=3""1(3"+1)/2, A = 3" (3™ 1 +1)/2, n = 32"~ Designs
are constructed via a noncyclic difference set. (See §VI.18.5.)

Family 10 (Rajkundlia [1773] and Mitchell [1616] for d = 2; Ionin [1164])
v=1+qg@rm—=1)/(r—=1),k=r" A=r""1r-1)/q, n = r™ 1¢¢"1 where ¢ and
r = (¢ —1)/(q — 1) are prime powers. The construction is based on Theorem 6.45
using affine and projective geometries.
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Family 11 (Wilson (unpublished); Brouwer [339])
v=20"+¢" " )+ L E=¢" A=¢"""(¢-1)/2,n=(¢"+q¢"")/2 ¢
an odd prime power, m a positive integer. The construction is based on symmetric
group divisible designs using projective geometries and Hadamard designs.

Family 12 (Spence [1942], Jungnickel and Pott [1234], Ionin [1163)])
v = qurl(TQm _ 1)/(7" _ 1)’ k = T2mflqd, \ = (T _ 1)T2m72qd71, n = T2m72q2d,
whenever g and 7 = (¢¢*! — 1)/(g — 1) are prime powers. The construction is based
on Theorem 6.44 using McFarland difference sets.

Family 13 (Davis and Jedwab [635])
v = 22d+4(22d+2 _ 1)/3, k= 22d+1(22d+3 + 1)/3, = 22d+1(22d+1 4 1)/3, n = 24d+2'
The designs are constructed via noncyclic difference sets.

Family 14 (Chen [486])
v=4¢*(?" - 1)/(* = 1), k = A +2(* = 1)/ (g +1)), A = @ H g - )@+
1)/(g+ 1), n = ¢**~2, whenever ¢ is the square of an odd prime or a power of 2 or 3.
The designs are constructed via noncyclic difference sets.

Family 15 (Ionin [1163])
v =g (r* —1)/((g = 1)(g" + 1)), k = ¢"*" ", X = ¢*(¢" + 1)(qg — )r*" 3 n =
¢?4r?>m=2 where q and r = ¢! 4 ¢ — 1 are prime powers. The construction is based
on Theorem 6.44 using the complements of McFarland difference sets.

Family 16 (Ionin [1163])
v =2- 3d(q2m _ 1)/(3(1 4 1)’ k — 3dq2m71, )\ — 3d(3d 4 1)q2m72/2, n = 32dq2m72,
where ¢ = (39+1 +1)/2 is a prime power. The construction is based on Theorem 6.44
using Spence difference sets.

Family 17 (Ionin [1163])
v = 3d(q2m _ 1)/(2(3d _ 1))’ k = 3dq2m71, A=2. 3d(3d _ 1>q2m72, n = 32dq2m72,
where ¢ = 391 — 2 is a prime power. The construction is based on Theorem 6.44
using the complements of Spence difference sets.

Family 18 (Ionin [1163])
v = 22d+3(q2m _ 1)/(q+ 1)’ k — 22d+1q2m71, )\ — 22d71(q+ 1)q2m72, n = 24d+2q2m72,
where ¢ = (2293 +1)/3 is a prime power. The construction is based on Theorem 6.44
using Davis-Jedwab difference sets.

Family 19 (Ionin [1163])
v = 22d+3(q2m _ 1)/(3(] _ 3)’ k = 22d+1q2m71, A= 3. 22d71(q _ 1>q2m72, n =
24d+22m=2 where ¢ = 229+3 — 3 is a prime power. The construction is based on
Theorem 6.44 using the complements of Davis—Jedwab difference sets.

Family 20 (Ionin [1164])
v=1+pg(¢" = 1)/(¢ = 1), k = r™T, X = pd(p?~1¢® —1)/(p — 1), whenever p,
q=(pP*-1)/(p—1), and r = p?(¢°** —1)/(g— 1) are prime powers. The construction
is based on Theorem 6.45 using residual and derived designs of the complements of
designs of Family 10. The only known realization of these parameters occurs when
p =2 qg=2%—11is a Mersenne prime, and r» = 22¢. This gives parameters v =
1+ 20F8(29m — 1) /(24 + 1), k = 229m  \ = 22dm—d=1(9d 4 1) p = 22dm=d=1(9d _ 1)

Family 21 (Kharaghani [1285], Ionin and Kharaghani [1168])
v =A42(¢" - 1)/(g — 1), k = (2t = t)g"™, X = (t* — t)¢™, n = t?¢™, whenever
q = (2t —1)? is a prime power and there exists a productive regular Hadamard matrix
with row sum 2¢t. A regular Hadamard matrix H with row sum 2¢ is productive if
there is a set ‘H of regular Hadamard matrices with row sum 2¢ and a permutation o
of H such that H € H, o* is the identity permutation, (¢X)(cY)? = XY 7T for all
X, Y € H,and H+ oH + 0?H + --- 4+ o*lI=1H = +2J. All Bush-type Hadamard
matrices (§V.1) are productive; for any d there exists a productive regular Hadamard



118 Symmetric Designs 1.6

matrix with row sum £2 - 3¢; the Kronecker product of a Bush-type matrix and a
productive regular Hadamard matrix is productive [1165]. The construction is based
on Theorem 6.44.

Special constructions

(133,33,8) via a difference set [1013].

(176,50,14) from the Higman—Sims group [1099]. The latter acts on the design as a
2-transitive automorphism group.

(56,11,2) constructed in terms of the rank-3 group PSL(3,4) and its associated
strongly regular graph [1018].

(79,13,2) by using an automorphism group of order 110 [114].

(71,15,3) obtained from embedding a quasi-residual 2-(56,70,15,12,3) design [179,
1005]. The latter is constructed using eigenvalue techniques.

(41,16,6) via coding theory and an automorphism group of order 15 [326].

(66,26,10) using an automorphism group of order 55 [2067].

(49,16,5) via an automorphism group of order 15 [352].

(70,24,8) via automorphism group of order 42 [1185].

(78,22,6) using an automorphism group of order 39 [1186]; also via embedding of the
Witt-Mathieu 3-(22,6,1) design [2045)].

(71,21,6) via automorphism group of order 21 [1187].

(160,54,18) using the incidence matrix of the point-hyperplane design of PG(3,3)
and 4 x 4-circulant matrices [1949].

(189,48,12) using an automorphism group G = Fy; wr Zg, the wreath product of
Frobenius group Fs; and cyclic group Z» [1182].

(105,40,15) using an automorphism group G = Fyg X Zs, the direct product of Frobe-
nius group Fyy and cyclic group Zs [1183].

(14080,1444,148) using the sporadic simple Fischer group F'i(22), which acts as a
primitive rank 3 permutation group on points and blocks [681].

6.9 Symmetric Designs with n < 25

6.47 Table A listing of symmetric (v, k, \) designs with n = k — XA < 25, k < v/2, and
4n —1 <wv < n?+n+ 1 satisfying (v — 1)\ = k(k — 1) and the Bruck-Ryser—Chowla
condition. If a design is known to exist, one solution is given. Parameters for which
existence is undecided are marked by a question mark.

nlv k X\ Solution

4116 6 2 |Base block:

0000 1000 0100 0010 0001 1111 (mod (2,2,2,2)).

6|25 9 3|Points: A, B,C,D,E,F,G,1;,2;,3;,4;,5;,6;,i=0,1,2 (mod 3),
Automorphisms:

p = (A)(B)CYD)E)FNG)To I1 I2), I =1,...,6,

71 = (A D)(B C)(B)(F)(G)(1,)(2)(3: 6:1)(4: 5i11),

7= (A C)(B D)(E)F)(G)(1)(2)(3: 5i1)(4: 6i11),

Base blocks:

101112303132505152, 202122303132606162, EFG1g11122¢2129,
EFG3p3132404142, ABE102030405060, ACF1¢2231405261,
ADG152031405164.

7137 9 2| Base block:

179101216 26 33 34 (mod 37).
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=

Solution

10

11

11

56

45

40
36

41

—
o

11

12

13
15

16

W >

79 13 2

49 16 5

Points: A, B,C, 11,25, 31,4, i = 0,1,2,3,4,5,6 (mod 7),
Automorphisms:

p= (A)(B)(C)(IO Iy I I3 Iy I Iﬁ)a I= 13233547

Base blocks:

Al11622253334414244, 13161523262533363540,
ABClo111515141516.

Points: 11', 21', 31', 41', 51', 61', 71', 81', 1= O, 1, ceey 6 (HlOd 7),
Automorphisms:

P = (IO Il IQ 13 I4 I5 16), I= 1,2,3,4,5,6,7, 8,

o= (1; 22; 34:)(4; 52i 644)(7i T2i T4:)(8i 82i 844),

T = (1; 46i)(2i 56i)(3i 66:)(7i 86:)s

Base blocks:

1129344152647073767580, 1215292531364041467186-

Base block:

000 001 002 100 110 120 200 211 222 300 312 321 (mod (5,3, 3)).
Base block: 123569 14 15 18 20 25 27 35 (mod 40).
Base block:

1122 33 44 55 01 02 03 04 05 10 20 30 40 50 (mod (6, 6)).
Points: A, 11', 21', 31', 41', 51', 61', 71', 81', = O, 1, 2, 3, 4 (mod 5),
Automorphisms:

P = (A)(IO Il IQ 13 14), I = 1, 2, 3,4, 5,6,7, 8,

o= (A)(1i 2i 3:)(4i 5i 8:)(6:)(T:),

Base blocks:

Algl1121314202129235243031323334,
A111429233041424344616472735080,
12132923323340424350525380828360,
11142124313471727374424352538283,
3032332021246061644243818471745¢.

Points: A, B, 11', 21', 31', 41', 51', 61', 71', = O, 1, ceey 10 (HlOd 11),
Automorphisms:

p=A)(B)Io I --- L), I =1,2,...,7,

o = (A)(B)(1i 245 35: 49i 53i) (6; 645 65; 69; 63:)(7s Tas T5i Toi T3i),
7= (A B)(1; 110i)(2i 210i)(3i 310:)

(45 4104) (55 510i)(6i 610:)(7i T104),

Base blocks:

AB6(616263646565676369610, ABT0717273747576777879710,
A111424253539494353516070, B1l1017272636324248585106070,
1029292427353654576269757¢.

Points: A, B, C, D, 11', 21', 31', 41', 51', 61', 71', 81', 91',
i=0,1,2,3,4 (mod 5),

Automorphisms:

o= (ANB)C)D)Uo I L), [=1.2,....0,

Base blocks:

ATT172737480818283849091929394,
B4¢41454344505152535490919293594,
AB1¢11202230404152546370718083,
BC1¢1523303141436263737482929,
10111213203444505462647282839194.
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Solution

12

13
13

14
15

15

61

81
69

121
71

61

16
17 4

w

16 2
21 6

25 10

Points: A4, 1;,2;,...,10;, i =0,1,...,6 (mod 7),
Automorphisms: p= (A)(Ip I --- I), I =1,2,...,10,
7= (A)(1:)(2:)(3i 4:)(5; 6:)(7; 8;)(9; 10;),

o= (A)(Ko) (K1 Ko K4)(Ks Ko K5)(3; 52 T4:)(4s 625 844),
K =1,2,9,10,

Base blocks: AlOll12131415162021222324252&
Al1020323451547172436685919294,
11121431335256747541436266848s,
111214305070406080919294101102104,
1021235153794142456062669596101.

Points: A,1;,2;,...,20;, i =0,1,2 (mod 3),
Automorphisms: p= (A)(Iy I Iz), [ =1,...,20,

(11; 12; 13; 14; 15,)(16; 17, 18; 19; 20,),

Base blocks Alo1112202122303132404142505152,
Alo11196071819011912113114016017,18, 190,
1021314010110281856¢7p11111212112520(18,
1021314015115213113211912016116217, 17510080,
1021314020120218118516017961627172150130.

o

Points: A, B,C,D,1;,2;,...,5;,i=0,...,12 (mod 13),
Automorphisms:

p=(A)B)C)D)(o I --- I2), I =1,2,...,5,

Base blocks: ABCDlO111213141516171819110111112,
Al113192926253431231048411475054512510,
1911135192021232930313339404143495¢.

°

Points: A, 14,...,10;, i =0,1,...,6 (mod 7),
Automorphisms: p= (A)(Ip I --- I), I =1,2,...,10,

g = (A)(Ko)(Kl K2 K4)(K3 K6 K5)(41 521' 641)

(71 821' 941‘), K= 1, 2, 3, 10,

Base blocks:

Tol112131415162021222324252630313233343536,
102030313234405060707273808486909195101102104,
212524313234434445565153656266737686859593,
101316152030414552536466737475868183959296,
131615313234414346525655646563708090103106105,
Al31521243933404243465052717476828395101104,
11142021253340414552566083859093949510410510¢.

Points: A, 1;,...,12;, i =0,1,...,4 (mod 5),

Automorphisms:

p=MIo I - L), [=1,2,...,12,

7= (A) (L 2 3; 4 5:)(6; T: 8 9; 10;)(11;)(12y),

Base blocks:
10111213142021222324303132333440414243445051525354,
A11142021243032335494560 71 74828590101 10510510411, 114125125,
1212432354051 525354626570809194101 10210510, 115115120125124,
111421243134414451546061647071748081849091941001071104,
1515252532334945595561 6471 748184919410, 10411911, 11511511,
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nli v k A Solution

16154 18 2 |?

16115 19 3 |?

16| 96 20 4 | Base block:
00000 01000 10000 11000 00001 00101 00011 00111 00002 01102
10012 11112 00003 01013 11103 10113 00004 10104 01114 11014
(mod (2,2,2,2,6)).

16| 8 21 5 | Base block:
0124781416 17232728 32 3443 46 51 54 56 64 68 (mod 85).

16| 78 22 6 |Points: 1;,...,6;,i=0,1,...,12 (mod 13),
Automorphisms:
P = (IO Il tee 112), I = 1,2, . .,6, T = (11)(61)(21 31)(41 51),
Base blocks:
1011131914112110222625323635444124109451251064612610,
2022262527282111113193431231042464557585116765611,
4o40464547484111718111222625373831151535964612610,
6061636964612610111319212329313339424645525655.

16| 70 24 8 |Points: 1;,...,10,i=0,1,...,6 (mod 7),
Automorphisms: p= (Ip Iy --- Ig), [ =1,2,...,10,
o= (Ko)(K1 K2 Ki)(K3 Ko K5)(4i 52i 64;)
(71 821' 941‘), K= 1, 2, 3, 10,
7= (3:)(10:)(1; 2:)(4i 7:)(5: 8:)(6; 95),
Base blocks:
101112142021292430333635414652556364717682859394,
1001031061051013161520232625404150526064707180829094,
109103106105202122243031323440465055606372758483919¢,
10910213142025303140414345515253556263707374769195.

16| 66 26 10| Points: 1;,...,6:,i=0,1,...,10 (mod 11),
Automorphisms:
P = (IO Il Ilo), I = 1,2,...,6, g = (61)(11 21 31 41 51),
Base blocks:
1113141519222627258210323637383104143444549616364656950,
121617181102226272821032363738310424647484105256575851000-

16| 64 28 12| Base block:
0000 0001 0002 0003 0004 0005 0006 0010 0012 0013 0100 0101
0104 0110 0115 0116 1001 1002 1005 1012 1014 1016 1101 1103
1106 1113 1114 1115 (mod (2, 2,2, 8)).

181191 20 2 |?

18] 79 27 9 |Points: A,1;,...,6;,i=0,1,...,12 (mod 13),
Automorphisms: p= (A)(Ip Iy -+ ©L2),I1=1,2,...,6,
71 = (A)(1:)(2:)(3: 4:)(5i 6:), T2 = (A)(1:)(2:)(3: 5:)(4i 63),
Base blocks:
Algly121314151617181911011111220212223242526272829210211212,
Alpl11319202123293133393431231042464551535954512510626665,
11131924212210282112731333938311374246455256556163696361167,
1411211018111172123529313339383113741434948411475256556266065.-

19211 21 2 |?

19155 22 3 |7

19101 25 6 | Base block:

1516 19 24 25 31 36 37 52 54 56 58 68 71 78 79 80 81 84 87 88
92 95 97 (mod 101).




122

Symmetric Designs 11.6

nli v k A Solution

191 8 28 9|7

201139 24 4 |7

20121 25 5 |Points: A, B,C,D, E,c0q,...,0016, 14, ..., 20;,
1=0,...,4 (mod 5),
Automorphisms: p = (4)(B)(C)(D)(E)(c0i)(Io Iy -+ I1),
i=1,...,16, 1 =1,2,...,20,
g = (001)(002 05 O 07 008)(003 09 010011 0012)
(004 0013 0014 0015 0016)(A 13 23 33 43)(B 14 24 34 4o)
(C 12 29 30 44)(D 11 29 32 42)(E 1o 21 31 41)
(5:)(6; 9; 10; 11; 12;)(7; 13; 14; 15; 16;)(8; 17; 18; 19; 20,),
Base blocks:
ABCDE19g11151314202129252430313233344041424344,
ABCDE5551595354606162636470717273748081828384,
ABCDFE999192939412¢121125123512414¢141145143144
150915115515315,
ABCDE13¢131132133134160161162163164
18018118518318419019119219319,,
ABCDE17¢1711751731742002071202203204
100107102103104119111115113114,
Al102030409112114115113216218219553637383
174204104114001002003004,
Al1g20304013116118119117220210211595123143153
5464748400500800100011,
A1020304017120110111152657282133163183193
94124144154009001200140015,
A102030405161718192129145155173203103113
13416418419400130016006007.

211131 26 5 |7

211109 28 7 | Base block:
013579151621 222526 27 35 38 4548 49 63 66 73 75 78 80
8189 97 105 (mod 109).

21|18 36 15|7

221201 25 3|7

221127 28 6 |7

22|97 33 117

231301 25 2|7

231103 34 11|7?

250352 27 2|7

251253 28 3 |7

251204 29 4 |7

251175 30 5 | Base block:
000 100 200 300 400 001 011 021 031 041 002 112 222 332 442
003 123 243 313 433 004 134 214 344 424 005 145 235 325 415
(mod (5,5,7)).

251156 31 6 | Base block:
01511132528 3946 5558 65 68 74 76 86 87 91 111 117 118
119 122 123 125 127 134 140 142 143 147 (mod 156).

251133 33 8 | Base block:

145141619 20 21 25 38 54 56 57 64 66 70 76 80 83 84 91 93 95
98 100 101 105 106 114 123 125 126 131 (mod 133).
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v kA

Solution

25
25
25

25

120 35 10
112 37 12
105 40 15

100 45 20

?

?

Points: oo, ...,005, 6;,...,25;,1=0,1,2,3,4 (mod 5),
Automorphisms: p = (001)(002)(003)(004)(005)

(60, 61,62, 63,64) . . . (250, 251, 259, 253, 254),

Y= (001, 002, 003, OQ4, 005)(61', 71', 81', 91', 101)

(114, 124, 13;, 144, 15:) (165, 174, 185, 19;, 20,) (214, 22, 234, 244, 25:),
i=0,1,2,3,4,

R = (001)(002, 03, X5, 004)(61', 111)(71, 131, 101, 141)

(84, 154, 95, 12:)(164, 214) (174, 234, 204, 24) (181, 25,4, 19;, 22,),
i=0,1,2,3,4.

Base blocks:

6061626364 7971727374 109101102103104 119111115113114
139131132133134 149141145143144 169161162163164
2192112121521,

001 61 Tg73 8284 9294 109103 119111114 125 133134 143144 15,
165 17017117, 185181185 19619,195 20020,20,4 21,21,
92,22522, 25,25525,,

0103004 60616364 7273 8182 9192 102103 110112113 120123
150155 164 170175 18,185 19195 200205 21921;214 225
231239 241245 253.

Points: A, 1i,...,9,i=0,1,...,10 (mod 11),
Automorphisms: p= (A)(Ip Iy -+ o), I =1,2,...,9,
Base blocks:
Algly121314151617181911020212223242526272829210
3031323334353637383931040414243444546474849410,
Alglalelzli018202123292524303236373103840525657
51095861636965647173797574828687810889296979109s,
111319151421 232925243236373103842464741048505153
595554606266676106870717379757480909296979109s,
121617110182226272102832363731038424647410485052
56575105860626761068707276777107880828687810889%.

See Also

§V.1
§VI.18
§VL.65
§VIL.2

§VIL3

Hadamard designs are an important class of symmetric designs.
Symmetric designs are often constructed from difference sets.
Youden squares are an arrangement of the blocks of a symmetric
design.

Projective planes are another important class of symmetric de-
signs.

Divisible semiplanes are symmetric group divisible designs.

[225]
[1016]
[2141]

A comprehensive book for combinatorial designs.

This second edition contains more results on symmetric designs.
Semibiplanes are connected incidence structures of points and
lines, in which every two points lie on 0 or two common lines,
and every two lines meet in 0 or two points. A semibiplane has
the same number of points as lines; every line has k points, and
every point lies on k lines.
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7 Resolvable and Near-Resolvable Designs

R. JuLiaAN R. ABEL
GENNIAN GE
JIANXING YIN

7.1 Definitions and Examples

7.1 A parallel class or resolution class in a design is a set of blocks that partition the
point set. A partial parallel class is a set of blocks that contain no point of the design
more than once.

7.2 A resolvable balanced incomplete block design is a BIBD(v, k, \) whose blocks can be
partitioned into parallel classes. The notation RBIBD(v, k, A) is commonly used.

7.3 Example An RBIBD(9, 3, 1). (Each column is a parallel class.)
{1.2,3p {147} {1,59} {1,6.8}
{4,561 {258} {2,6,7} {2,4,9}
{789y {369} {348} {357}

7.4 An affine design (or affine resolvable design) is an RBIBD with the property that
any two blocks in different parallel classes intersect in a constant number of points.

7.5 |A (K, \)-frame is a (K,\)-GDD (X, G, A) whose blocks can be partitioned into
partial parallel classes each of which contains exactly the points of X\G for some
G € G. The group type of the frame is the group type of the underlying GDD.

7.6  Example A (3,1) frame of type 2%.

groups | {2,3} | {4,7} | {5,9} | {6,8}
blocks | {4,5,6] | 12,5,87 | 12,677 | 12,4.0]
(7,8,9) ‘ (3,6,91 ‘ (3,4,8) ‘ (3,5,7)

1.7 A near parallel classis a partial parallel class missing a single point. A near-resolvable
design, NRB(v, k,k — 1), is a BIBD(v, k, k — 1) with the property that the blocks
can be partitioned into near parallel classes. For such a design, every point is absent
from exactly one class.

7.8 Example An NRB(7,3,2).

missingpoint|{0}|{1}|{2} {3} {4} {5} {6}
blocks | {1,2,47 | 12.3,57 | 13.4,6] | {4,507 | 15,6,1] | 16,0,2] | {0,1,3]
(3,5,61 | {4,6,0} | {5,0,1} {6,1,2}‘{0,2,3} (1,34} | {2,4,5)

7.9 Remark Necessary conditions for the existence of an RBIBD(v, k, A) are A(v —1) =0
(mod (k—1)) and v = 0 (mod k). The necessary condition for the existence of an
NRB(v, k, k — 1) is v =1 (mod k).
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7.10

7.11

7.12

7.13

7.14

7.15

7.16

7.17

7.18

7.19

7.20

7.21

Theorem [965] If v and k are both powers of the same prime, then the necessary
conditions for the existence of an RBIBD(v, k, ) are sufficient.

Theorem The following equivalencies are known.
1. An RBIBD(v, k, 1) is equivalent to a (k, 1)-frame of type (k—1)" where r = £=1.
2. An RBIBD(k?, k, 1) is equivalent to an affine plane. (See §VII.2.2.)
3. An RBIBD(4n, 2n,2n — 1) is equivalent to a Hadamard matrix of order 4n or
a (4n —1,2n — 1,n — 1)-Hadamard design. Also, an NRB(2n + 1,2n,2n — 1) is
equivalent to a conference matrix of order 4n + 2. (See §V.1.)
4. An NRB(v, k, k — 1) is equivalent to a (k, k — 1)-frame of type 1.

Remark An RBIBD(v, 3,1) is a Kirkman triple system; see §2.8.

7.2 Basic Recursive Constructions

A basic factorization BFy(2h,m) is a resolvable design (X, A) where X contains m
points and each block in A has size h or 2h that satisfies the properties: (1) each
point of X is contained in exactly A blocks of size h and (2) 2, (z, y) + Aapn(z,y) = A
for each pair {z,y} of distinct points of X. The notation Ai(z,y) stands for the
number of blocks of size k that contain {x, y}.

A basic factorization BFy(2h, m) is uniform if all blocks in each parallel class have
the same size.

Remark [144, 964] A uniform BF}y,_1(k, k) is equivalent to a (k, k/2, (k—2)/2) RBIBD
with an extra block consisting of the entire point set. A uniform BFy_1(k, m) exists
if either (1) k — 1 =3 (mod 4) is a prime power and m = k or (2) k and m are both
powers of 2, and k < m < k2.

Theorem [144] Let k be even. Suppose that there exist (1) 252SOLSSOM (n),
where the symmetric mate is unipotent if n is even and idempotent otherwise, (2)
a BF\(k,m), and (3) an RBIBD(m, k, A). Then there exists an RBIBD(mn, k, \)
containing n pairwise disjoint RBIBD(m, k, A)s as subdesigns.

Theorem Suppose that a resolvable (k, A\)-GDD having u groups of size g and an
RBIBD(g, k, A) both exist. Then there exists an RBIBD(gu, k, A) containing u disjoint
RBIBD(g, k, \)s as subdesigns.

Theorem [1967] Let (X, G, A) be a (k, \)-frame. Suppose that for each group G € G,
there exists an RBIBD(|G| + w, k, \) containing an RBIBD(w, k, A) as a subdesign.
Then there exists an RBIBD(|X| + w, k, A) containing an RBIBD(w, k, A) as a subde-
sign.

Theorem [2213] Suppose that there exist (1) an RBIBD(u, k, A), (2) a resolvable
TD(k,v), and (3) a BIBD(v, k, A) whose blocks can be partitioned into s partial parallel
classes. If s < A[(u— 1)+ (v —1)]/(k — 1), then there exists an RBIBD (uv, k, A) with
v disjoint RBIBD(u, k, A)s as subdesigns.

Theorem [2193] Let u,g,w and k be positive integers with 1 < w < g. Suppose
that there exist (1) a (g,u + 1; 1)-difference matrix over an abelian group G, (2) a
(g, k, k—1) difference family over G containing (g —1)/k pairwise disjoint base blocks,
(3) an NRB(m, k, k —1) for each m € {u+1,w}, and (4) an RBIBD(u, k, k —1). Then
there exists an NRB(gu + w, k, k — 1).

Theorem [848] Let u,g,w and k be positive integers with 1 < w < g. Suppose
that there exist (1) a (g,u + 1; 1)-difference matrix over an abelian group G, (2) an
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7.22

7.23

7.24

7.25

7.26

7.27

7.28

7.29
7.30

7.31
7.32

7.33

7.34

RBIBD(g + 1,k,k — 1) over G U {oo} that can be generated by (g + 1)/k pairwise
disjoint base blocks under the action of G (with oo fixed), (3) an (m, k, k— 1) RBIBD
for each m € {u,w+ 1}, and (4) an NRB(u + 1,k,k — 1). Then there exists an
RBIBD(gu + w + 1, k, k — 1).

Remark Theorems 7.16 through 7.21 are adapted from the constructions in the refer-
ences. Detailed information and further techniques for construction can be found in

[848).

Remark [1782] A block disjoint (v, k, \) difference family yields a BIBD(v, k, \) whose
blocks can be partitioned into v partial parallel classes. If ¢ is a prime power and a
block disjoint (g, k, \) difference family over F, exists, then so does an RBIBD(kq, k, 1).

Theorem [848, 1246] Suppose that a resolvable TD(n, A’,n) and an RBIBD(kn, k, A)

both exist. Then an RBIBD(kn?, kn, 1) also exists where p = A\ £2=L,

Theorem [848, 1246] For any prime power ¢, when ¢(ng—1)/(¢—1) < (kg—1)/(k—1),
the existence of an RBIBD(kq, k, ) and an RBIBD(ng, ¢, A) implies the existence of
an RBIBD (kng?, kq, Ar,,) with r, = u(kq —1)/(k — 1).

Corollary For any prime power ¢, the existence of an RBIBD(kq, k, k — 1) implies the
existence of an RBIBD(kq?, kq, kq —1).

7.3 Nonexistence and Asymptotic Existence Results

Remark All parameter sets for which an RBIBD is known not to exist are multiples of
parameter sets of affine designs. The theorems in this section are useful for establishing
nonexistence results.

Theorem If an RBIBD(v, k, \) exists, then b > v + r — 1 where b is the number of
blocks. When b = v+ —1 (or equivalently, r = k + ) the RBIBD is an affine design

and any two nonparallel lines intersect in exactly % points.
Remark The condition that b > v+ r — 1 is known as Bose’s condition.

Theorem Cousider a (v, k, A) affine design with replication number r whose nonparallel
blocks intersect in p = k2 /v points.

1. If v =tk and k # 0 (mod t), then no RBIBD (tk, k, %) exists.

2. If v and r are odd, then k is a perfect square.

3. If v is odd and r is even, then u is a perfect square.

4. If r =2 (mod 4) or r = 3 (mod 4), then the square free factor of # has no prime
divisor p = 3 (mod 4).

5. If A € {1,2}, then the affine design is a residual design. See §11.6.4.

Theorem If both k and ¢ are odd, then no RBIBD(2k, k,t(k — 1)) exists.

Theorem [968] If k is even, then no NRB(2k + 1, k, (k — 1)) exists if 2k + 1 is not the
sum of two squares. In particular, no NRB(21,10,9) or NRB(33, 16, 15) exists.

Theorem Given any positive integers k and A, there exists an integer c¢(k, \) such
that an RBIBD(v, k, ) exists whenever v > c(k, A) and the necessary conditions are
satisfied.

Theorem For k a positive integer, there exists n(k) € Z* such that an NRB(v, k, k—1)
exists whenever v > n(k) and v =1 (mod k).
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7.4 Existence Results for RBIBDs for Specific k and )

7.35 Table A summary of existence results. Entries shown in the tables referenced are
definite exceptions.

k | A | Exceptions Possible Exceptions Largest Possible Exception
311 none none

312 6 none

411 none none

413 none none

5|1 see Table 7.37 645
5|2 15 see Table 7.38 395
5| 4 10, 15 see Table 7.39 195
6|5 none none

71 [961]; no explicit enumeration 294427
716 see Table 7.40 462
8|1 see Table 7.41 24480
817 see Table 7.42 1488
12|11 explicit enumeration in [1419] 108768
16 | 15 [964]; no explicit enumeration 83840

7.36 Remark [451] An RBIBD(v, k,1) exists if v > exp{exp{k'?*'}} and the necessary
conditions are satisfied. However, no specific bounds have been computed for any
other pairs of k£ and A not specifically mentioned in Table 7.35.

7.37 Table Values of v = 5 (mod 20) for which no RBIBD(v, 5, 1) is known [7, 40, 41, 848,
2213).

45 345 465 645

7.38 Table Values of v =5 (mod 10) for which no RBIBD(v, 5, 2) is known [40, 1600].
15 45 115 130 195 215 235 295 315 335 345 395

7.39 Table Values of v = 0 (mod 5) for which no RBIBD(v, 5,4) is known [7, 40, 848].
10 15 135 160 190 195

7.40 Table Values of v = 0 (mod 7) for which no RBIBD(v, 7, 6) is known [43, 848].

14 84 119 126 133 175 182 189 210 231
238 259 266 287 413 420 427 434 462

7.41 Table Values of v = 8 (mod 56) for which no RBIBD(v, 8, 1) is known [966].

176 624 736 1128 1240 1296 1408 1464 1520 1576
1744 2136 2416 2640 2920 2976 3256 3312 3424 3760
3872 4264 4432 5216 5720 5776 6224 6280 6448 6896
6952 7008 7456 7512 7792 7848 8016 9752 10200 10704

10760 10928 11040 11152 11376 11656 11712 11824 11936 12216
12328 12496 12552 12720 12832 12888 13000 13280 13616 13840
13896 14008 14176 14232 21904 24480

7.42 Table Values of v = 0 (mod 8) for which no RBIBD(v, 8,7) is known [36, 847, 1631].

24 160 168 192 224 240 312
336 440 552 560 744 1464 1488
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7.5 Existence Results for NRBs for Specific k

7.43 Theorem [7, 34, 43, 848, 2193] The necessary condition, v = 1 (mod k), for the
existence of an NRB(v, k, k — 1) is sufficient for &k < 7. For k = 8, it is sufficient,
except possibly for v = 385 or 553.

7.44 Table Bounds on the existence of NRB(v, k, k—1)s. N denotes the number of unknown

NRBs.
k| n(k) < N k| nk) < N k n(k) < N
9 973 26 16 | 10033 | 151 24 58105 | 290
10 2681 43 17 | 464373 | 2647 26 | 1238849 | 4530
12 6289 37 18 | 103609 | 463 28 | 121073 | 651
15 | 126331 | 1116 22 | 716057 | 2643 30 | 490141 | 1197

7.6 Some Explicit Constructions

7.45 Construction Suppose p is a prime power, x is a primitive element in F,, and v =
(p—1)/k. Then developing the following base blocks over F,, gives an NRB(p, k, k—1):
{at, gutt, g2utt  pk=Dutil for 0 <4 < (p—1)/k. For prime v, the NRBs in Table
7.46 have this structure.

7.46 Table Some NRB(v, k, k—1)s. In each case, develop the blocks given over Z, to obtain
the v parallel classes. Adding the element 0 to each block prior to the development
gives a (v, k + 1, k + 1)-design.

v, k Base Near Parallel Classes

19,6 | {1,7,8,11,12,18}, {2,3,5,14,16,17}, {4,6,9,10,13,15}

21,5 | {1,2,3,5,10}, {4,8,11,15,16}, {6,12,14,17,20}, {7,9,13,18,19}

26,5 | {1,4,8,18,22}, {2,9,11,19,24}, {3,6,16,17,23}, {5,7,10,21,25}, {12,13,14,15,20}
294 | {1,12,17,28}, {2,5,24,27}, {4,10,19,25}, {8,9,20,21}, {11,13,16,18},
{3,7,22,26}, {6,14,15,23}

31,6 | {1,5,6,25,26,30}, {3,13,15,16,18,28}, {8,9,14,17,22,23}, {4,7,11,20,24,27},
{2,10,12,19,21,29}

31,10 | {1,2,4,8,15,16,23,27,29,30}, {3,6,7,12,14,17,19,24,25 28},
{5,9,10,11,13,18,20,21,22,26 }

334 | {1,8,18,19}, {2,3,24,31}, {4,13,21,23}, {5,11,17,20}, {6,10,26,29},
{7,12,15,16}, {9,22,28,30}, {14,25,27,32}

33,8 | {1,11,12,15,20,22,26,28}, {2,5,9,14,17,18,19,29},
{3,4,16,21,23,24,27,31}, {6,7,8,10,13,25,30,32}

36,7 | {1,13,18,24,28,32,34}, {2,12,14,25,30,31,33}, {3,6,9,10,15,23,35},
{4,5,8,16,17,19,26}, {7,11,20,21,22,27,29}

37,12 | {1,6,8,10,11,14,23,26,27,29,31,36}, {2,9,12,15,16,17,20,21,22,25,28,35},
{3,4,5,7,13,18,19,24,30,32,33,34}

41,4 | {1,9,32,40}, {6,13,28,35}, {4,5,36,37}, {11,17,24,30}, {16,20,21,25},
{3,14,27,38}, {2,18,23,39}, {12,15,26,29}, {8,10,31,33}, {7,19,22,34}
41,8 | {1,3,9,14,27,32,38,40}, {2,6,13,18,23,28,35,39}, {4,5,12,15,26,29,36,37},
{8,10,11,17,24,30,31,33}, {7,16,19,20,21,22,25,34}

41,10 | {1,4,10,16,18,23,25,31,37,40}, {6,14,15,17,19,22,24,26,27,35},
{2,5,8,9,20,21,32,33,36,39}, {3,7,11,12,13,28,29,30,34,38}

7.47 Example An NRB(22,7,6) over Za; U {oco}. Twenty-one near parallel classes are ob-
tained by developing {c0,1,5,6,7,15,18}, {2,3,4,8,10,13,17}, and {9,11,12,14,16,19,20}
mod 21. The last near parallel class consists of the three distinct translates of
{0,3,6,9,12,15,18}.
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7.48

7.49

7.50

7.51

7.52

7.53

7.54

Example An NRB(28,9, 8) over Zy7 U {oo}. Twenty-seven near parallel classes are
obtained by developing the blocks {00,1,2,5,7,14,16,23,24}, {9,12,13,15,17,19,20,25,26}
and {3,4,6,8,10,11,18,21,22} mod 27. The last near parallel class consists of the three
distinct translates of {0,3,6,9,12,15,18,21,24}.

Example A RBIBD(21, 7, 6) over Zso U {oo}. Develop the following blocks by adding
the even residues (mod 20): By = {0,4,16,11,13,17,19}, By = {00,6,14,1,3,7,9},
By = {2,8,10,12,18,5,15}, By = {0,10,1,9,11,15,19}, Bs = {0,2,4,16,18,3,7},
Bs = {6,8,12,14,5,13,17}. Both {B;, Bs, Bs} and { By, Bs, Bs} form a parallel class.

Example A RBIBD(288,8,1). The point set is (Z7 x Z41) U {oo}. Obtain the first
parallel class as

{(0,9¢),(0,321), (1, 3t), (1, 38t), (2,1), (2, 40t), (4,14¢), (4,27t) }
for t = 1,37, 16, 18, 10, developing modulo (7, —); then append the block

{o0,(0,0),(1,0),(2,0),(3,0), (4,0), (5,0),(6,0)}
to complete the first parallel class. Develop this parallel class modulo (—, 41) to obtain
the resolution.

Remark [24, 848] (p, p—1)-frames of type p? are frequently used to construct NRB(pg+
1,p,p—1)s. In particular, if p and g are odd prime powers, then such a frame is known
to exist when

1. p=3 (mod 4) and ¢ > p, and
2. p =1 (mod 4), ¢ = 3 (mod 4), and ¢ > p, except possibly when ¢ = p + 2,
p=5,9, or 13 (mod 16) and p > 25.
See Theorem IV.5.24. There are also known upper bounds on p for such a frame to
exist when both p and ¢ = 1 (mod 4). For ¢ < 433, these bounds are tabulated in

[24].
Examples

1. For z = 3", 0 < i < 4, the blocks {(0, 2), (1,42), (1,72), (4,22), (4,92)} and
{(0,102), (3,22), (3,92), (2,42), (2,72)} generate a (5, 4)-frame of type 51 over
F5 X Fll-

2. For z = 3%, 0 < i < 4, the blocks {(0, 2), (1,22), (1,92), (2,42), (2,72), (4, 32),
(4,82)} and {(0,10z2), (6,22), (6,92), (5,4z2), (5,72), (3,52), (3,62)} generate a
(7,6)-frame of type 7' over Fy x Fy;.

3. If x is any primitive element of Fyg, then for z = 22¢, 0 < i < 3, the blocks {(0, 2),
(1,2%2), (1,272), (2, 2%2), (2, 232), (4, 252), (4,2°2)} and {(0, z2), (6, 2°2), (6, 2),
(5,232), (5,2%2), (3,272), (3,252)} generate a (7, 6)-frame of type 7° over F7 xFq.

7.7 Orthogonal Resolutions

Let (V, B) be a design. Let P = {P1,...,Ps} and @ = {Q1,...,Q:} be partitions of
B into partial parallel classes. Partitions P and Q are orthogonal if |P;NQ;| < 1 for
all<i<sand 1 <j <t

Remark The situations most explored are when P and Q are both resolutions, or both
near resolutions. When a design has two orthogonal resolutions, it is doubly resolvable;
when it has two orthogonal near resolutions, it is doubly near-resolvable.
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7.55

7.56

7.57

7.58

7.59

7.60

7.61

7.62

7.63

Example [585] A doubly near-resolvable BIBD(10,3,2). One near resolution is the
rows, the second is the columns.

3,4,8[1,6,7 2,59
4,0,9(2,7,8 3,6,5
3,8,9 0,15 4,76
1,2,6/4,9,5 0,8,7
2,3,7[0,5,6 1,9,8
1,7,9 4,6,8 0,2,3
2,85 1,34 0,7,9
3,9,6 2,4,0 18,5
45,7 2,9,6 3,0,1
0,6,8 3,5,7 41,2

Example A doubly near-resolvable BIBD(16,3,2) over Z1s. Develop (mod 16) the fol-
lowing base blocks, which form a near parallel class: By = {8,9, 12}, By = {10, 13, 2},
Bs = {1,3,7}, By = {14,15,5}, Bs = {4,6,11}. Near parallel classes in the sec-
ond near resolution are translates of By + 6 = {14,15,2}, By + 15 = {9,12,1},
Bs+4={57,11}, By + 5= {3,4,10}, and B; + 2 = {6, 8, 13}.

Theorems

1. [45, 560] For any v = 3 (mod 6) there exists a doubly resolvable BIBD(v, 3, 1),
except for v € {9, 15} and possibly for v € {21, 141, 153, 165, 177, 189, 231, 249,
261, 267, 285, 351, 357}.

2. [45, 1386] A doubly resolvable BIBD(v, 3, 2) exists if and only if v =0 (mod 3)
and v & {6,9}.

3. [45, 1385] A doubly near-resolvable BIBD(v,3,2) exists if and only if v = 1
(mod 3) and v > 10.

Remark Asymptotic existence of doubly near-resolvable BIBD(v, k, \)s and of doubly
resolvable BIBD(v, k, 1)s is established in [1391]. One known infinite class consists
of doubly resolvable BIBD(p", p, 1)s for p a prime power and n an integer > 3 [843].
Another is given by Theorem 7.59.

Theorem [1383] A doubly resolvable BIBD(k(k +1), k, k—1) exists if either k or k+1
is a prime power and k > 3.

7.8 a-Resolvable Designs

Let « be a positive integer. An a-parallel class or a-resolution class in a design is a
set of blocks containing every point of the design exactly « times.

Example A 2-resolvable BIBD(10,4,6) over Zg U {oo}. Its blocks are obtained by de-
veloping (mod 9) the following base blocks that consist of a 2-parallel class.

{07]‘7273}’ {0727576}’ {1747577}’ {37778700}’ {47678700}

Theorem Necessary conditions for the existence of an a-resolvable BIBD(v, k, A) are
(1) A(v = 1) = 0 (mod (k — 1)) and (2) Aw(v —1) =0 (mod k(k —1)); 3) av =0
(mod k).

Theorem [1233] The necessary conditions for existence of an a-resolvable BIBD(v, 3, A)
are sufficient, except for v =6, « =1 and A = 2 (mod 4).
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7.75

Theorem [2096] The necessary conditions for existence of an a-resolvable BIBD (v, 4, \)
are sufficient, with the exception of (a, v, A) = (2,10, 2).

Remark An RBIBD(v,k,\) is an a-resolvable BIBD(v, k, A) with o« = 1. Several
concepts and constructions for RBIBDs can be carried over to a-resolvable designs.
For instance, a doubly a-resolvable BIBD is one with two a-resolutions, such that any
a-parallel class in the first a-resolution has at most one block in common with each
a-parallel class in the second a-resolution.

Theorem [45, 1389] A doubly 2-resolvable BIBD(v, 3,4) exists for all v = 0 (mod 3).

7.9 Uniformly Resolvable Designs

A parallel class in a pairwise balanced design is uniform if all blocks in the parallel
class have the same size.

A uniformly resolvable design, URD(v, K, A\, R), is a resolvable PBD(v, K, \) such
that all of the parallel classes are uniform. R is a multiset, where |R| = |K| and
for each k£ € K there corresponds a positive ry € R such that there are exactly ry
parallel classes of size k.

Remark While this definition requires that r;y > 0, one could allow r, = 0. In this
case there are no blocks of size k and the design is k-free; otherwise, it is k-essential.

Remark If K = {g,k} and R = {ry, s} write k-URD(v, g, A, r), where r = r4 and,

Aw=1)—r(g—1
hence, ry = 2u=U=rlg=1) k)ff(g ),

Example A URD(12, {2, 3}, 1, {5, 3}) (also a 2-URD(12,3,1,3) or 3-URD(12,2,1,5)) over
Z3 x Zy4. The parallel classes are shown.

[{(0,0),(0,1)}, {(0,2),(0,3)}] mod (3, —) [{(0,0),(1,0),(2,0)}] mod (—, 4)
[{(0,0),(0,2)}, {(0,1),(0,3)}] mod (3, —) [{(0,0),(1,1),(2,3)}] mod (—, 4)
[{(0,0),(0,3)}, {(0,1),(0,2)}]mod (3, —) [{(0,0),(1,3),(2,2)}] mod (—, 4)
[{E(O,j),(ld(”r?)}, {(0,5+1),(Lj+3)},

{(

0,5 +2),(2,5+3)} {(0,j+3),(2,5)},
1,5), 2,5+ 1)} {(1L,i+1),(2,5+2)}j=0,2

Theorem Necessary conditions for the existence of a URD(v, K, A\, R) are (1) v =0
(mod k) for each k € K and (2) A(v —1) = >, c g r(k —1). In addition, if A = 1 and
rr > 1, then v > k2.

Theorem [1787] A 3-URD(v,2,1,r) with » > 1 exists if and only if v = 0 (mod 6),
r=1(mod?2),1<r<wv-—3and (v,r) &€ {(6,1),(12,1)}. If r = 1, such a design is a
Nearly Kirkman Triple System, denoted as NKTS(v).

Theorem [628] Suppose that k = 2, or that kK = 3 and g is odd. Let ¢4, = 1 when
g =0 (mod k) and €, 4, =k when g # 0 (mod k). Then

1. If n and u = 0 (mod k—1) and there exists a resolvable TD(¢y 49, ), then there
exists a k-URD(eg ggnu, g, A, r) for all 1 < r < An.
2. There is a k-URD(¢g 4q9, g, A, ) for all odd prime powers ¢ > g and all 1 <r <
Ag—1)
=
Theorem [627] A 4-URD(v,3,1, 5 — 5) exists for all v = 12 (mod 24), v # 12, except
possibly when v = 84 or 156.

except possibly when &k = 3 and ¢ = 5 (mod 6).
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7.76 Theorem [627] Suppose that ¢t = 3 (mod 6), t & {3,21,39} and v = 4¢ (mod 8¢t). Then

1.

If

If  is a prime power congruent to 1 modulo 6, then a 4-URD(v, 3,1, 5 —3s—2)

exists for all s < %.
17 is composite and there exists a resolvable TD(t, 4%1), where ¢ is the smallest

proper factor of 7, then there exists a 4-URD(v,3,1,§ — 3s —2) for all s < 4%1.

7.77 Remark There is another large class of resolvable pairwise balanced designs, class-
uniformly resolvable designs (CURDs), in which any two parallel classes have the
same number of blocks of each size. For the existence of CURDs, see [1280] and
references therein.

7.78 Proposition

1.

If K = {k} then a URD(v,K,\,rg) is equivalent to an RBIBD(v,k,\), where
re = 220 An RBIBD(v,k,\) is also a CURD.

2. A k-URD(v,9,1,1) is equivalent to a k-RGDD of type g*/9. A 3-URD(v,2,1,1) is

equivalent to a Nearly Kirkman Triple System, NKTS(v). See §IV.5.

3. A k-URD(kn, n, 1, 1) is equivalent to a resolvable TD(k,n). See §IIL.3.

See Also

6I1.6 Some affine designs exist only as residual designs of symmetric
designs. See Theorem 7.30.

6II1.3 Resolvable TDs are a class of URDs.

§IIIL.5 SOLSSOMs can be utilized in constructions of RBIBDs via The-
orem 7.16.

§IV.2 Resolvable PBDs are the underlying block set of URDs.

§IV.4 Known results and techniques on resolvable GDDs and frames
can be used in constructions of RBIBDs via Theorems 7.17 and
7.18.

§IV.5 Resolvable GDDs are a class of URDs.

§V.1 Hadamard designs are related via Theorem 7.11.

§VI.16 Block disjoint difference families and 1-rotational difference fam-
ilies are related to constructions of RBIBDs.

§VI.50 Room squares are equivalent to doubly RBIBD(v, 2, 1)s.

§VII.2 Affine geometries are the source of many RBIBDs.

[577] A survey of orthogonal resolutions of triple systems and related
cubical arrays.

[848] Contains existence tables for RBIBDs with 10 < v < 200, and an
extensive bibliography.

[1420] English translation of Lu’s asymptotic existence results together
with a more modern treatment.

[1782] Contains first asymptotic proof covering all k. Deals with A = 1.

References Cited: [7,24,34,36,40,41,43,45,144, 451,560,577, 585, 627, 628, 843,847, 848,961, 964,
965, 966, 968, 1233, 1246, 1280, 1383, 1385, 1386, 1389, 1391, 1419, 1420, 1600, 1631, 1782, 1787,
1967,2096,2193,2213]
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1 Latin Squares

CHARLES J. COLBOURN
JEFFREY H. DINITZ
IaAN M. WANLESS

1.1 Definitions and Examples

1.1 | A latin square of side n (or order n) is an n x n array in which each cell contains a
single symbol from an n-set S, such that each symbol occurs exactly once in each
row and exactly once in each column.

1.2 A latin square of side n (on the symbol set 1,2, ..., n or on the symbol set 0, 1,...,n—
1) is reduced or in standard form if in the first row and column the symbols occur in
natural order.

1.3 Example A reduced latin square of side 8 on the symbols 0,1,...,7.

0112|3456 7
110345672
213|15|10|16|7(4]|1
3(4|10|7]|1]2|5]6
4156171023
516 |712|10]3|1]4
671415121310
712111613405

1.4 Let L be an n x n latin square on symbol set E3, with rows indexed by the elements
of the n-set F; and columns indexed by the elements of the n-set Ey. Let 7 =
{(z1,x2,x3) : L(x1,22) = z3}. Let {a,b,c} = {1,2,3}. The (a,b, ¢)-conjugate of L,
Lqa,p,c), has rows indexed by E,, columns by Ejp, and symbols by E., and is defined
by Lap,c)(Ta, ) = x. for each (z1,z2,23) € T.

1.5 Example A latin square of side 4 and its six conjugates.

1 4 2 3 1 2 4 3 1 3 2 4

2 314 4 31 2 2 41 3

4 1 3 2 21 3 4 4 2 3 1

32 41 34 21 314 2
(1,2,3)-conjugate (2,1,3)-conjugate (3,2,1)-conjugate

1 2 4 3 1 3 4 2 1 3 2 4

34 21 1 2 4 314 2

21 3 4 2 4 31 4 2 3 1

4 31 2 4 2 1 3 2 41 3
(2,3,1)-conjugate (1,3,2)-conjugate (3,1,2)-conjugate

1.6 Remark Any latin square has 1, 2, 3, or 6 distinct conjugates.

1.7 The transpose of a latin square L, denoted L7, is the latin square that results from
L when the role of rows and columns are exchanged (that is, L (i, j) = L(j,1)).
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1.8 ‘A latin square L of side n is symmetric if L(i, j) = L(j,4) for all 1 <4, j < n. ‘

1.9 Remark A latin square L is symmetric if and only if L = LT = L(2,1,3). The square
in Example 1.3 is symmetric.

1.10 ‘A latin square L of side n is idempotent if L(i,7) =i for 1 <14 < n. ‘

1.2 Equivalent Objects

1.11 Theorem A latin square of side n is equivalent to

1. the multiplication table (Cayley table) of a quasigroup on n elements (§II1.2);
a transversal design of index one, T'D(3,n) (§I11.3.2);

a (3,n)-net (§I11.3.2);

an orthogonal array of strength two and index one, OA(3,n) (§I11.6);

a 1-factorization of the complete bipartite graph K, ,, (§VIL.5);

an edge-partition of the complete tripartite graph K, ,, , into triangles;

a set of n? mutually nonattacking rooks on an n x n x n board;

a single error detecting code of word length 3, with n? words from an n—symbol
alphabet ([684] p. 354).

® NI

1.3 Enumeration

1.12 |Two latin squares L and L’ of side n are isotopic or equivalent if there are three
bijections from the rows, columns, and symbols of L to the rows, columns, and
symbols, respectively, of L', that map L to L'.

1.13 |Two latin squares L and L’ of side n are main class isotopic or paratopic if L is
isotopic to any conjugate of L’.

1.14 | Two latin squares L and L’ of side n are isomorphic if there is a bijection ¢ : S — S
such that ¢L (4, j) = L'(¢(4), ¢(j)) for every 4, j € S, where S is not only the symbol
set of each square, but also the indexing set for the rows and columns of each square.

1.15 | The set of latin squares paratopic (isotopic or isomorphic) to L is the main class
(isotopy class or isomorphism class, respectively) of L.

1.16 Table Enumeration of latin squares of side n < 10 (see [1573] and Table 1.24).

n — 1121314 5 6 7 8
main classes 1112 2 12 147 283,657
isotopy classes 1112 2 22 564 1,676,267
isomorphism classes|1|1|5(35(1,411|1,130,531|12,198,455,835(2,697,818,331,680,661
reduced squares 11|14 | 56 9,408 16,942,080 535,281,401,856
isomorphism classes/, |, [, 6 109 23,746 106,228,849
of reduced squares
9 10
19,270,853,541 34,817,397,894,749,939
115,618,721,533 208,904,371,354,363,006
15,224,734,061,438,247,321,497 | 2,750,892,211,809,150,446,995,735,533,513
377,597,570,964,258,816 7,580,721,483,160,132,811,489,280
9,365,022,303,540 20,890,436,195,945,769,617
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Enumeration

1.1.3

1.17 Theorem The number of reduced squares in an isotopy class of order n latin squares

is (n! x n)/g where g is the order of the autotopy group (g is the number of isotopies

that preserve the square). It follows that g divides n! x n.

, an identifying

4 < n < 7. For each

number is given, followed by five integers giving the number of transversals, the number

1.18 Table Main classes of latin squares of side n,

of 2 x 2 subsquares, the number of 3 x 3 subsquares, the order of the autotopy group,
and the number of conjugates that are isotopic to the given square, respectively.

5

n =

4

n =

N~ O™
MmO N~
NN O
— o MmN
o — N ™m <
+ O~ ™™
MmO~
N O~
—_ N o
o — N m <
©
MmN |
o)
Nm oS
47
— O M AN|o
o - & m|A
<
©
3=
ma—olg
N o~
N
—
— o ™|
S~ NS
<

5.2: 3,4,0,12,6

5.1: 15,0,0,100,6

012345(|1012345(|1012345(|012345(|1012345(|1012345

103254(|1103254(|1103452{(|103452{|1103452|110345 2

234501|1234501{|1230514(|1230514(|1231504((234501

3254101325410{|345021(|1345021(|1345120(|345210

450123(|1450132|1451203{|1451230(|1450231(||1450123

541032||1541023|524130(|1524103(|524013({|521034

6.1:0,9,4,72,6 6.2:32,9,0,24,6 6.3:24,15,0,120,2 6.4:8,7,0,8,2

6.6:0,9,4,36,2

6.5:8,5,0,4,2

012345(|1012345||1012345(|012345(|012345(|1012345

103254{1103254(|1103254||1103254((1103452{|1120453

240513(|1240513{|240513{|1240531|1|1231504(|]201534

351402(1351402{|351420{|1354012(|1354120(|135410 2

425031(|1425130(1435102{|1425103(|1425013(|1435210

534120(|534021{|524031{|531420(|1540231||1543021
6.7:0,27,4,216,6 6.8:0,19,0,8,6 6.9:0,15,0,12,2 6.10:8,11,0,4,6 6.11:8,4,0,4,6 6.12:0,0,4,108,6

n="17
0123456{|10123456||{0123456(|10123456{|0123456¢6
1204365{|11204365(|11204365(|1204365{|]11204563
2015634(|12015634{|12015634(|12015643(|120356114
3456012(|13456021{|3456120(|13456012(|3456201
4360521{|14360512||14361502{(|14360521{|14562130
5631240(|15632140(|5632041||5641230(|56103432
6542103(|6541203{|[6540213||6532104(|6341025

7.1: 3,18,1,12,6

7.5: 19,6,0,3,2

7.2: 23,26,3,8,2 7.3: 63,42,7,168,6 7.4: 23,14,1,2,2

0123456(|10123456{|0123456(|0123456(|10123456

1230564(|11234560(|11032564||11032564(|103256¢64
2345601(12345601(|12301645{|12301645(|12301645
3056142||13456012(|13456012{|13456012{|13456021
4561320(14560123{|14265103||4265130(|14265130
5604213||5601234(|15614320{|5640321||15614302
6412035(|6012345(16540231{|6514203||6540213

7.6: 25,0,0,6,2 7.7: 133,0,0,294,6 7.8: 21,18,1,2,2

7.10: 43,30,3,4,6

7.9: 30,16,1,1,1

0123456(|10123456(|10123456{(|0123456(|0123456
1032564(|11032564(|11032564(|11032564(|10325¢64
2301645(|12301645||12301645(|12301645(|]2301645
3456021|13456021|13456021(|13456021(|3456021
4265130(|14265130{|14560132{|4560213(|14560312

5640213||5640312|15614203(|15614302{]5614203
6514302||6514203|16245310({|16245130(|]6245130

7.11: 43,18,3,4,6 7.12: 55,22,3,8,2 7.13: 13,18,1,2,2 7.14: 33,22,1,1,2 7.15: 15,22,1,2,2
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7.40: 15,14,0,1,1

7.39: 9,8,0,1,2

0123456(|10123456{|0123456(|0123456(|10123456
1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3256041|13256041(13256041||13256041(|13256041
4560123(|14560123{|14560132||4561230(|14561302
5641230(|15641302(|15641320{|15640123|]15640123
6415302(|6415230(|16415203{|6415302{|16415230

7.16: 30,8,0,1,2 7.17: 14,15,0,1,2 7.18: 20,12,0,1,2 7.19: 22,11,0,1,1 7.20: 15,14,0,1,1
0123456(|10123456{|0123456(|0123456(|101234506

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3256041(13256041(13256041{|13256140(|3256140
4561320(1|14615230{|14615302||4561023(|14561032
5640132||5460123(|5461230{|5640231(|15640321
6415203||6541302(|16540123{|6415302{|16415203

7.21: 24,11,0,1,2 7.22: 18,11,0,1,6 7.23: 22,13,0,1,6 7.24: 19,14,0,1,2 7.25: 33,18,0,3,6
0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3456021(|13456021(13456021(|13456021(|13456021
4265103|14265103{|14560132||14561203(|4561203
5610342||5641230(|15641203{|5610342||156401332
6541230(|16510342(16215340(|16245130{|]6215340

7.26: 11,16,0,1,1 7.27: 13,10,0,1,1 7.28: 16,16,0,1,3 7.29: 21,16,0,1,2 7.30: 32,14,0,1,2
0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3456021(|13456021(|13456021{|13456102{|13456102
4561230(14615203{|14615230(|14265031|1|14560231
5610342||15261340(15260143|{|5641320(|]15641023
6245103||6540132(16541302{|6510243||6215340

7.31: 15,12,0,1,1 7.32: 24,14,0,2,1 7.33: 15,12,0,1,1 7.34: 19,16,1,1,2 7.35: 24,12,0,1,1
0123456(|10123456{|0123456(|0123456(|101234506

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3456102(|13456102(|13456102{|3456102{|13456102
4560231(1|14560321{|14561023||4561320(|14561320
5641320(|15641230(15640231||15610243|(|5640231

6215043||6215043(16215340(|16245031(||6215043

7.36: 29,14,1,2,2 7.37: 14,10,0,1,1 7.38: 13,16,0,1,2

0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(12304615(|12304615{|12304615(|12304615
3456102||13456120(13456201{|13456201{|13456201

4615230(14615302{|14560123||4561023(|4561023
5261043|]5261043(|15641032{|5610342||156401332
6540321||6540231(16215340(|6245130/|6215340

7.41: 20,12,0,1,1 7.42: 18,20,0,1,2 7.43: 16,10,0,1,1 7.44: 19,14,0,1,1 7.45: 22,18,0,1,2
0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3456201(|13456201(|13456201{|13456201{|13465021

4615023|14615032{|14615032||14615320(|14256103
5261340(|15260143(|15261340{|15260143|]5641230
6540132||6541320(16540123||6541032||65103432

7.46: 19,12,0,1,1 7.47: 14,10,0,1,1 7.48: 15,12,0,1,1 7.49: 23,10,0,2,2 7.50: 19,12,0,1,2
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Enumeration

1.1.3

0123456(|10123456{|0123456(|0123456(|10123456
1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3465021||13465021(|13465021{|13465021(|13465021
4256130(|14256130{|14516203||4516302(|14651230
5610243||15641203(|15640132{|5641230{|]5246103
6541302(|6510342(|16251340(|16250143||65103432

7.51: 15,10,1,4,2 7.52: 27,18,1,4,6 7.53: 34,18,0,1,6 7.54: 20,10,0,1,1 7.55: 25,12,0,1,2

0123456(|10123456{|0123456(|0123456(|101234506
1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3465102||13465102(|13465201{|13465201(|13465201
4516230(14651230{|14516032||14516032(|14516320
5640321(|15216043(|15640123|{|5641320(|]56401332
6251043||6540321(16251340(|6250143||6251043

7.56: 28,12,0,2,1 7.57: 21,12,0,1,1 7.58: 25,16,0,1,2 7.59: 21,10,0,1,2 7.60: 28,14,1,1,2
0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3465201(|13465201(|13465201{|13465201(|13546102
4650123|14650132{|14651023||14651023(|14615023
5216340(|15216043(|15216340{|5246130{|]5261340
6541032||6541320(16540132{|6510342{|6450231

7.61: 26,10,0,1,1 7.62: 19,10,0,1,1 7.63: 24,14,0,2,1 7.64: 19,10,0,1,2 7.65: 17,14,0,1,2
0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2304615(|12304615{|12304615(|12304615
3546201(|13546201(|13546201{|13546201{|13546201
4615032(|14615032{|14615320||14650132(|14651032
5460123|]5461320(15260143{|5261043||]5260143

6251340(|16250143(|16451032{|6415320(/|6415320

7.66: 25,18,0,1,1 7.67: 16,12,0,1,1 7.68: 41,14,0,2,2 7.69: 27,14,0,1,2 7.70: 24,14,0,1,2
0123456(|10123456{|0123456(|0123456(|101234506

1032564(|11032564(|11032564||11032564(|103256¢64
2304615(2310645(|12310645{|12310645(|12310645
3645201(|13456012(|13456012{|13456012||13456102
4516320(1|14265301{|14561230(|146053211|14605231

5261043||15641230(15604123{|5264130({|]5264310
6450132||6504123(|16245301{|6541203||6541023

7.71: 33,18,0,3,2 7.72: 47,10,1,2,2 7.73: 24,9,1,1,6 7.74: 37,18,1,1,6 7.75: 24,15,1,1,6

0123456(|10123456{|0123456(|0123456(|10123456
1032564(|11032564(|11032564||11032564(|103256¢64
2310645(|2314605(|12314605{|12314605(|2314605
3465021||13256041(|13256041||13256041{|13256041

4256130(14560123{|14560132||14560213(|4561230
5604213||5641230(|15641320{|5641320({|5640312
6541302/|6405312(|16405213{|6405132{|16405123

7.76: 31,6,3,24,6 7.77: 21,10,0,1,6 7.78: 23,14,0,1,2 7.79: 23,10,0,2,1 7.80: 20,10,0,1,2

0123456(|10123456{|0123456(|0123456(|10123456
1032564(|11032564(|11032564||11032564(|103256¢64
2314605(|2314605(|12314605{|12314605(|2314605
3256041(13256041(13256041{|13256041{|13256140
4561320(14561320{|14605132||14605132(|14561023
5640132||15640213(|5460213|{|5461320(|56403132
6405213||6405132(|16541320{|16540213{|6405231

7.83: 19,8,0,1,2 7.84: 22,14,0,1,6 7.85: 12,11,0,1,2

7.81: 25,10,0,1,2 7.82: 19,8,0,1,1
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7.90: 23,6,0,2,1

7.95: 12,10,0,1,2

7.89: 17,7,0,1,1

7.94: 22,9,0,1,1

7.99: 25,10,0,2,1 7.100: 16,8,0,1,1

7.88: 18,7,0,1,1

7.93: 14,9,0,1,2

7.98: 21,9,0,1,1

7.87: 19,8,0,2,1

7.92: 22,6,0,1,1

7.97: 7,6,0,1,2

0123456(|10123456{|0123456(|0123456(|10123456
1032564(|11032564(|11032564||11032564(|103256¢64
2314605(|2314605(|12314605{|12314605(|2314605
3456012(|13456012(|13456012{|13456012{|1345601 2
4560123|14560231{|14560321||14561230(|14561320
5641230(|15641320(15601243||5640123{|5640231
6205341||16205143(16245130(|16205341(|16205143

7.86: 19,8,0,1,1

0123456(|10123456{|0123456(|0123456(|101234506

1032564(|11032564(|11032564||11032564(|103256¢64
2314605(|2314605(|12314605{|12314605(|23146035
3456012(|13456012(13456012{|13456021{|13456210
4605123|14605123{|14605231|1|14605213(|4560123
5260341||15261340(|15261340{|5261340(|56013432
6541230/|6540231(16540123{|16540132{|6245031

7.91: 22,12,0,1,1

0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2314605(|2314605(|12314605{|12314605(|2314605
3456210(|13465012(|13465012{|13465012{|13465021
4605132(|14256130{|14506231||14506231(|14506132
5261043||5601243(|15640123|{|5641320(|15640213
6540321||6540321(16251340(|16250143||6251340

7.96: 13,5,0,1,1

0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2314605(|2314605(|12314605{|12314605(|23146035
3465021(|13465021(|13465210{|13465210(|13465210
4506213145063 12{|14506132||14506321(|14650132
5640132||15641230(|15640321||5640132{|5206341
6251340(|6250143(16251043{|6251043||6541023
7.101: 25,12,0,1,2 7.102: 26,11,0,1,2 7.103: 22,7,0,1,1 7.104: 21,10,0,1,2 7.105: 30,10,0,2,1

0123456(|10123456{|0123456(|0123456(|101234506

1032564(|11032564(|11032564||11032564(|103256¢64
2314605(|2314605(|12314605{|12314605(|2314605
3465210(|13506142(|13506142{|13506241(||1354601 2
4651032(|14651023{|14651230(|14651320(|14605123
5206143||15460231(|15460321{|5460132{|5460231

6540321||16245310(16245013{|16245013(||6251340

7.106: 26,9,0,1,2 7.107: 16,10,0,1,1 7.108: 14,8,0,1,2 7.109: 25,16,0,1,2 7.110: 25,10,0,1,2
0123456{|10123456||0123456(|0123456{{0123456©6

1032564(|11032564(|11032564||11032564(|103256¢64
2345601(12345601(12345601{|12345601{|12345601

3256140(|13256140(|13406125{|3406125(|13406125
4601235(|14610235{|14560312||4561230(|14650312

5460312||5461023(|15614230{|5610342{|]5261043
6514023||6504312(16251043{|6254013||6514230

7.111: 14,8,0,1,6 7.112: 18,9,0,1,6 7.113: 28,9,0,1,1 7.114: 19,8,0,1,1 7.115: 19,10,0,1,6
0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2345601(|12345601(12345601{|12345601{|12345601

3406125(|13406215(|13406215{|3406215(|13406215
4651230(14560132{|14561320||14650132(|14650132

5264013||15614320(15614032{|5261043||]5261340
6510342||6251043(16250143{|6514320(|6514023

7.116: 23,6,0,2,2 7.117: 21,10,0,1,1 7.118: 17,5,0,1,1 7.119: 17,7,0,1,1 7.120: 21,5,0,1,1
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1.1.3

0123456(|10123456{|0123456(|0123456(|10123456
1032564(|11032564(|11032564||11032564(|103256¢64
2345601(|12345601(12345601{|12345601{|12345601
3416025(|13416025(|13416025{|13416025(|1345601 2
4650132(|14650213{|14650213||4651230(|14561320
5261340(|15261340(15264130{|5260143||5610243
6504213||6504132(|16501342|(|6504312{|6204135
7.121: 18,10,0,1,2 7.122: 18,8,0,2,1 7.123: 17,8,0,1,2 7.124: 23,12,0,2,1 7.125: 13,2,0,2,1

0123456(|10123456{|0123456(|0123456(|101234506

1032564(|11032564(|11032564||11032564(|103256¢64
2345601(12345601(12345601{|12345601{|12345601
3456120(|13456210(|13456210{|3460215||13604215
4610235(|14260135{|14610325||14506132(|14256130
5261043||15614023(|15261043|{|5614320(|]5461023
6504312/|6501342(16504132{|16251043||6510342
7.126: 25,12,0,2,2 7.127: 21,10,0,1,2 7.128: 11,6,0,1,1 7.129: 21,7,0,1,1 7.130: 23,4,0,2,2

0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2345601(|12345610(12345610{|12345610{|12405613
3604215(|13416205(|13460125{|13604125||13546102
4516320(14560321{|14516302||14516203|14650231
5260143||5604132(15604231{|15260341{|5261340
6451032(|6251043(|16251043|{|6451032||6314025

7.131: 32,8,0,2,1 7.132: 28,7,0,1,1 7.133: 26,8,0,2,1 7.134: 16,5,0,1,1 7.135: 31,11,0,1,3
0123456(|10123456{|0123456(|0123456(|10123456

1032564(|11032564(|11032564||11032564(|103256¢64
2405613|12405613(|12405613{|12405613(|12405631
3546102(|13546120(|13564201{|3614025||3546102
4651230(14361205{|14316025||4560132(|14360215
5260341||15614032(15640132{|5346201(|15614023
6314025(|6250341(16251340(|6251340({|6251340

7.136: 22,6,0,2,1 7.137: 23,10,0,2,6 7.138: 34,11,0,1,3 7.139: 36,13,0,1,6 7.140: 31,8,0,1,2

0123456(|10123456{|0123456(|0123456(|101234506
1032564(|11032564(|11032564|/11034562(|{1034562
2405631|12405631(|12415603{|12310645(|2310645
3546210(|13560142(13506142{|13506124(|13506124
4651023(|14316205{|14360215||14265301(|14651230

5360142||15641320(15641320{|5641230(|]15462013
6214305(|6254013(|16254031||6452013{|6245301
7.141: 45,16,0,5,2 7.142: 31,10,0,1,2 7.143: 20,4,0,1,6 7.144: 15,4,0,1,2 7.145: 11,2,0,1,6

O NI —A O <H M
00 O~ O MmN <A
O O N O M A
N FOI1oAN—~ O
AN FHF O - O
— O M <t 10 O N
O =AM <o ©
O© N1 O~ <F ™
00 O~ < O M A
1O O N AN O
N F O N O - 10
AN HF OO A
— O MO AN O <H
O = M <o ©

7.146: 7,3,0,1,3 7.147: 15,1,0,5,3

L(EN/E. Asymptotically L(n)'/"" ~ n/e? as n — oo.

n
k=

1.19 Theorem ([2091]) Let L(n) denote the number of distinct latin squares of side n. Then
(n))2rn="" < L(n) <[]

) in which each cell contains

where £ < n

a single symbol from an n-set S, such that each symbol occurs exactly once in each

row and at most once in each column.

1.20 | A k x n latin rectangle is a k x n array (
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.1

1.21

1.22
1.23

1.24

[1,2,...n] and [1,2,..
k x n latin rectangles.

A latin rectangle is normalized (or reduced) if the first row and first column read
., k], respectively. L(k,n) denotes the number of normalized

Remark The total number of k& x n latin rectangles is n! (n — 1)! L(k,n)/(n — k)!.

Theorem ([937], p. 507) The number of 3 x n latin rectangles is (n!)? times
coefficient of ™ in the power series

Table [1579] L(k,n) for 1 <k <n

2NV Y
€ ZZ'(1+x)3i+3'

=0

VAN
—
=

the

n k Lkn) || n k L(k,n)
1 1 19 9 1 1
2 1 1 2 16687
2 1 3 1034 43808
3 1 1 4 207624560256
2 1 5 112681643083776
3 1 6 129526054043 81184
4 1 1 7 22438296 79166 91456
2 3 8 3775975709642 58816
3 4 9 3775975709642 58816
4 4110 1 1
5 1 1 2 148329
2 11 3 8154999232
3 46 4 1471745210 59584
4 56 5 746 98838 30762 86464
5 56 6 87073540559 1003709440
6 1 1 7 1771 44296 98305 41859 22560
2 53 8 4292039421 5918542730 03520
3 1064 9 758072148316013 28114 89280
4 6552 10 75807 2148316013 28114 89280
5 9408 || 11 1 1
6 9408 2 1468457
71 1 3 7980304 83328
2 309 4 14396888 00784 66048
3 35792 5 753349232304 79020 93312
4 1293216 6 962995 5237329250 51587 78880
5 11270400 7 2401232164 7517351550 21735 52640
6 16942080 8 861082043577 87266 78085 83437 51680
7 16942080 9 290599031 00338826931139890275 94240
8 1 1 10 536393777327737129811967 35407 71840
2 2119 11 536393777327737129811967 35407 71840
3 1673792
4 420909504
5 27206658048
6 335390189568
7 535281401856
8 535281401856




1.1.4 Transversals 143

1.25

1.26

1.27

1.28

1.29

1.30

1.31
1.32
1.33

1.34

1.35

1.36

1.37

1.38

1.39

Table [1575] Estimates of L(n,n) for 12 < n < 15.

n 12 13 14 15
L(n,n) | 1.62 x 107 251 x 10°° 2.33x 10° 1.5 x 10°9

Theorem [915] The number of k x n latin rectangles is asymptotically

e (=0 k Y ()

nk n

as n — oo with k = o(n8/7).

1.4 Transversals

A transversal in a latin square of side n is a set of n cells, one from each row and
column, containing each of the n symbols exactly once. A partial transversal of
length k in a latin square of side n is a set of k cells, each from a different row and
each from a different column and such that no two contain the same symbol.

Remark Some latin squares have no transversals at all. One such class of latin squares
consists of the addition tables of Zs,, for n > 1. In fact, any latin square that is the
addition table of a group with a unique element of order 2 has no transversals.

Remark See §VI.6 for some connections between complete mappings of groups (and
quasigroups) and transversals in latin squares.

Remark If a latin square L has a transversal, then any latin square isotopic to L also
has a transversal. Indeed, the number of transversals is a main class invariant.

Theorem [146] Every latin square of even order has an even number of transversals.
Conjecture (Ryser) Every latin square of odd order has a transversal.

Theorem (Shor; see [838] and [685, pages 9-10]) Every latin square of side n has a
partial transversal of length k where k > maz{n — /n,n — 5.518(logn)?}.

Theorem [1572] If T'(n) is the maximum number of transversals achieved by a latin
square of order n, then 15"/% < T(n) < 0.6135" n! \/n for n > 5.

Remark In order for a latin square of side n to have 51734062879
. 1234567890

an orthogonal mate (see §III.3) it must possess a
. 7345628901

set of n disjoint transversals.

3456789012
Example The square on the right is a latinsquare {4 5 6 7 8 9 0 1 2 3
of side 10 with 5,504 different transversals [1716]. |0 6 2 8 9 5 1 7 3 4
This square has 12,265,168 distinct orthogonal |¢ 7 8 9 0 1 2 3 4 5
mates [1506], but it has been proven not tobeone [2 8 9 0 1 7 3 4 5 6
of a set of three mutually orthogonal latin squares |8 9 0 1 2 3 4 5 6 7
of side 10. 90123456738

A k-transversal or k-plex in a latin square of side n is a set of nk cells, k& from each
row, k from each column, in which every symbol occurs exactly k times.

Remark If a latin square possesses k disjoint transversals, then it possesses a k-
transversal. The converse is false. For any k > 2, there exists a k-transversal that
contains no c¢-transversal for 1 < ¢ < k. See [2120] for a survey.

Conjecture (Rodney) Every latin square has a 2-transversal.
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1.40

1.41
1.42

1.43

1.44

1.45

1.46

1.47

1.48

1.49

1.5 Subsquares and Holes

If in a latin square L of side n the k? cells defined by k rows and k columns form
a latin square of side k, it is a latin subsquare of L. The subsquare is proper if
1 <k<n.

Remark If two subsquares intersect, their intersection is itself a subsquare.

Theorem A latin square of side n with a proper subsquare of side k exists if and only
if k < L%J

Theorem (see [1079]) There exists a latin square of side n that contains latin sub-
squares of every side k, k < L%J, ifand only if 1 <n <7orn=29, 11 or 13.

1453 2|9a b6 738
Example This square of order 11 has sub- 52 41 3jab9 867
squares of each possible order. In fact, 4532 1|{b9aT728E6
it has 172 subsquares of order 2, 15 sub- 2314597 8 6 b" 9" af
squares of order 3, 9 subsquares of order 3125498 6 7 a*b" 9"
4, and 3 subsquares of order 5. Two sub- 9 a b8 7645123
squares of order 5 are marked (one in a a b 96 8574312
box, the other with asterisks). Their in- b9 a7 6 458231
tersection (in bold) is a subsquare of or- 6 8 7 a® b1 3 2 975" 47
der 2. 76 8 b*9°2 1 3 4* a* 5

8 7 6 9*a*3 2 1 5*4* b*
An incomplete latin square ILS(n; by, bs, . . ., bg) is an n x n array A with entries from

an n-set B, together with B; C B for 1 <i < k where |B;| = b; and B; N B; = ) for
1 <i,5 < k. Moreover,
1. each cell of A is empty or contains an element of B;
2. the subarrays indexed by B; X B; are empty (these subarrays are holes); and
3. the elements in row or column b are exactly those of B \ B; if b € B;, and of
B otherwise.
A partitioned incomplete latin square PILS(n; b1, be, ..., bx) is an incomplete latin
square with by +ba + - - -+ by, = n. A PILS(n; b1, bo, ..., bg) is of type (b, b, . .., bg).

Example A PILS(7;1,1,1,2,2).

D
N
—_

—_
D

— Wk Ot

N~ O s W

2
7
1 23
4 3 2

T OO NN W
= Ot Ww o

Remark Given an ILS(n; b1, be, ..., by) it is always possible to “fill in” the hole of size
bi, 1 < i < k, with a latin square of side b; (on the symbols B;) to obtain a latin
square of side n. The existence of a latin square of side n containing a latin subsquare
of side k is equivalent to an ILS(n; k).

Theorem A PILS(n;b1,bo,b3) exists if and only if by = by = bs. Moreover, a
PILS(n; by, b, b3, by) exists if and only if the b; (perhaps after relabeling) satisfy
b1:b2:b3 and1§b4§2b1.

A subsquare of side 2 of a latin square is an intercalate. A square with no intercalates
is an Ny square. A square with no proper subsquares is an No, square.
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1.50

1.51
1.52

1.53
1.54

1.55

1.56

1.57

1.58

1.59

1.60

1.61

Theorem Fix € > 0. With probability approaching 1 as n — oo, a randomly chosen
latin square of side n has at least n®/2~¢ intercalates.

Theorem There exists an Ny square of side n if and only if n & {2,4}.

Remark If n is odd, then the Cayley table of any group of order n has no intercalates.
Also, if A and B are N» squares, then so is their product.

Remark An algorithm for finding N> latin squares is described in Example VII.6.83.

Theorem (see [1079, 1507, 2118]) There exists an N, square of side n if n # 223°,
n < 256, or n is odd.

Example Latin squares of order 8 and 12 with no proper subsquares.

123456789 atdbec
23456189 adbcetT
12345678 315278 4a6¢c¢c9%dD
231567284 456 719%0bc832a
314678235 56 28a 79 bc4d413
46 821357 6 ¢c 81 3 a2715b9 45
58273461 78 1acbbdb42639
6 5718 243 8 9b 34 ca6bdlT7?2
74582136 9 b 7¢c251348ua6
8 76 3 451 2 a 7¢cb 946132258
b 4a 983 c¢c27561
ca 96 b 23517284

Remarks If p is a prime, then the Cayley table of the cyclic group of order p is an
Noo square (see Example 1.67). Also, if there exists a perfect 1-factorization of K, 1
(§VIL5), then there exists an Noo square of side n.

1.6 Hamiltonian and Atomic Latin Squares

In a latin square L, a row cycle of length m is a 2 x m latin rectangle that is a
submatrix of L and that contains no 2 x k latin rectangle for k < m. A column
cycle (symbol cycle) is a set of entries that become a row cycle in the transpose
((3,1,2)-conjugate, respectively) of L. L is row-hamiltonian (column-hamiltonian or
symbol-hamiltonian) if all of its row (column or symbol, respectively) cycles have
length equal to the order of L. The term hamiltonian latin square (HLS) applies to
latin squares that are row-, column-, or symbol-hamiltonian.

o L] L]
Example In this square of order 5, a row cycle of length 3 ; ?* i* g* g
is marked with * a column cycle of length 3 is marked with 3 4% 5% 1* 2
¢, and a symbol cycle of length 3 is marked by °®. These 405 2% 3% 1
cycles show that this square is not an HLS. 503%1 9% 4

Example Square 7.6 in Table 1.18 is symbol-hamiltonian but not row- or column-
hamiltonian.

Remark For an HLS of order n to exist, it is necessary that n = 2 or n is odd. This
is conjectured to be sufficient.
Table [2119] Number of main classes of HLS of order n < 9.

n 2 3 5 7 9
Main classesof HLS |1 1 1 2 37
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1.62

1.63
1.64

1.65
1.66
1.67

1.68

1.69

1.70

1.71

1.72

1.73

1.74

1.75

1.76

1.77

Theorem There exists an HLS of order n if n < 50 and n is odd, or if n € {p,2p—1, p*}
where p is any odd prime.

Remark If a latin square is row-hamiltonian, then so is its (1, 3, 2)-conjugate.

Remark An HLS of order n is equivalent to a perfect 1-factorization of K, ,,. Perfect
1-factorizations of K,y can be used to build symmetric symbol-hamiltonian latin
squares of order n and wvice versa, but the relationship is not 1:1. See [2122] for
details.

Theorem An HLS has no proper subsquares.

A latin square is atomic if it is row-, column-, and symbol-hamiltonian. ‘

Example Squares 5.1 and 7.7 in Table 1.18 are atomic. Indeed, the Cayley table of
any cyclic group of prime order is atomic. A non group-based atomic square of order
11 is given in Example 1.117.

Table [1506, 2121] Number of main classes of atomic latin squares for n < 27.

n 2 3 5 7 9 11 13 15 17 19 21 23 25 27
Mainclasses |1 1 1 1 0 7 >8 >0 >2 >10 >0 >5 >1 >2

Remark Atomic squares are known to exist for the composite orders 25, 27, 49, 121,
125, 289, 361, 625, 841, 1369, 1849, 2809, 4489, 24649, and 39601.

Remark For each prime p > 11 for which 2 is a primitive root, five main classes of
atomic square are known. For each prime p > 11 for which 2 is not a primitive root,
two main classes of atomic square are known.

1.7 Completion and Embedding

An n by n array L with cells that are either empty or contain exactly one symbol is
a partial latin square if no symbol occurs more than once in any row or column. A
partial latin square is symmetric (or commutative) if when cell (4, 7) is occupied by x,
then so is cell (j,4), for every 1 <i,j < n. A partial latin square is idempotent if all
of the cells on the main diagonal are occupied and furthermore cell (4, %) is occupied
by i. The size of a partial latin square is its number of filled cells.

Theorem [1928] A partial latin square of order n and size at most n — 1 can always
be completed to a latin square of order n.

Remark Evans [803] posed Theorem 1.72 as a question that became widely known as
the Fvans Conjecture. It remained unsolved for 21 years. A symmetric analogue is
given in Theorem 1.75.

Theorem [522] Deciding whether a partial latin square can be completed is an NP-
complete problem, even if there are no more than 3 unfilled cells in any row or column.

Theorem [85] Every partial symmetric latin square of order n with admissible diagonal
and size at most n — 1 can be completed to a symmetric latin square of order n.

Remark In Theorem 1.75, the diagonal is admissible if and only if the number of
symbols occurring on the diagonal a number of times that is different from n modulo
2 is at most the number of empty diagonal cells. This is necessary, because the parity
must be changed for every such symbol. Theorem 1.75 addresses the sufficiency.

Theorem A k x n latin rectangle, k < n, can always be completed to a latin square
of order n.
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1.78

1.79

1.80

1.81

1.82

1.83

1.84

1.85

1.86

1.87

1.88

Theorem (Ryser) Let L be a partial latin square of order n in which cell (i, j) is filled
if and only if ¢ < r and j < s. Then L can be completed to a latin square of order n
ifand only if N(i) >r+s—nfori=1,2,...,n, where N(i) denotes the number of
elements in L that are equal to 1.

An n x n partial latin square P is embedded in a latin square L if the upper n X n
left corner of L agrees with P.

Example The 4 x 4 partial latin square P is embedded in the 5 x 5 latin square L.
1 2 3

1 4 . .
.. 3 4
1 2

1

N QO = O
o N W Ot

4
)
1
3

1
4
2
)

Ot W N

Theorem [803] A partial n x n latin square can be embedded in a ¢ x ¢ latin square
for every t > 2n.

Remark Theorem 1.81 is the best possible general embedding result, as it is possible
to construct for every n > 4 a partial n X n latin square that cannot be embedded
in a latin square less than twice its size. See §II1.2 for related results on embedding
partial latin squares.

Theorem [2120] If 1 < k < n and k > %n, then there is a partial latin square P of
order n that cannot be completed to a latin square of order n, where P has k filled
cells in each row and column and k cells containing each symbol.

1.8 Ciritical Sets

A partial latin square P of order n is a critical set if it is completable to exactly one
latin square of order n, but removal of any of the filled cells from P destroys the
uniqueness of completion.

Remark A critical set in a latin square L is a minimal defining set for L in the sense
of §VI.13. Every defining set contains a critical set. However, a partial latin square
with more than one completion need not be contained in a critical set.

The smallest and largest sizes of critical sets of order n are denoted scs(n) and les(n)
respectively.

Table Smallest and largest critical sets for order n < 10. (See [174] for scs(8) and
references for smaller values.)

n |2345 6 7 8 9 10
ss(n) [1 2 4 6 9 12 16 <20 <25
les(n) [1 3 7 11 18 >25 >37 >44 >57

Example Critical sets of order 6 and size scs(6) =9 and les(6) = 18.

1 2 3 . .
23 . . . . . .1 - .5
3 . ... 1 2 5 4
-1 2 3

4 4 31 2

45 45 2 31
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1.89
1.90
1.91
1.92

1.93

1.94

1.95

1.96

1.97

1.98

1.99

Theorem [441] in(logn)'/? < scs(n) < [n?/4].
Conjecture scs(n) = [n?/4] for all n.

Theorem [895, 1132] n? — O(n®/?) < les(n) < n? — Zn + o(n).

A partial latin square T} is a latin trade if there exists a partial latin square Ty with
the properties that (1) a cell is filled in 77 if and only if it is filled in 75, (2) no
symbol occurs in the same cell in 77 and T3, and (3) in any given row or column 7
and 75 contain exactly the same symbols.

Remark Intercalates are the smallest latin trades. The cycles defined in §1.6 are latin
trades.

Theorem Let C' be a critical set in a latin square L. Then C' intersects every latin
trade in L. Moreover, for each entry e in C there exists a trade in L that includes e
but no other entry of C.

Table Numbers of main, transpose, and isotopy classes of distinct latin trades of size
n < 18 (two trades are in the same transpose class if they are related by isotopy
and/or transposition).

n 2345678 91011 12 13 14 15 16 17 18
Main (0010115 4 19 26 163 445 2302 10795 63624 381626 2547990
Transpose (001021 9 7 40 63 401 1202 6503 31505 187643 1137602 7617639
Isotopy (001031131066 112 723 2283 12616 62163 372147 2268021 15209245

Theorem [440, 752] In the addition table for integers modulo a prime p, the size of
the smallest latin trade is at least elogp + 2 but not more than O(log® p).

Remark See [1275] for further results on critical sets including connections with the
cycle double cover conjecture and topological embeddings of graphs.

1.9 Sudoku Latin Squares

Let a, b, and n be positive integers with a X b = n. Partition an n X n array in the
natural way into a X b regions. An (a,b)-Sudoku latin square is a latin square on
the symbol set {1,2,...n} where each region contains all of the symbols. A Sudoku
latin square is a (3, 3)-Sudoku latin square.

With a, b, and n as above, an (a, b)-Sudoku critical set is a partial latin square P
that is completable in exactly one way to an (a, b)-Sudoku latin square, but removal
of any of the filled cells from P destroys the uniqueness of completion.

1.100 Example A Sudoku critical set (of size 17) and its unique completion to a Sudoku

latin square.

N IR 693[784|512
A PN 487512936
20 U D 125963874
. -5 4.7 932(651487

.8/ - 3. - 568247391
N P Y 7411398625
12 - - 319(475268

N 856(129|743
| R 274836|159

at
0
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1.101

1.102

1.103

1.104

1.105

1.106

1.107
1.108

1.109
1.110

1.111

1.112

1.113

1.114
1.115

A Sudoku game consists of completing an (a,b)-Sudoku critical set to an (a,b)-
Sudoku latin square. By far the most popular version has a = b = 3.

Remark Sudoku critical sets are known for all sizes from 17 to 35. No Sudoku critical
set of size 16 is currently known. Example 1.100 is of size 17.

Proposition The number of distinct (n, n)-Sudoku latin squares for n = 1,2, and 3 is
1, 288, and 6,670,903,752,021,072,936,960, respectively. The number of inequivalent
(n, n)-Sudoku latin squares for n = 1,2, and 3 is 1, 2, and 5,472,730,538, respectively.
For n = 3 the allowed equivalences are relabeling entries; reflection; rotation; permu-
tation of blocks of rows or columns 1-3, 4-6 and 7-9; permutation of rows or columns
1-3; permutation of rows or columns 4-6; and permutation of rows or columns 7-9.

Remark The game Sudoku was first popularized in Japan in 1986 and attained inter-
national popularity in 2005. Puzzles now appear daily in hundreds of newspapers and
on the world wide web. See http://en.wikipedia.org/wiki/Sudoku for information
on the history, strategy, and variants of Sudoku.

1.10 Diagonal Latin Squares

Let L be a latin square of side n. Then the jth right diagonal of L is the set of n
cells of L, {(i,5+14) :i=0,1,...,mn—1 (mod n)}. The jth left diagonal of L is the
set of n cells of L, {(i,7 —4):¢=0,1,...,n—1 (mod n)}.

A latin square L of side n is a diagonal latin square if both its Oth right and (n—1)st
left diagonals are transversals.

Theorem [892] A diagonal latin square of side n exists if and only if n > 3.

Example Diagonal latin squares of sides 4, 5, 6, and 8. A diagonal latin square of side
7 can be found in Example VI.6.32.

W N~ O
— O W N
O~ DN W
N W O
=N O W
— O N W
N~ WO
Wk N = O
O W BN

O W ot
N = OO = W
ok O W N Ot
N O WO

= OTWw N O
TTLO N = Wk
W N Ot~ O

WN OO O
R RN otOo WO
NN O Oty W
N WO O & Ut

N O Otk W N+ O
TTLO WO N
O O Wk N

6

Remark A discussion of orthogonal diagonal latin squares can be found in §II11.3.8.

A latin square L of side n is a Knut Vik design if every right and left diagonal of L
is a transversal.

Theorem [1070] A Knut Vik design of side n exists if and only if n is not divisible by
either 2 or 3.

Remark The connection between Knut Vik designs and complete mappings is given
in Theorem VI.6.31. A Knut Vik design of side 7 is given in Example VI.6.32.

A latin square L of even order m is a crisscross latin square if all the jth right
diagonals for even j and all the jth left diagonals for odd j are transversals.

Theorem [1156] Crisscross latin squares of side n exist if and only if n =0 (mod 4).

Example The squares of sides 4 and 8 in Example 1.108 are crisscross latin squares.
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1.11 Diagonally Cyclic Latin Squares

1.116 | A standard DCLS (diagonally cyclic latin square) uses Zj, for its symbol set and on
each right diagonal has the symbols occurring in the cyclic order 0,1,2,...,n — 1.
A DCLS is any square isotopic to a standard DCLS.

1 8 6 0 7 3 5 2 10 9 4

5 2 9 7 1 8 4 6 3 0 10

1.117 Example On the right is a stan- 0 6 3 10 8 2 9 5 7 4 1
dard DCLS of order 11 (it is self- 2 1 7 4 0 9 3 10 6 8 5
orthogonal and atomic, but not 6 3 2 &8 5 1 10 4 0 7 9
isotopic to the addition table of 10 7 4 3 9 6 2 0 5 1 8

Z11). 9 0 8 5 4 10 7 3 1 6 2
1.118 Theorem A DCLS of order n ex- 3 101 9 6 5 0 8 4 2 7
ists if and only if n is odd. § 4 0 2 10 7 6 1 9 5 3

4 9 5 1 3 0 8 7 2 10 6

7 5 10 6 2 4 1 9 8 3 0

1.119 Remark A standard DCLS L is completely determined by any single row (or column).
The possible r-th rows are exactly those for which the permutation ¢ — L(r,4) is an
orthomorphism of Z,,. (See §VI.6.)

1.120 Conjecture There exists a subsquare-free DCLS for all odd orders. (This conjecture
is proved if the order n < 10000 or 3 divides n [1507].)

1.121 Remark For a standard DCLS L of order n, label the rows and columns with in-
dices 0,1,...,n — 1 in that order. Then L has an automorphism applying the cyclic
permutation (0 12 ---n — 1) to the rows, columns, and symbols.

1.122 | A standard f-DCLS uses Z, U {oc0o1, ..., 004} for its symbol set and to index its rows
and columns. It has an automorphism applying the cyclic permutation (0 1--- n—1)
to the rows, columns and symbols. An f-DCLS is any latin square isotopic to a
standard f-DCLS.

1.123 Theorem For f > 1 there exists an f-DCLS of order n if and only if n > 2f.

1.124 Remark A standard f-DCLS has a subsquare of order f at the intersection of the rows
and columns with indices in {co1, ..., 005}

1.125 Remark Squares in the f~-DCLS family are versatile and easy to construct. There are
many examples of DCLS and 1-DCLS among the SOLS in §IIL.5.

1.126 Example Standard 1-DCLS and 2-DCLS of order 8, with structure emphasized.

oco; 3 6 2 5 1 4]0 o0 3 5 4 2 o011 O
5 oop 4 0 3 6 2|1 ocop 000 4 0 5 312 1
3 6 oop 5 1 4 0] 2 4 o0y 002 5 1 01]3 2
1 4 0 ocop 6 2 5|3 1 5 o0p 002 0 214 3
6 2 5 1 oop 0 3|4 3 2 0 o0op o002 1|5 4
4 0 3 6 2 o001 1|5 2 4 3 1 o013 002l 0 5
2 5 1 4 0 3 oo01|6 5 0 1 2 3 4 |ocog o001
0 1 2 3 4 5 6 |oo 0 1 2 3 4 5 |oop 002
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1.127

1.128

1.129

1.130

1.131

1.132
1.133

1.134

1.135

1.136

1.137

1.12 Even and Odd Latin Squares

A row inversion in a latin square L = (a; ;) is a pair of numbers in a row that
are out of order (a;; > a; %) with j < k. A latin square is row even (row odd) if
it contains an even (odd, respectively) number of row inversions. The concepts of
column inversion, column even, and column odd are defined similarly. A latin square
is even (odd) if the sum of the number of row inversions and the number of column
inversions is even (odd, respectively).

RELS(n), ROLS(n), CELS(n), COLS(n), ELS(n), and OLS(n) denote the numbers
of row even, row odd, column even, column odd, even, and odd latin squares of side
n.

Remark When n is an odd integer, by permuting a pair of rows or a pair of columns,
RELS(n) = ROLS(n), CELS(n) = COLS(n), and ELS(n) = OLS(n).

Theorem [1144, 1189] Let n be an even integer. Then RELS(n) # ROLS(n) if and
only if ELS(n) # OLS(n).

Table [1189] The number of even and odd reduced latin squares of side 2n for 1 <
n <4,

2n= 1214 6 8
even | 1| 4 | 5856 | 270746124288
odd | 0 | 0| 3552 | 264535277568

Conjecture (Alon-Tarsi, 1986) If n is even, then ELS(n) # OLS(n).

Remark A motivation for the study of even and odd latin squares came from the
Dinitz conjecture: For each positive integer n and for any collection of n-element sets
Sij, an n x n partial latin square can be found with the (7, j) entry taken from S; ;.
Alon and Tarsi [80] prove that if ELS(n) # OLS(n) for all even integers n, then the
Dinitz conjecture holds for all even n. Galvin [855] proved the Dinitz conjecture using
different methods. Also, the Alon—Tarsi conjecture has been proven for n = p+1 with
p a prime by Drisko [754].

1.13 Conflict-Free Latin Squares

Remarks In assigning array elements to memory devices in parallel computation, it is
important that array elements that are to be retrieved at the same time be stored in
different memory units, permitting parallel access. The attempt to retrieve two array
elements from the same device simultaneously is a memory conflict. When storing an
n X n array A, one forms an n x n array S, the skewing scheme; the (i, j) entry of S
indicates in which memory unit the (4, j) entry of A is to be stored.

A template is a set of ordered pairs of the form (p + ¢,y + j), where p and v are
formal parameters and i and j are integers. An instance of the template is obtained
by choosing integer values for p and ~.

If T is a template with parameters p and v, and S is an n x n skewing scheme, then
S is conflict-free for T if for every instance I of T, and any distinct pairs (a,b) and
(¢,d) in I that index elements of S, the (¢, d) entry of S differs from the (a, b) entry
of S.

Remarks Rows and columns form important classes of templates. Conflict-free for rows
is precisely row latinicity, and for columns it is column latinicity. Thus, a skewing
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scheme that is conflict-free for rows and columns is a partial latin square. In the
application, the number of memory units is limited, and hence one prefers skewing
schemes with a minimum number of symbols. When the number of symbols is n and
the skewing scheme is conflict-free for rows and columns, the scheme is a latin square.
Diagonal latin squares arise when one requires diagonals to be conflict-free. The most
extensively studied cases are for rectangular templates; see [553, 788].

See Also

6II1.3 Mutually orthogonal latin squares.

§III.4 Gives the connection with incomplete transversal designs.

§I11.2 The multiplication tables of quasigroups are latin squares.

§IIIL.5 Self-orthogonal latin squares.

§VI1.22 Frequency squares are squares with the latin property with more
than one symbol in each entry.

§VI.62 Tuscan squares (and their relatives such as row complete latin
squares) are squares where each row is a permutation and distance
properties are studied.

[684] An old but comprehensive reference for latin squares.

[685] A newer reference for latin squares than [684].

[1271] Contains all main classes of latin squares up to side 8 in electronic
form.

[1413] An excellent introduction to latin squares and applications.

References Cited: [80,85,146,174,440,441, 522,553,684, 685,752, 754, 788,803, 838, 855, 892, 895,

915,937, 1070, 1079, 1132, 1144, 1156, 1189, 1271, 1275, 1413, 1506, 1507, 1572, 1573, 1575, 1579,
1716,1928,2091,2118,2119,2120,2121,2122]
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2 Quasigroups
FRANK E. BENNETT
CHARLES C. LINDNER
2.1 Definitions and Examples
2.1 | A quasigroup is an ordered pair (@, ®), where @ is a set and @ is a binary operation

2.2

2.3

on @ such that the equations a®x = b and y @ a = b are uniquely solvable for every
pair of elements a, b in Q. For @ finite, the order of the quasigroup (Q,®) is | Q |.

Example A quasigroup and its associated latin square.
®l0 1 2 3

0j0 1 2 3 0 1 2 3
111 0 3 2 1 0 3 2
212 3 1 0 2 3 1 0
313 2 0 1 3 2 0 1

Remark The multiplication table of a quasigroup defines a latin square; that is, a latin
square can be viewed as the multiplication table of a quasigroup with the headline
and sideline removed.
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2.4

2.5

2.6
2.7

2.8

2.9

2.10

2.11

2.12

2.13

2.14

2.15

A quasigroup (Q, ) is idempotent if the identity = - * = z (briefly 22 = z) holds for
all z in Q.

If (Q, ®) is a quasigroup, one may define on the set @) six binary operations ®(1,2,3),
®(1,3,2)) ®(2,1,3), D(2,3,1)» B(3,1,2), and ®3,2,1) as follows: a ® b = c if and only if:
a®a,23)b=c, a®,3,2) c=b, b®2,1,3)a=c,
b ®(2,3,1) C = a, c®3,1,2) = b, € ®(3,2,1) b=a.
These six (not necessarily distinct) quasigroups (Q,®¢; k), where {i,j,k} =
{1, 2,3}, are the conjugates of (Q, ®).

Example Examples of six conjugate quasigroups are given in §III.1.

Two quasigroups (@, -) and (@, ) defined on the same set @ are orthogonal if the
equations x -y = z -t and x * y = z * t together imply x = z and y = ¢.

Remark When two quasigroups (@, -) and (Q, *) are orthogonal, their corresponding
latin squares are also orthogonal in the usual sense.

A quasigroup (latin square) is self-orthogonal if it is orthogonal to its (2,1, 3)-
conjugate, its transpose. More generally, a quasigroup that is orthogonal to its
(4, j, k)-conjugate is (4, j, k)-conjugate orthogonal.

Adopting the functional notation a(x,y) in place of the infix notation z * y for the
operation, two binary operations a(x,y) and b(x,y) defined on the same set @) are
orthogonal operations, written a L b, if [{(z,y): a(z,y) =14, b(z,y) = j}| =1 for
every ordered pair 4, j in Q.

The spectrum of the two-variable quasigroup identity w(z,y) = v(z,y) is the set of
all integers n such that there exists a quasigroup of order n satisfying the identity

u(@,y) = v(z,y)-

Remark Two-variable quasigroup identities are often instrumental in the construction
or algebraic description of combinatorial designs. For example, an idempotent totally
symmetric quasigroup (Q,-), or Steiner quasigroup, satisfying the identities {22 =
x,z(xy) =y, (ry)y = x}, corresponds to a Steiner triple system (STS), where {z,y, z}
is a triple if and only if x -y = z when x,y, z are distinct, and 22 = z for all x €
Q. Similarly, an idempotent semisymmetric quasigroup (Q,-), one that satisfies the
identities {#? = z,x(yr) = y}, corresponds to a Mendelsohn triple system (MTS).
Here (x,y,z) is a cyclically ordered triple if and only if z - y = 2 when x,y, z are
distinct, and 22 = z for all z € Q.

Remark A Hall triple system (see §VI.28) is a Steiner triple system whose related
Steiner quasigroup is distributive, in the sense that the following identity holds: a o
(zoy)=(aoxz)o(aoy).

Remark The most direct method of constructing finite models of a quasigroup (Q, -)
satisfying the two-variable identity u(x,y) = v(z,y) is to look for a model of the
identity of the form z -y = Az + py, where the elements lie in some finite field. In
particular, idempotent models of the identity are of the form x -y = Az + (1 — Ay
in Fy, where ¢ is a prime power and A # 0 or 1. This requires finding a solution to
some polynomial equation f(A) = 0 in F,; depending on the identity to be satisfied.

More general information on varieties of quasigroups and their related structures can
be found in [191, 208, 804, 1455] and in their extensive bibliographies.

Example Let @ = Z7 and define the operation x * y = 3z + 5y (mod 7) for all z, y in
Q. This operation produces an idempotent semisymmetric quasigroup (@, *) of order
7, which is self-orthogonal. This quasigroup corresponds to a self-orthogonal MTS of
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2.16

2,17

2.18

2.19

2.20

2.21

2.22

2.23

order 7 (SOMTS(7)), generated by developing the two base blocks (0,1, 5) and (0, 3,1)
(mod 7). This MTS(7) is separable into a pair of orthogonal STS(7). The quasigroup
(Q, %) is readily checked to be both (1, 3,2)- and (3, 2, 1)-conjugate orthogonal.

Example Let the set @ be based on the elements of 4y and take A to be a primitive
element in F4y. Then the operation -y = Az 4+ (1 — A)y in F4 defines an idempo-
tent semisymmetric quasigroup (@), -), which is self-orthogonal and corresponds to a
SOMTS(4). The quasigroup (Q,-) is (1, 3,2)- and (3, 2, 1)-conjugate orthogonal.

Example Consider the quasigroup identity ((yz)y)y = x. Idempotent models of this
identity are of the form z -y = Az + (1 — A)y in F,, where ¢ is a prime power and
A # 0 or 1 and where the polynomial equation f(\) = A3 — A2 + 1 = 0 is satisfied
in F,. Idempotent models of ((yz)y)y = x for orders ¢ = 5, 7,8 are readily obtained.
A quasigroup satisfying the identity ((yz)y)y = = is (2,3,1)-, (3,1,2)-, and (3,2, 1)-
conjugate orthogonal.

Example A quasigroup satisfying the identity (xy)y = x(xy) is necessarily idempotent.
Models of this identity of the form z-y = Az + (1 — )y in F, exist for all orders g = 2*
where k > 2. A quasigroup satisfying the given identity is (1,3,2)- and (3,2,1)-
conjugate orthogonal.

A partial quasigroup of order n is a pair (@, o), where @ is a finite set of size n and
o is a binary partial operation on @ such that the equations aox =b and yoa =b
have at most one solution for all a, b € Q.

The partial quasigroup (P, o;) is embedded in the quasigroup (Q,os) provided (1)
P C @ and (2) oy agrees with oy on P.

Example The partial quasigroup (P, o1) of order 3 is embedded in the quasigroup
(Q, 02) of order 6.

o1l1 2 3 21 2 3 4 5 6
11321 13]2]1]4]5]6
(Po1)= 9|21 212|1|4|5/6/3
1 3 (@Qo2)= 311|4]3]6]2]5
4l4l5l6]2]3]1

50562314

6(6[3]|5[1]4]2

Let w(z,y) = wi(z,y)ws(z,y) and v(z,y) = vi(x,y)ve(x,y) be words in the free
groupoid over the alphabet {z, y}. The partial quasigroup (P, o) satisfies the identity
w(z,y) = v(z,y) if and only if whenever w(a, b) is defined and vy (a, b) and va(a, b)
are defined, then vy (a, b) ovs(a, b) = v(a, b) is defined and v(a, b) = w(a,b). A similar
statement holds if v(a, b) is defined.

Example The meanings of the identities 2% = x, zy = yz, z(zy) =y, (yz)r =y, and

z(yz) = y.
Identity The partial quasigroup (P, o) satisfies w(z,y) = v(z,y) if
w(zx,y) = v(zy) | and only if:
=z aoa is defined and aoa =a for alla € P .
TY = Yyx for all a, b € P, either both aob and bo a are defined

and a o b = boa, or neither is defined.
z(xy) =y if a0 b is defined, then a o (aob) is defined and a o (a o b) = b.
z(yx) =y if aob is defined, then bo (aob) is defined and bo (a o b) = a.




11.2.2 Equivalent Objects 155

2.24

2.25

2.26

2.27

2.28

2.29

2.30

2.31

2.32

Example In Example 2.21 the partial quasigroup (P,o1) as well as the quasigroup
(Q, 02) satisfy the identity zy = yxz. The partial xy = yx quasigroup (P,o1) is
embedded in the xy = yx quasigroup (Q, o2).

Example Let [ = {2? = x, 2y = yx, (yz)z = y}. The partial I quasigroup (P,o;) of
order 5 is embedded in the I quasigroup (@, o2) of order 7.

°111 2 3 4 5 %211 2 3 4 5 6 7
1113254 111131254 |7]|6
213121 213121716415

(P,o)) = 312|113 312(113]6|7|5|4
4|5 411 (Q, 02) = 415|764 ]1]12]3

5|4 ) 51416715132
61714152361

716151413217

2.2 Equivalent Objects

Theorem The spectrum of Steiner quasigroups (equivalently, Steiner triple systems)
is precisely the set of all positive integers n =1 or 3 (mod 6).

Theorem [1455] An idempotent semisymmetric quasigroup of order n (equivalently, a
Mendelsohn triple system of order n) exists for precisely all positive integers n = 0 or
1 (mod 3) except for n = 6.

Theorem [206] A self-orthogonal semisymmetric quasigroup of order n (equivalently,
a SOMTS(n)) exists for precisely all positive integers n = 0 or 1 (mod 3) except for
n=3,6,9,10,12 and except possibly for n = 18.

Remark Let @ be an n-set and let K, be based on Q. A quasigroup (Q, -) satisfying the
three identities {22 = z, x(yr) = y(xy), (yz)z = y} is a Steiner pentagon quasigroup;
it corresponds to a Steiner pentagon system (K,, B), where a pentagon (x,y, z,u, v)
belongs to B if and only if zy = z and yx = v for z # y and 22 = z for all = in
Q. Steiner pentagon quasigroups are also useful in the construction of other types
of combinatorial structures, including perfect Mendelsohn designs with block size five
and holey SOLSSOMs.

Theorem [1465] The spectrum of Steiner pentagon quasigroups (equivalently, Steiner
pentagon systems) is precisely the set of all positive integers n = 1 or 5 (mod 10),
except for n = 15.

2.3 Short Conjugate-Orthogonal Identities

Theorem [804] Let a(x,y) and b(z,y) be conjugate operations on . Then a L b if
and only if there is a quasigroup word w(z,y) such that w(a(z,y), b(z,y)) = = holds
identically.

An identity of the type described in Theorem 2.31 where w(x, y) is a word of length
two is a short conjugate-orthogonal identity.
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2.33

2.34

2.35

2.36

2.37

2.38

2.39

2.40

2.41

Two quasigroup identities uq(z,y) = v1(z,y) and uz(z,y) = va(x,y) are conjugate-
equivalent if, when (@, -) is a quasigroup satisfying one of them, at least one conjugate
of (@, -) satisfies the other.

Example The identity yx - zy = x is conjugate-equivalent to the identity (z-yx)y = x
because it can readily be verified that the (1, 3, 2)-conjugate of a quasigroup satisfying
the first identity satisfies the second identity.

Remark Most of what follows is confined to short conjugate-orthogonal identities
and their associated combinatorial structures. Here is provided a set of quasigroup
identities that imply that at least two conjugates are orthogonal. See [191, 804] for
more details. A name of the identity and/or the associated quasigroup is given when
one is in common usage.

Theorem [182, 191, 804] Any short conjugate-orthogonal identity that is nontrivial is
conjugate-equivalent to one of the following:

1. zy-yr==x Schroder quasigroup

2. yr-zy==2 Stein’s third law

3. (xy-y)y=x  Cs-quasigroup

4. z-zy=yx Stein’s first law; Stein quasigroup
5. (yz-yy=u

6. yr-y=ax-yxr Stein’s second law

7. xy-y=x-xy Schrioder’s first law
The notation zy is shorthand for (x - y). So, for example, the first quasigroup identity
is actually (z-y) - (y - z) = .

2.4 Basic Constructions

Remark The standard construction techniques for finite models of the short conjugate-
orthogonal identities combine the direct constructions from finite fields with recursive
constructions, including the familiar direct product construction and its numerous
generalizations in the form of the singular direct product construction. Pairwise bal-
anced designs (PBDs) are of fundamental importance in the recursive construction of
two-variable quasigroup models, and Theorem 2.38 is used extensively.

Theorem Let V' be a variety of algebras that is idempotent and based on two-variable
identities. Suppose that there is a PBD(v, K, 1) such that for each block size k € K
there is a model of V' of order k. Then there is a model of V' of order v.

Example The idempotent quasigroup of order 4 constructed in Example 2.16 repre-
sents a model for each of the identities (1), (3), (4), and (7) in Theorem 2.36. Because
there is a PBD(v, {4},1) for all integers v =1 or 4 (mod 12), Theorem 2.38 guaran-
tees the existence of idempotent quasigroups satisfying each of the identities (1), (3),
(4), and (7) in Theorem 2.36 for all orders v =1 or 4 (mod 12).

Example In Example 2.17, finite fields produced idempotent models of the identity (5)
in Theorem 2.36 for orders 5, 7, and 8. Together with the closure B(5,7,8) from Table
1V.3.23, Theorem 2.38 guarantees the existence of idempotent quasigroups satisfying
the identity (yx - y)y = « for all but a relatively small number of orders.

Example For each of the identities (2) and (6) in Theorem 2.36, there are idempotent
models in F, for all prime powers ¢ = 1 (mod 4). In particular, there are idempo-
tent quasigroups satisfying each of the two identities for order k € {5,9,13,17,29}.
Together with B(5,9,13) from Table IV.3.23, Theorem 2.38 therefore guarantees the



111.2.5

Existence and Equivalences 157

existence of idempotent quasigroups satisfying each of the identities (2) and (6) in
Theorem 2.36 for all orders v =1 (mod 4), except for v = 33.

2.5 Existence and Equivalences

2.42 Table Existence results for quasigroups in all cases of Theorem 2.36.

12, 14, 15, 18}, except possibly
for n € {22, 23, 26, 27, 30, 34,
38, 42, 43, 46, 50, 54, 62, 66,
74, 78, 90, 98, 102, 114, 126}

Case Spectrum Reference
1. Schroder quasigroup n = 0,1 (mod 4), n # 5 [201, 580, 1455]
2. Stein’s third law _n =0, 1 (mod 4) [191, 208, 844, 1455, 1926
3. Cs-quasigroup n=0,1 (mod 3), n # 6 [191]
4. Stein quasigroup n>1n¢{2 3, 6,7, 8, 10, [191, 2199]

5. (yxr-y)y==x n > 1, n ¢ {2610}, except
possibly for n € {14, 18, 26,
30, 38, 42, 158}

[190, 844, 1926, 2199]

6. yr-y=x-yx does not contain 2, 3, 4, 6,
7, 8, 10, 11, 12, 14, 15; con-
tains all positive integers n = 1
(mod 4), except possibly n =
33; other cases open.

[191, 208, 844, 1926, 2199]

7. Schroder’s first law  does not contain 2, 3, 5, 6,
7, 10, 11, 12, 14, 15; con-
tains all other positive integers
n =0,1 (mod 4) except possi-
bly for n € {20, 21, 24, 41, 44,
48, 53, 60, 69, 77}; other cases
open.

[191, 208, 844, 1926, 2199]

2.43 Table Existence results for idempotent quasigroups in cases of Theorem 2.36. In cases

(4), (6), and (7), the identity forces the quasigroup to be idempotent, so the result of

Table 2.42 is not repeated here.

13, 14, 15, 16}, except possibly
for n € {18, 20, 22, 24, 26, 28,
30, 34, 38, 39, 42, 44, 46, 51,
52, 58, 60, 62, 66, 68, 70, 72,
74, 75, 76, 86, 87, 90, 94, 96,
98, 99, 100, 102, 106, 108, 110,
114, 116, 118, 122, 132, 142,
146, 154, 158, 164, 170, 174}

Case Spectrum Reference
1. Schroder quasigroup n = 0,1 (mod 4), n #5,9 [201, 580]
2. Steir’s third law 7 = 0,1 (mod 4), n £ 4,8 [101, 208, 844, 1455, 1926]
3. C3-quasigroup n =1 (mod 3) [191]
5. Wz Yy =a n>1,n¢1{2 3, 4,06,0,10,12, [100, 844, 1926, 2199]

2.44 Remark With regards to Table 2.42, combining the current results on B(4,8) from

Table 1V.3.23 with Example 2.18 and Theorem 2.38, one obtains the existence of
quasigroups satisfying the identity (7) in Theorem 2.36 for orders v = 101, 164.
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2.45

2.46

2.47

2.48

2.49

2.50

2.51

2.52

2.53

2.54

2.55

2.56

Table Conjugate orthogonality implied in each case of Theorem 2.36.

Case (1,3,2) (2,1,3) (2,3,1) (3,1,2) (3,2,1)

1. Schroder quasigroup X

2. Stein’s third law X

3. Cs-quasigroup X
4. Stein quasigroup X X

5 (yx-y)y == X X X
6. yzr-y=2x-yx X X

7. Schroder’s first law X X

Remark The Schroder identity is conjugate invariant in the sense that every conjugate
of a Schroder quasigroup is also a Schroder quasigroup. Consequently, Schréder quasi-
groups provide examples of latin squares with self-orthogonal conjugates. More impor-
tantly, Schroder quasigroups have been used in the construction and description of a
variety of other combinatorial designs, including a class of edge-colored graph designs
that correspond to triple tournaments (see, for example, [143, 191, 201, 580, 1455]).

Proposition A Schroder quasigroup of order n is equivalent to a SOLS(n) with the
Weisner property (§I11.5.5) and to an OA(4,n) that has the Klein 4-group as a con-
jugate invariant subgroup.

Theorem [201] There exists an idempotent Schréder quasigroup of order n missing a
sub-quasigroup of order 2 if and only if n = 2,3 (mod 4), n > 7, and n # 10.

Remark Stein’s third law has been useful in the construction of combinatorial designs
(see, for example, [143, 191, 208, 1455]).

Proposition A quasigroup of order n satisfying Stein’s third law is equivalent to an
OA(4,n) having the cyclic group of order 4 as a conjugate invariant subgroup.

Proposition An idempotent quasigroup of order n satisfying Stein’s third law is equiv-
alent to an (n, 4, 1)-perfect Mendelsohn design, and to a directed triple tournament
with n players.

Proposition A C3-quasigroup of order n is equivalent to an OA(4,n) that has the
cyclic group of order 3 as a conjugate invariant subgroup. When idempotent, it is
equivalent to an almost resolvable MTS(n).

Remark Stein quasigroups are perhaps the most extensively studied of the short
conjugate-orthogonal identities. Stein [1955] investigated these quasigroups with the
hope of finding a counterexample to the Euler conjecture concerning orthogonal latin
squares. However, investigations continued long after the disproof of the Euler con-
jecture because their broad spectrum provides a source for SOLS among other things.

Remark Idempotent models of quasigroups satisfying the identity (yx-y)y = x produce
a class of 2-fold perfect resolvable Mendelsohn designs [190].

Remark Schroder’s first law is conjugate invariant. Quasigroups satisfying Schroder’s
first law produce a class of 2-fold perfect resolvable Mendelsohn designs.

2.6 Embedding Results

Remark In Table 2.57 the identities (2), (3), and (4) are conjugate as are the identities
(5), (6), and (7). So the embedding in [621] for (2) treats (3) and (4), and the
embedding in [621] for (5) treats (6) and (7). The column headed “Best Possible
Embedding” means that with possibly one or two small exceptions, it is possible to
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2.57

2.58

construct a partial I quasigroup of order n that cannot be embedded in an I quasigroup
of order less than the given bound.

Table Let I be a subset of the identities {z? = x, 7y = yx, (yx)z = y,z(zYy) = ¥,
z(yx) = y}. The best results to date (with respect to the size of the containing
quasigroup) of the problem of embedding a partial I quasigroup of order n in an [
quasigroup of order ¢:

Partial I-Quasigroup Best Possible Best Embedding
of Order n with I = Embedding to Date
1 P allt > 2n all £ > 21 [803)
2 xy = yx (commutative)
3 x(zy) =y all even t > 2n all even t > 2n [621]
4 (yr)z =y
) 2=z, 1y =1y1
6 ?=uz,z(ry) =y allodd ¢ > 2n+1 all odd ¢t > 2n +1
7 =z (yr)z =1y [621]
8 2? = z (idempotent) allt >2n+1 all t > 2n + 1 [86]
z(yr) =y all £ > 6n such that
0 (semisymmetric) allt > 2n t =0 or 3 (mod 6) [622]
z(zy) =y,
10 (yx)r =y allevent > 2n+4 alleven t > 2n+4
(totally symmetric) [359]
2?2 =z, all t > 2n + 1 such all t > 4n such that
11 z(yx) =y that t=0or 1 t=0or 1 (mod 3)
(Mendelsohn quasigroup) (mod 3) [1810]
2=z, x(ry) =y allt > 2n+ 1 such | all t > 2n + 1 such that
12 and (yz)r =y that t=1or 3 t =1 or 3 (mod 6)
(Steiner quasigroup) (mod 6) [361]

Remarks There is a vast literature on embedding partial quasigroups and designs. As a
rule of thumb, almost any partial quasigroup one can think of can be finitely embedded.
But in almost all of these embeddings the containing quasigroup is “extremely large”.
Those listed in Table 2.57 appear to be the most fundamental ones for which a “small”
embedding exists. Doyen—Wilson type embeddings (complete systems in complete
systems) have been omitted as well because they are not partial.

See Also

§1.2 Steiner triple systems are equivalent to Steiner quasigroups.

§III.1 Latin squares correspond to multiplication tables of quasigroups.

6III.3 Quasigroup identities lead to orthogonal arrays with various con-
jugate orthogonal subgroups.

§I11.5 Self-orthogonal latin squares arise from (2,1,3)-conjugate orthog-
onal quasigroups.

§VI.12 Steiner pentagon systems are equivalent to Steiner pentagon
quasigroups.

§VI.35 Mendelsohn triple systems are equivalent to idempotent semi-
symmetric quasigroups.

[208] An extensive survey on quasigroup identities and their use in the
construction of combinatorial designs.

[684] A textbook on latin squares and quasigroups.

[1454, 1456, An extensive introduction to the general problem of embedding

1460] (partial) quasigroups and designs into quasigroups and designs of
the same type.
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3 Mutually Orthogonal Latin Squares (MOLS)
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3.1

3.2

3.3

3.4

3.5

3.6
3.7

3.8

3.1 Definition and Example

Two latin squares L and L’ of the same order are orthogonal if L(a,b) = L(c, d) and
L'(a,b) = L'(c,d), implies a = ¢ and b = d.

Remark An equivalent definition for orthogonality: Two latin squares of side n L =
(ai,;) (on symbol set S) and L' = (b;;) (on symbol set S") are orthogonal if every
element in S x S’ occurs exactly once among the n? pairs (a; j,b; ), 1 <4,j < n.

A set of latin squares Ly, ..., Ly, is mutually orthogonal, or a set of MOLS, if for
every 1 <i < j <m, L; and L; are orthogonal. These are also referred to as POLS,
pairwise orthogonal latin squares.

Example Three mutually orthogonal latin squares of side 4.

12314 12314 12314
4321 3412 2143
2143 43 21 3412
3412 2143 43 21

3.2 Equivalent Objects

An orthogonal array OA(k,s) is a k x s? array with entries from an s-set S having
the property that in any two rows, each (ordered) pair of symbols from S occurs
exactly once.

Remark A far more general definition of orthogonal arrays can be found in §II1.6.1.

Remark Let {L; : 1 < i < k} be a set of & MOLS on symbols {1,...,n}. Form a
(k +2) x n? array A = (a;;) whose columns are (i, j, L1(i, §), L2(4, ), . - ., Li(i, )T
for 1 < 4,5 < k. Then A is an orthogonal array, OA(k + 2,n). This process can be
reversed to recover kK MOLS of side n from an OA(k +2,n), by choosing any two rows
of the OA to index the rows and columns of the k squares.

Example An OA(5,4) derived from the 3 MOLS in Example 3.4.

1111222233334444
1234123412341234
1234432121433412
1234341243212143
1234214334124321
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3.9

3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

A transversal design of order or groupsize n, blocksize k, and indexr A\, denoted
TD)(k,n), is a triple (V, G, B), where
1. V is a set of kn elements;
2. G is a partition of V into k classes (the groups), each of size n;
3. B is a collection of k-subsets of V' (the blocks);
4. every unordered pair of elements from V' is contained either in exactly one
group or in exactly A blocks, but not both.

When A\ = 1, one writes simply TD(k, n).

Remark Let A be an OA(k,n) on the n symbolsin X. OnV = X x{1,...,k} (a set of
size kn), form a set B of k-sets as follows. For 1 < j < n?, include {(a;;,i): 1 <i <k}
in B. Then let G be the partition of V' whose classes are {X x {i} : 1 <4 < k}. Then
(V,G,B) is a TD(k,n). This process can be reversed to recover an OA(k,n) from a
TD(k, n).

Example A TD(5,4) derived from the OA(5,4) in Example 3.8. On the element set
{1,2,3,4} x {1,2,3,4,5}, the blocks are
{11,12,13,14,15 } {11,22,23.24,25 } {11,32,33,34,35 } { 11,42,43,44,45 }
{21,12,43,34,25 1 {21,22,33,44,15 } {21,32,23,14,45 } { 21,42,13,24,35 }
{31,12,23,44,35 1 {31,22,13,34,45 } {31,32,43,24,15} { 31,42,33,14,25 }
{41,12,33,24,45 1 {41,22,43,14,35 } {41,32,13,44,25 } { 41,42,23,34,15 }

A TDy(k,n) (V,G,B) is a-resolvable if its blocks can be partitioned into sets
Bi, ..., Bs, where every element of V' occurs exactly a times in each B;. The classes
Bi,...,Bs are a-parallel classes. When o = 1 the design is (completely) resolvable
and the classes are parallel classes. An RTDy(k, n) is a 1-resolvable TDy (k, n).

Remark Let (V,G,B) be a TDx(k + 1,n). Let G € G and G = {g1,...,gn}. Form
B; = {B\{gi} : 9; € B € B}, and let B =J_; B;. Then (V\G,G\ {G},B) is an
RTD(k,n). Its A-parallel classes are By, . .., B,,. This process can be reversed to form

a TDy(k + 1,n) from an RTDy(k, n).

Example A resolvable TD(4,4) derived from the TD(5,4) in Example 3.11. On the

element set {1,2,3,4} x {2,3,4,5}, the blocks are:
{12,13,14,15} {22,23,24,25 } {32,33,34,35 } { 42,43,44,45}
{12,43,34,25 1 {22,33,44,15 } {32,23,14,45} { 42,13,24,35}
{12,23,44,35 1 {22,13,34,45 } {32,43,24,15} { 42,33,14,25}
{12,33,24,45 1 {22,43,14,35 } {32,13,44,25} { 42,23,34,15}

Each row is a parallel class.

A (k,n)-net is a pair (X,C) where X is a set of n? elements, and C is a set of
kn subsets (blocks) of X each of size n with the property that two distinct blocks
intersect in at most one element. Moreover, the blocks of C can be partitioned into
k parallel classes each containing n blocks.

Remark Let (V, G, B) be a TD(k,n). Interchanging the roles of elements and blocks
gives a (k,n)-net.

Example The (5,4)-net obtained from the TD(5,4) in Example 3.11 is an affine plane
of order four.

Theorem The existence of £k MOLS of side n is equivalent to the existence of

1. a transversal design of index one, blocksize k + 2, and groupsize n, namely, a
TD(k + 2,n),
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3.19
3.20

3.21

3.22

3.23

3.24
3.25
3.26
3.27
3.28
3.29

3.30

3.31

2. a resolvable transversal design of index one, blocksize k + 1, and groupsize n,
namely, an RTD(k + 1, n),

3. a (k+ 2,n)-net,

4. an orthogonal array of strength two, index one, degree k+2, and order n, namely
an OA(k + 2,n), and

5. an edge-partition of the complete (k + 2)-partite graph K,
subgraphs of order k + 2.

n into complete

.....

\A set of n — 1 MOLS of side n is a complete set of MOLS.

Theorem The existence of a complete set of MOLS of side n is equivalent to the

existence of a projective plane of order n (§VIL.2.1) and an affine plane of order n
(§VIL2.2).

Remark It is not known whether there exists a complete set of MOLS of side n for
any n that is not a power of a prime. There is no complete set of MOLS of side 6 or
10. The smallest unknown case is n = 12.

3.3 Basic Facts about N(n)

N (n) is the maximum number of latin squares in a set of MOLS of side n. N(1™) is
the maximum number of latin squares in a set of idempotent MOLS of side n.

Remark
Euler’s 36 Officers Problem:

A very curious question, which has exercised for some time
the ingenuity of many people, has involved me in the following
studies, which seem to open a new field of analysis, in partic-
ular the study of combinations. The question revolves around
arranging 36 officers to be drawn from 6 different ranks and
also from 6 different regiments so that they are ranged in a
square so that in each line (both horizontal and vertical) there
are 6 officers of different ranks and different regiments.

Euler went on to conjecture that such an n x n array does not exist for n = 6, nor
does one exist whenever n = 2 (mod 4). This was known as the Euler conjecture until
its disproof (see Theorem 3.43).

Remark By convention, N(0) = N(1) = co.

Theorem For every n > 1,1 < N(n) <n — 1.

Theorem (MacNeish [1499]) N(n x m) > min{N(n), N(m)}.
Theorem (Rees [1790]) If n < m, N(1"*™) > min{N(n), N(m) — 1}.
Theorem If ¢ = p°© is a prime power, then N(q) = ¢ — 1.

Construction Construct the complete set of MOLS of order ¢ for Theorem 3.28 as
follows: For each o € Fy \ {0}, define the latin square L4 (%, j) = i+ ayj, where ¢,j € Fy
and the algebra is performed in F,. The set of latin squares {Lq|ov € Fy \ {0}} is a
set of ¢ — 1 MOLS of side gq.

Corollary If n = p7'p5? ... p}*F where each p; is a prime, then N(n) > min{p{" — 1|i =
1,2,...k}.

Theorem A latin square of side n has an orthogonal mate (N(n) > 2) if and only if
it contains n disjoint transversals (equivalently, the corresponding TD(3,n) is resolv-
able).
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3.32

3.33

3.34

3.35

3.36

3.37
3.38

3.39
3.40

Theorem Let s =1 or 2 (mod 4) and assume that s is not the sum of two squares.

1. Let ¢ be the largest positive integer for which ¢4 —¢3 + 12 + 1t —1 < s. Then
N(s) <s—t—2.

2. [1596] Let t be the largest positive integer for which 8¢3 +18t2 + 8t +4 — 2p(t? —
t—1)+2p(p—1)(t — 1) < 3s, where p=t+1 (mod 3) and p € {0,1,2}. Then
N(s) <s—t—2.

Example N(n) <n —4for n=14,21,22
N(n) <n -5 for n = 30,33, 38,42, 46, 54, 57, 62, 66, 69, 70, 77, 78
N(n) <n—6 for n=86,93,94
1

Theorem [502] lim,, oo N(n) = oco. In fact, for n sufficiently large, N(n) > ntms
[224].

3.4 MOLS of Small Side

Remark Sets of k orthogonal latin squares of side n for n < 10 where k is the largest
number such that N(n) > k are displayed in this section. Also displayed are the
constructions that yield the squares of sides n < 56 and n = 62, 75, and 80 that attain
the lower bound for N(n) in the cases where n is not a prime power.

Theorem N (3) = 2.

123 123
231 312
312 231
Theorem N(4) = 3. (The set of 3 MOLS of order 4 is given in Example 3.4).
Theorem N (5) = 4.
012314 012314 012314 012314
12340 23401 34012 40123
23401 40123 12340 34012
34012 12340 40123 23401
40123 34012 23401 12340
Theorem N(6) = 1.
Theorem N(7) = 6.
0123456 0123456 0123456
1234560 2345601 3456012
2345601 4560123 6012345
3456012 6012345 2345601
4560123 1234560 5601234
5601234 3456012 1234560
6012345 5601234 4560123
0123456 0123456 0123456
4560123 5601234 6012345
1234560 3456012 5601234
5601234 1234560 4560123
2345601 6012345 3456012
6012345 4560123 2345601
3456012 2345601 1234560




1.3

164 Mutually Orthogonal Latin Squares (MOLS)

3.41 Theorem N(8) =T1.

I~ AN © O <o —
O© N M~ =10 < O
00— O <F AN © -
< O =10 M~ O AN
NI~-O N O o
N O ~-Mmo + O <
0 H O O NN m b~
O FH WO —H DM AN©O
I~ N O 10 O M
O 10 O M- < — A
0 O MmO <f -~
<~ AN —H 10 © MmO
M OO O N — <f b~
AN~ F - OO
— AN~ <O MmO
O M OO — N~ <A
M~ M AN O O <
O© FNO M- D~ 10
WO~ = MmO A < O
< © O N~ ™M1 b=
N D10 O F ANO
AN O O < -0
— MO~ <f O O AN
O AN FH O WO~ M
oWt m AN O
O~ 1oN MmO
O H - O~ O MmA
<10 O~ O 4 AaNMm
N AN~ OO0 <H
NN OO~ <o
— O M AN <O
S AN M <10 O -

MO F N~ © AN
© —H 10 N O - <H
IO AN © —H M <H O b~
<t N~ O NI ~H O
N HOM~ 10N O
AN —H O <F M- O
— O N IO~ O M
SO < © 10 A
I~ © O M < AN
O O A <F N 1OM
0O N F AN~ O O
< N 1O MO O~ A
MNIWO N < — D~ O O
AN H MO O © Db~
— O O M N <H
SO —H DA< Mo
I~ AN oW <f MmO
© N — <10 O AN -
0O O NI~ O M A <H
f = M O~ O
N O F—H O~
NI~ < O M
S O M AN~ O
SOOI~ O < A

3.42 Theorem N(9) = 8.

OO <FM =N =10 O
D~ AN N0 © — O <f o
(O — 10 <H o0 O AN ™M b=
OO — O HoOob-AN™m
PO O AN oD~ © — 10
NI~ AN — 10 © 0 O <
AN D~O© 10 <H0 O
— 0 © 0 O HMI-AN
O <HoOoI~-AN MO ©

00 <H O — © 10O M A -
I~ AN OO0 10— O
O 1O — AN D= < O o
O — O P~ AN O oo <H
<O 0 OO AN~
N AND~00 < O OO
AN D~ <O 00 ©10
— O 1O M AN D~ T O
O 0 HLO— O~

oMo MmO <~
~— <fNI1D0MN OO
kOO — < I~10 00
O 00 WO O — <H I~
< I~ — 00 1D O N ©
" © O~ — < N 0
N 1D 00 N © O b= — <
—~ <t~ oOm
(© ™ © <f I~ — 00 IO

O N — ~10 O © <F A
D~ 10 O © <F AN oM~
O <HAN0M—HD~100
O O~ AN O ™M — 0
<F AN © ™M — 0010 DD~
N — 01O O~ <F AN O
AN O <H— 00O~ 10
— 00 M O~ 10N O <H
O~ 10 N O < —H00M

O~ OO0 FN AN —O
D~ O 0<HFMO—AON
(OO0~ <HO AN~
O <HM AN — O D~
<F N 10— O A D= © 0
N0 <H O AN — © 00 b=
N — O 0D~ ©O10O <M
— O AN D~ © 00 <t MO
© AN — © 00 b~ Mo <t

OLON <F—DI~-DO M
I~ <t — N OO N 0L
O N OO N0 — b= <H
O AN OO —b~-<fOMmO
f— D~ OO MIOAN
N OO NLO D= <f
ANV LOI~-<f = N OO
— D~ <O M O 1O AN 0
SO MW0LON <f — I~

0O~ O —10 ™ <t
D~ 00 © — AN O <f1oMm
O~ O — AN M <10
O <O O~ O
PO NI~ 00 O - NO
N <H 1O O P~00 O — A
AN O — 10 ) <H o0 O I~
— AN O <H 1O M- 00O
©— A <H 10O -0

O — MDD ON IO
I~ O 10 00— M OAN <H
O N <HFDP~-O10 00— M
O~ O M0~ <FON
<f © N0 D~ O M o0
N O — FONIOD~O
AN <H O O~ — Mmoo
— M 00 AN <t © OO -

OO~ — M0 N < O

3.43 Theorem (Parker; see [92]) N(10) > 2. See Remark VI.35.19 for a pair with four

disjoint common transversals, and Example 5.6 for a self-orthogonal example.

3.44 Theorem [1206] N(12) > 5. The first row of each of the five squares L1, Lo, L3, L4, L5

is given. Each square is obtained by developing the first row over Zs x Zg. The group

element (z,y) is written as xy.

00 01 02 03 04 05 10 11 12 13 14 15

L12

00 03 10 01 13 15 02 12 05 04 11 14
00 12 01 15 05 13 03 14 02 11 10 04

00 04 15 14 02 11 12 10 13 01 03 05

LQZ

L32

L4:

00 10 12 02 11 01 13 15 04 14 05 03

L52
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3.45

3.46

3.47

3.48

3.49

3.50

Remark Many of the constructions for MOLS in the remainder of this section use
difference matrices, quasi-difference matrices, or V(m,t) vectors. To go from these
objects to a set of MOLS, see the constructions in §VI.17.

Theorem [2037] N(14) > 3. This follows from the existence of a (13,5;1,1; 1) quasi-
difference matrix:

0 12 10 0 6 12 0 10 8 — 7 0 1 6 9
4 0 10 10 0 5 11 0 4 0 - 8 3 5 1
4 12 0 2 4 0 12 7 0 11 0 - 9 2 3
00 4 12 11 7 8 3 9 1 1 7 8 — 0 O
5 2 6 10 4 12 6 5 2 3 9 1 0 - 0

Theorem [6, 1847] N(15) > 4. This follows from the existence of a (14,6;1,0;1)
quasi-difference matrix:

-0 0 11 0 2 0 1 0 4 O 5 0 6 0
1 5 —-— 13 8 5 10 12 6 11 12 4 9 10 1
8§ 3 8 12 - 1 4 7 10 2 9 10 11 13 2
O -1 0 2 0 1 0 4 0 5 0 6 0 7
5 1 13 5 8 12 10 11 6 4 12 10 9 8
3 8 12 1 - 7 4 2 10 10 9 13 11 9

8
Theorem [2117] N(18) > 3. Consider the matrix:
ofoji0 1 &8 5 7 0 4 6 13
7‘1‘2311912————
1{7]12 0 6 2 3 8 9 10 5
8‘4‘11————13741

Form a new array by replacing every column (a,b,c,d)”, except the first column,
by the pair of columns (a,b, c,d)” and (b,a,d,c)”. This is a quasi-difference matrix
with n = 14, u = 4, A = 1, and pu = 0; form the corresponding OA(4,18). It
is resolvable, as follows: Four parallel classes are given by extending the orbits of
(0,0,0,0)T, (0,7,1,8)T, (0,1,7,4)7, and (1,0,4,7)T modulo 14 with the four parallel
classes of the resolvable OA(4,4) on the fixed points. Fourteen parallel classes are
formed by developing the parallel class consisting of the remaining 18 columns modulo
14. Thus, there is an OA(5, 18).

Theorem [2038, 47] N(20) > 4. Consider the matrix:

- 7 13 1 16 9 2
0 1 15 7 17 6 14
0 11 10 11 5 4 3
7 — 13 16 1 2 9
1 6
1

0 15 17 7 14
1 0O 10 5 11 3 4
Each column (a, b, c,d, e, f)T is replaced by columns (a, b, ¢, d, e, f)T, (b, c,a, f,d,e)T,
and (c,a,b, e, f,d)T to obtain a (19,6; 1, 1; 1) quasi-difference matrix.

Theorem [1669] N(21) > 5. Consider the following array over Zs;:

8§ 17 20 2
9 16 4 15
11 5 10 6
4 1 3 13
8 19 12 7

Replace each column by its five cyclic shifts, then append a row and column of zeros.
The result is a (21,6, 1) difference matrix.
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3.51

3.52

3.53

3.54

3.55

Theorem [2, 49] N(22) > 3. Counsider the following arrays over Zs;:

1 13 18 3 16 19 — 0 0
16 19 1 13 18 3 0 714
A=) 18 3 16 19 1 13 0 Ay=| 14 7
6 15 6 15 6 15 0 -0
12 9 19 16 5 2 0 0o -

Replace each column (a, b, ¢, d, e) of A; by 3 columns (a, b, ¢, d, e), (16¢, 16a, 16b, 16d +
7,16e + 14), and (4b,4c,4a,4d + 14,4e + 7); then append the columns of Ay. This
gives a (21,5;1,1;1) quasi-difference matrix.

Theorem [27] N(24) > 7. Counsider the following matrix over Zs x Zg X Zg X Zs:

0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000
0000 0010 0100 0110 1000 1010 1100 1110 2000 2010 2100 2110
0000 0011 1001 2110 0111 2011 2111 1000 0100 1100 1101 2010
0000 1010 1011 2000 1101 2110 0001 0101 2100 2001 0111 1100
0000 0001 2010 1111 2111 2100 1101 0011 1010 2101 1000 0110
0000 1000 2001 1011 0100 1100 0110 2101 2111 0010 1111 2011
0000 1001 0111 2100 2000 0010 1110 2011 1100 1011 0101 2111
0000 1011 2101 0100 2110 1001 2000 0110 0101 1111 2011 1010

Replace each column (a, b, ¢, d, e, f, g, h)T by (a,b, c,d, e, f,g,h)T and (a-+(0,0,0,0), b+
(07 07 07 1)7 C+ (07 07 17 0)7 d+ (07 07 17 1)7 €+ (07 17 07 0)7 f+ (07 17 07 1)7 g+ (07 17 17 0)7 h+
(0,1,1,1))T. The result is a difference matrix with eight rows over Zz x Zs x Zy X Zs.

Theorem [526] N (26) > 4.

Consider the matrix shown on the right. Re-

place each column by six columns that are the 0 000 0
. . . . 1 6 7 8 14
six cyclic shifts of the column. The result is
. o 3 11 20 18 10
a quasi-difference matrix with n = 21, u = 5,
\ =1 and 0 6 10 14 1 5
# 419 512 2

Theorem [6] N(28) > 5. Let z be a primitive element in Fy. Consider the array A
over Fy X Zr:

(0,0) (2+1,6) (1,1) (1,1) (1,3) (1,4) (0,00 (1,4) (z,5)
(z,2) (0,00 (1,5) (21) (22) (26) (2+1,3) (0,0) (z,1)
(2,3) (2+1,4) (0,0) (2+1,5) (2+1,2) (2+1,4) (2+1,2) (1,6) (0,0)
(0,5) (2,6) (0,5) (0,6) (2,3) (0,00 (0,4 (1,5) (2+1,4)
(0,3) (0,3) (2+1,5) (0,00 (0,5) (2+1,6) (1,1) (0,1) (2,3)
(1,3) (0,6) (0,6) (1,5) (0,00 (0,3) (2+1,6) (2,2) (0,2)

Replace each column (a, b, ¢, d, e, f)T by three columns (a, b, ¢, d, e, f)*, (b, ¢, a, f,d, e)T,
and (c,a,b,e, f,d)T. Then append a column whose entries all equal (0,0). This gives
a (28,6,1) difference matrix.

Theorem [47] N(30) > 4.

Consider the matrix over Zs X Zs shown on the 00 — 00 00 00 00 00
right. Replace each column (a,b,c,d,e, f)T by 00 00 — 04 02 03 01
the five columns (a + (4,4), b+ (2¢,4),c+ (4,0),d + 00 31 30 — 40 10 20
(44,0), e+ (3i,44), f+ (4i,44))T for 0 < i < 4. The 00 30 02 12 — 01 03
result is a quasi-difference matrix over Zs x Zs with 00 33 12 42 20 — 04
n=25u=>5 A=1and p=1. 00 42 24 03 23 32 —
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3.56

3.57

3.58

3.59

3.60

Theorem [38] N(33) > 5. Consider the matrices:

00 0 0 0 0 01 7
15 11 22 4 17 8 0 4 28
4| 197 14322218 4, | 01613
1712219 8 24 21 6 27103119
9 1215 7 26 14 0 25 10
14 28 23 2 19 3 022 0

Replace each column C = (a, b, c,d, e, f)T of A; by the five columns t*(C), 0 < i < 4,
where t(C) = (4e,4a, 4b, 4c,4d,4f)T. Then append the columns of Ay. The result is
a difference matrix over Zss.

Theorem [6] N(34) > 4. Consider the matrices:

-0 0 0 0 0 1 310 5
30 17 10 25 23 8 4 12 7 20
4| 224322 282 4, _ | 1615 28 14
L= 25 10 20 15 21 16 271 31 27 13 23
0 12 15 16 32 23 25 9 19 26
6 11 18 14 9 20 11 11 0 -

Replace each column C = (a, b, c,d, e, f)T of A; by the five columns t*(C), 0 < i < 4,
where t(C) = (4e,4a, 4b, 4c,4d,4f)T. Then append the columns of Ay. The result is
a (33,6;1,0;1) quasi-difference matrix.

Theorem (Wojtas, alternate construction to [2160]) N(35) > 5. Append a row of all
zeroes to the following array to obtain a (35,6,1) difference matrix over Zss:

015301025 1 16311126 2 173212 6 3 18332721 4 1913 7 22 5 3428 8 23201429 9 24
02216 3 4 9 1032261318 5 27141520 7 1 233129 2 241119172512 6 28333421 8 30
029 2 311810322634282721159 1730 3 4 52012 6 142216 8 23242533111913 7 1
08 9171125192728 1 152331 4 2612 6 142916 2 3 18333420 7 2230241032 5 1321
01232432336 729301011121328 8 9314 527141516 3 2526342122 2 17181920

Theorem [27] N(36) > 8. Consider the matrix A over Zg X Zg X Z3 X Zs:

0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000 0000
0000 0100 1000 1100 0001 0101 1001 1101 0002 0102 1002 1102
0000 1112 0021 0012 0120 0102 1111 0111 1110 1022 1001 1010
0000 0010 1010 0100 1100 1020 1000 0120 1120 0020 1110 0110
A= 0000 0120 0010 1110 1020 1010 0100 0020 0110 1100 1120 1000
0000 0110 0120 1120 1102 0012 1122 1002 1001 1011 0021 0111
0000 1010 1101 1012 1022 0021 0101 0100 1122 0110 0012 1121
0000 1100 0110 1021 0102 1022 0022 1110 1011 0121 1111 0002
0000 1000 1110 0112 1121 0111 0011 1020 0122 1102 1022 0001

A (36,9,1) difference matrix is obtained by adding the following 3 vectors to each
of the 12 columns of A: ( (0,0,0,0), (0,0,y,0), (0,0,2y,0), (0,0,0,y), (0,0,0,2y),
(0,0,9,9), (0,0,2y,2y), (0,0,y,2y), (0,0,2y,y) )" for 0 <y < 2.

Theorem [47] N(38) > 4. Consider the matrix:

- 10 1 2 6 322 5 7 9 14 18 28
0 1 10 20 23 30 35 13 33 16 29 32 21
026 26 15 8 4 17 19 34 12 31 24 25
10 —10 6 222 3 7 514 9 28 18
1 026 23 20 35 30 33 13 29 16 21 32
26 0 1 81517 4 34 19 31 12 25 24
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3.61

3.62

3.63

3.64

Each column (a, b, c,d, e, f) is replaced by columns (a, b, ¢, d, e, f)T, (b, c,a, f,d,e)T,
and (c,a,b, e, f,d)T to obtain a (37, 6; 1, 1; 1) quasi-difference matrix (QDM).

Theorem [38] N(39) > 5. Consider the matrices

00 0 000 1
4 2313 5 12 11 16
A= 25 11 22 34 23 6 4| 22
13 4 20 17 15 29 2 17
27 21 8 16 19 26 38
16 19 34 38 26 21 23

Replace each column C = (a,b,c,d, e, f)T of A; by the three columns C, t(C), and
t(t(C)), where t(C) = (16¢, 16a, 16b, 16f, 16d, 16¢)”. Then multiply the resulting 18
columns and the column of Ay by 1 and —1. Finally, append a column of zeros. The
result is a difference matrix over Zsg.

Theorem [26] N(40) > 7. Let w be a primitive root in Fys satisfying w® = w+1. Let
(0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
0,0) (1,0) (2,2) (3,2) (4,2) (2,0) (3,0) (4,0) (0,2) (1,2)
0,0) (2,5) (4,5) (1,2) (3,6) (3,4) (0,0) (2,1) (4,1) (1,6)
Ao | 00) 34 (1,9 (4,00 (25) (3,0 (1,0 (41) 22) ©3) | .
| (0,0) (4,6) (3,0) (2,3) (1,4) (2,1) (1,0) (0,4) (4,0) (3,2)
(0,0) (1,2) (4,6) (4,4) (1,0) (0,6) (2,3) (3,6) (3,5) (2,5)
(1,0) (0,3) (1,2) (4,5) (4,0) (2,3) (0,0) (2,2) (3,0) (3,0)
(4,0) (1,3) (0,0) (1,1) (4,0) (3,1) (2,5) (0,0) (2,1) (3,0)
g 01 6 5 4 3 2
Y= ( g 12 06 5 4 3 ) ’

where the second coordinates of entries in A, and the entries in Y are interpreted
as follows. Entry i denotes w?, and entry () denotes the zero element of Fys. Now if
Az, y) = (a,b), let 7(A(x,y)) = (a,b+ Y (4,2)) for i = 1,2. The group generated by
71 and T2 has order 4. Developing columns of A under the action of this group yields
40 columns, which form a difference matrix over Fy x Fas.

Theorem [6] N(42) > 5. Consider the matrices:

0 0 O 0

18 11 5 4
Ay =1 26 10 30 Ay =1 23
20 3 33 23

5 256 24 4

17 4 22 0

The seven cyclic shifts of the columns of (4] — A1|Az) give a (35,7;1,1;7) QDM.
Theorem [6] N(44) > 5. Consider the array over Zs X Zo X Z11:

000 000 000 000 000 000 000 000
114 014 117 106 119 012 015 011
106 013 100 019 111 014 119 109
116 119 012 110 010 115 004 009
109 002 001 102 007 116 110 107
101 106 113 015 005 013 010 110

Replace each column C' = [(z1,y1,21), (€2, Y2, 22), -, (5, Ys, 25), (T6, Y6, 26)]” by the
five columns t(C'), where t(C) = [(z5, y5,525), (z1,y1,521), (T2, y2,522), (3,3, 523),
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3.65

3.66
3.67

3.68

3.69

3.70

(CC4, Y4, 524)3 ('rﬁa Ye, 526)]T' Append the four columns [(ZC, Y, Z)a (ZC, Y, 52)3 (ZC, Y, 32)3
(z,y,42), (2,9,92), (0,0,0)]" for (z,y,2) = (0,0,0), (1,0,1), (1,1,2) and (0,0,8), giving
a (44,6,1) difference matrix.

Theorem [10] N(45) > 6. Consider the matrices:

000 221 311 412 401 011 021 322
000 121 422 120 410 311 300 212
000 411 221 320 120 210 100 321
Ay =] 000 A, = 010 211 400 002 422 322 122
000 312 210 022 421 021 201 112
000 211 122 301 210 100 421 110
000 000 000 000 000 000 000 000

Let As be the array over Zs x Zs x Zs obtained by interchanging the following pairs
of rows in Ay, 1 and 6, 2 and 5, 3 and 4, while leaving row 7 unaltered. Replace each
column [(z1,y1,21), (T2, Y2, 22), - - - (T7,y7, 27)]T of [A1|A2|As3] by the following three
columns for ¢ = 0,1,2: [(z1,y1, 21 +9), (2, Y2 + 24, 22), (X3, Y3 + 1, 23 + 24), (4,91 +
2i, 24 +1), (x5, Y5 + 1, 25), (6, Y6, 26 + 21), (7, y7, 27)]T. This gives a (45,7,1) difference
matrix.

Theorem N (46) > 4, from the existence of a V(4,9) vector (Table VI.17.54).

Theorem [25] N (48) > 8. This follows from existence of a (48,9, 1) difference matrix
over Zsz x Fos. In what follows, w is a primitive element of Fos satisfying w? = w + 1,
and for the second coordinates of all entries, w’ is written as 7. The first 12 columns
of this matrix are as follows:

(0,4) (2,2) (2,2) (0,13) (0,4) (2,13) (0,1) (0,7) (L,7) (2,2) (0,6) (2,9)

(2,7 (0,9 (27 (23) (0,3) (0,9) (1,12) (0,6) (0,12) (2,14) (2,7) (0,11)

(2,12) (2,12) (0,14) (0,14) (2,8) (0,8) (0,2) (1,2) (0,11) (0,1) (2,4) (2,12)

(1,3) (0,2) (0,10) (0,14) (0,9) (1,3) (0,12) (2,13) (2,1) (2,9) (2,0) (1,7)

(0,00 (1,8 (0,7) (1,8) (0,4) (0,14) (2,6) (0,2) (2,3) (1,12) (2,14) (2,5
)

)

) )

(0,12) (0,5) (1,13) (0,4) (1,13) (0,9) (2,8) (2,11) (0,7) (2,10) (L,2) (2,4
(1,12) (2,00 (1,14) (0,6) (L,9) (0,14) (L,4) (0,5) (1,8) (L,3) (21) (1,1
(1L,4) (1,2) (25) (0,4) (0,11) (1,14) (1,13) (1,9) (0,10) (1,6) (1,8) (2,6
(2,100 (1,9 (1,7) (L,4) (0,9) (0,1) (0,00 (1,3) (1,14) (2,11) (1,11) (1,13)

NSNS

and the others are obtained by adding the following 3 vectors to these columns:
(0,12 4 w), (0,2 +w), (0,7 +u), (0,u), (0,5+u), (0,10 +u), (0,3 4 u), (0,8 + u),
(0,13 +u))T for u =0, 1, and 4.

Theorem N(50) > 6. This follows from the existence of a V(6,7) vector (Table
VI.17.54).

Theorem [38] N(51) > 5.

5 33 29 30 1
8§ 3 47 10 13
14 27 6 12 28
9 16 44 49 11
34 32 36 26 20

Let A be the array on the right with entries from
Zs1. Replace each column of [A| — A] by its five
cyclic shifts. Then append a row and column of
zeros. The result is a (51,6,1) difference matrix.

Theorem [6] N(52) > 5. Consider arrays over Fy X Zq3:
(0,0)  (0,0) (0,0) (0,0) (0,0) (1,1) (%11
(22,10) (0,7) (1,10) (2,10) (2% 3) (z,3) (1,7)
P e Il I ES O
(2,8) (2%,12) (0,10) (2%,11) (2*,6) (1,4) (%,3)
(L2) (0.2) (:28) (23) (s7) (2,12) (1,9)
(1,6) (z12) (0,7) (2%,6) (2,2) (2%,10) (z,1)
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1.3

3.71

3.72

For a column C = ((z1,11), (x2,¥y2) ...

difference matrix.

Theorem [6]
0
1

24

10
5

30

Ay

0
27
40
30
18
16

16
1
22
14
33

(z6,96))", let t1(C) = ((= - 3,3 y3), (2

x1,3 - yl)a (Z T2, 3 - y2)a (Z " X6, 3 - yﬁ)a (Z 4,3 y4)a (Z 25,3 y5))Tv and tQ(C) =
((.Ig, y3)5 ('rla yl)a (an y2)5 (CC5, y5)a ('rﬁa yﬁ)a (CC4, y4))T'
group of order 9 generated by t1, t2 to the columns of A; to give 45 columns; then
apply the group of order 3 generated by t2 to the columns of As to give another 6
columns. Finally append a column whose entries all equal (0,0). This gives a (52,6,1)

0
7
35
44
33
27

N(54) > 5. Consider the matrices:

A

O W Jwo |

(Here 22 = z + 1).

Apply the

The seven cyclic shifts of the columns of (4] — A1|Az) give a (45,9;1,1;7) QDM.

Theorem [2161]
1 7

2 13

39 6

14
25
8

19
38
26

28
52
24

33
12
51

40
20
11

46
32
34

N(55) > 6. Cousider the array over Zss:

50
45
37

48 41 36 27 22
42 30 17 3 43 35 23 10

49 47 29 31 4 44 21 18

Replace each column by its six cyclic shifts, then append a row and column of zeros.
The result is a (55,7, 1) difference matrix.

5 9 5

3.73 Theorem [2,1608] N (56) > 7. Let w be a primitive element of Fg satisfying w® = w+1.
Consider the 8 x 8 array over Fg X Z7:
(0,0) (°,0) (w 0) (@?,0) (w?,0) (w?,0) (w°,0) (w®,0)
0,1) (@1.6) (@21) 1) ('6) (1) (.6) (.6)
(0,4) (w?,3) (w3,4) (wh4) (W5, 3) (W%,4) W% 3) (w',3)
0,2) (w?,5) (w*,2) (W°,2) (W8, 5) (W°,2) (Wh5) (wW?5)
0,2) (w*5) (@*,2) (W5,2) (W°,5) (w',2) (W 5) (W3 5)
0,4) (w°,3) (w%,4) (W°4) (W',3) (W%,4) (W3 3) (W% 3)
0,1) (w%6) (W°,1) (W' 1) (W2,6) (W?,1) (w* 6) (w°6)
(1,0) (1,0) (1,0) (1,0) (1,0) (1,0) (1,0) (1,0)
Each column O = [(z1,y1)(22, y2) (23, Y3) (4, ya) (35, y5) (T6, Yo ) (w7, y7) (25, ys )] is re-
placed by the 7 columns t(C) (0 < i < 6) where t(C) = [(wz7,y7) (Wr1,y1) (WT2,Y2)
(wr3,y3) (Wra,ys) (Wrs,y5) (W6, Ys) (wrs,ys)]T. The result is a (56,8,1) difference

matrix over Fg X Zr.

3.74 Theorem [6] N(62) > 5. Consider the matrices:
0 — - - _
17 0 0 O 1 11
29 28 35 23 3 19
A= 36 50 5 33 Ay = 7 33
31 2 43 30 34 33
16 47 44 51 30 19
41 11 1 17 28 11

The seven cyclic shifts of the columns of (A4;] — A1|Az) give a (54,8;1,1;7) QDM.
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3.75 Theorem [27] N(75) > 7. Consider the matrices over Zs x Zs X Zs:

3.76

3.77

3.78

000 200 000 000 100 000 100 100
000 023 144 113 104 243 003 144
000 132 211 140 030 104 241 012
Ay = 000 A, — 024 131 202 001 240 122 000
000 2 112 223 031 142 210 143 244
000 014 044 241 130 131 200 240
000 044 201 233 232 002 212 142
000 242 241 231 122 130 002 242

Let Az be the matrix obtained by interchanging rows i and 9 — ¢ (for 1 <7 < 4) in
As. The required (75,8, 1) difference matrix is then obtained by adding the following
vectors to the 15 columns of [A;|Az|As] : [(0,0,z), (0,z,0), (0,z,2x), (0,2z,2x),
(0, 3z, 32), (0, 4x, 3z), (0,4x2,0), (0,0, 4x)]" for 0 < z < 4.

Theorem [2, 26] N(80) > 9. Let w be a primitive root in Fou satisfying w* = w + 1.

Let

(0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0) (0,0)
0,0) (1,0) (2,3) (3,0) (4,3) (2,0) (3,3) (4,0) (0,3) (1,3)
(0,0) (2,8) (4,6) (1,3) (3,3) (3,13) (0,13) (2,6) (4,14) (1,12)
(0,0) (3,11) (1,0) (4,9) (2,0) (3,7) (1,8) (4,10) (2,10) (0,11)
A (0,0) (4,8) (3,14) (2,14) (1,12) (2,10) (1,10) (0,3) (4,5) (3,8)
] 0,0) (1,8) (4,14) (4,12) (1,1) (0,1) (2,8) (3,12) (3,6) (2,1)
(1,0) (0,6) (1,1) (4,4) (4,13) (2,6) (0,14) (2,9) (3,0) (3,3)
4,0) (1,9) (0,70 (1,1) (4,8) (3,5) (2,14) (0,0) (2,0) (3,0)
(4,0) (4,6) (1,2) (0,0) (1,13) (3,8) (3,2) (2,0) (0,14) (2,0)
(1,0) (4,9 4,1) (1,0) (0,4) (2,5) (3,0) (3,5) (2,0) (0,0)

0 0 1 14 12 7 2 11 3 6

andlet Y= 0 1 2 0 13 8 3 12 4 7 |,
0 2 3 1 14 9 4 13 5 8

where the second coordinates of entries in A and the entries in Y are interpreted as
follows. Entry i denotes w?, and entry () denotes the zero element of Fya. Now if
A(z,y) = (a,b), let 7(A(z,y)) = (a,b+ Y (i,z)) for i = 1,2,3. The group generated
by 7 and 72 has order 8. Developing columns of A under the action of this group
yields 80 columns, which form a difference matrix over Fg x Faus.

3.5 Complete Sets of Order 9

Remarks Owens and Preece [1710] determined the 19 equivalence classes of complete
sets of MOLS of order 9, using a definition of equivalence that permits reordering the
rows and columns of all squares together, and the symbols of each square individu-
ally. There are four nonisomorphic projective planes: the desarguesian plane ®, the
translation plane Q, the dual translation plane Q7, and the Hughes plane ¥. See
SVIL.2.

Table The 19 inequivalent complete sets of order 9. For each, the eight orthogonal
latin squares are given, and under each is provided a name for the isotopy class to
which the square belongs (see [1710]), and the number of intercalates in the square.

For each set, the plane from which it arises is given along with some information
about the manner in which the complete set is formed. Here, ¢, is the line at infinity,
t is the translation line of €, and T is the translation point of Q. In the Hughes
plane, lines are classified as real or complex [1819]. Details are given in [1710].
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1.3

Set 1 (Plane @)

123456789
231564897
312645978
456789123
564897231
645978312
789123456
897231564
978312645
a,0

123456789
456789123
789123456
312645978
645978312
978312645
231564897
564897231
897231564
a,0

123456789
645978312
897231564
978312645
231564897
456789123
564897231
789123456
312645978
a,0

123456789
897231564
645978312
564897231
312645978
789123456
978312645
456789123
231564897
a,0

123456789
312645978
231564897
789123456
978312645
897231564
456789123
645978312
564897231
a,0

123456789
564897231
978312645
645978312
789123456
231564897
897231564
312645978
456789123
a,0

123456789
789123456
456789123
231564897
897231564
564897231
312645978
978312645
645978312
a,0

123456789
978312645
564897231
897231564
456789123
312645978
645978312
231564897
789123456
a,0

Set 2 (Plane Q, t = /)

123456789
231564897
312645978
456789123
564897231
645978312
789123456
897231564
978312645
a,0

123456789
456789123
789123456
312645978
645978312
978312645
231564897
564897231
897231564
a,0

123456789
645978312
897231564
564897231
789123456
312645978
978312645
231564897
456789123
a,0

123456789
564897231
978312645
897231564
312645978
456789123
645978312
789123456
231564897
a,0

123456789
312645978
231564897
789123456
978312645
897231564
456789123
645978312
564897231
a,0

123456789
789123456
456789123
231564897
897231564
564897231
312645978
978312645
645978312
a,0

123456789
897231564
645978312
978312645
456789123
231564897
564897231
312645978
789123456
a,0

123456789
978312645
564897231
645978312
231564897
789123456
897231564
456789123
312645978
a,0

Set 3 (Plane Q, t = {)

123456789
312645978
231564897
789123456
978312645
897231564
456789123
645978312
564897231
a,0

123456789
645978312
897231564
978312645
231564897
456789123
564897231
789123456
312645978
a,0

123456789
564897231
978312645
231564897
645978312
789123456
312645978
456789123
897231564
a,0

123456789
456789123
789123456
564897231
897231564
231564897
978312645
312645978
645978312
a,0

123456789
231564897
312645978
456789123
564897231
645978312
789123456
897231564
978312645
a,0

123456789
978312645
564897231
897231564
456789123
312645978
645978312
231564897
789123456
a,0

123456789
789123456
456789123
645978312
312645978
978312645
897231564
564897231
231564897
a,0

123456789
897231564
645978312
312645978
789123456
564897231
231564897
978312645
456789123
a,0

Set 4 (Plane Q, { # /)

123456789
231564897
312645978
498732156
587293641
679328514
765189432
854971263
946817325
br,48

123456789
456789123
789123456
312867594
694538217
967214835
231975648
548692371
875341962
br,48

123456789
645978312
897231564
576394821
758162493
312589647
984613275
231847956
469725138
br,48

123456789
564897231
978312645
849521367
312974856
485763192
657248913
796135428
231689574
br,48

123456789
312645978
231564897
765189432
946817325
854971263
498732156
679328514
587293641
br,48

123456789
789123456
456789123
231975648
875341962
548692371
312867594
967214835
694538217
br,48

123456789
897231564
645978312
984613275
469725138
231847956
576394821
312589647
758162493
br,48

123456789
978312645
564897231
657248913
231689574
796135428
849521367
485763192
312974856
br,48

Set 5 (Plane Q, t # ()

123456789
231987654
312879546
456723198
564392871
645238917
789165423
897541362
978614235
bc,48

123456789
789165423
456723198
231987654
897541362
564392871
312879546
978614235
645238917
bc,48

123456789
897541362
645238917
978614235
456723198
231987654
564392871
312879546
789165423
bc,48

123456789
978614235
564392871
645238917
231987654
789165423
897541362
456723198
312879546
bc,48

123456789
312879546
231987654
789165423
978614235
897541362
456723198
645238917
564392871
bc,48

123456789
456723198
789165423
312879546
645238917
978614235
231987654
564392871
897541362
bc,48

123456789
645238917
897541362
564392871
789165423
312879546
978614235
231987654
456723198
bc,48

123456789
564392871
978614235
897541362
312879546
456723198
645238917
789165423
231987654
bc,48

Set 6 (Plane Q, t # ()

123456789
312987654
231879546
756123498
964312875
845231967
489765123
697548312
578694231
bs,48

123456789
978324561
564918273
687231945
215789634
739645128
846597312
452163897
391872456
c,32

123456789
789263145
456197328
214978653
837645912
598312476
371829564
965784231
642531897
c,32

123456789
897532416
645781932
938645271
479123568
216897354
562314897
381279645
754968123
c,32

12345678

231645978
312564897
465789132
546897321
654978213
798132456
879321564
987213645

a,0

123456789
645891327
897243615
579312864
782564193
361789542
954678231
218937456
436125978
c,32

123456789
564719832
978632451
892564317
351978246
487123695
635241978
746895123
219387564
c,32

123456789
456178293
789325164
341897526
698231457
972564831
217983645
534612978
865749312
c,32




11.3.5 Complete Sets of Order 9 173

Set 7 (Plane QP T € £,,)
123456789]123456789[123456789[123456789]123456789]123456789[123456789[123456789
231564897|456789123(645978312|564897231|312645978|789123456(897231564|978312645
312645978|789123456(897231564|978312645|231564897|456789123|645978312|564897231
456789123|312645978|978312645(645978312|789123456|231564897|564897231|897231564
564897231|897231564(456789123|312645978|978312645(645978312(789123456|231564897
645978312|564897231(312645978|789123456|897231564(978312645(231564897|456789123
789123456|231564897(564897231|897231564|456789123(312645978|978312645|645978312
897231564(|978312645(231564897|456789123|645978312(564897231|312645978|789123456
978312645|645978312|789123456|231564897|564897231(897231564|456789123|312645978

a,0 a,0 a,0 a,0 a,0 a,0 a,0 a,0
Set 8 (Plane QP T € £,,)
123456789|123456789(123456789[123456789|123456789|123456789[123456789(123456789
231564897|765189432(854971263|946817325|312645978(498732156(679328514|587293641
312645978|498732156(679328514|587293641|231564897|765189432(854971263|946817325
456789123|231975648|548692371(875341962|789123456|312867594(967214835(694538217|
564897231|657248913(796135428|231689574|978312645[849521367|485763192|312974856
645978312|984613275(231847956|469725138|897231564(576394821(312589647| 758162493
789123456|312867594(967214835|694538217|456789123(231975648|548692371|875341962
897231564|576394821(312589647|758162493|645978312{984613275(231847956|469725138
978312645|849521367|485763192|312974856|564897231|657248913|796135428|231689574

a,0 a,0 a,0 a,0 a,0 a,0 a,0 a,0
Set 9 (Plane Q°, T € £s,)
123456789|123456789(123456789[123456789(123456789|123456789[123456789(123456789
312645978|576918243(485197326|694781532|231564897(849273615(967832451| 758329164
231564897|984327561(796283145|875932416|312645978(657891324(548719632|469178253
789123456|648231975(371548692|962875341|456789123(594312867|835967214|217694538
978312645|391765824(842679513|457123968|564897231|736984152(219548376|685231497
897231564|752849136(569312478|381694257|645978312(218765943|476123895|934587621
456789123|867594312|214835967(538217694|789123456|975648231{692371548|341962875
645978312|439182657(958764231|216349875|897231564(361527498|784695123|572813946
564897231|215673498(637921854|749568123|978312645482139576|351284967|896745312

a,0 d,72 d,72 d,72 a,0 d,72 d,72 d,72
Set 10 (Plane QF | T & (o)
123456789]123456789[123456789[123456789[123456789]123456789[123456789]123456789
231879546|756123498(845231967|964312875|312987654({489765123|697548312|578694231
312987654(|489765123(697548312|578694231|231879546|756123498|845231967|964312875
489765123|231879546|578694231(845231967|756123498|312987654({964312875697548312
578694231|697548312(756123498|231879546|964312875[845231967|489765123|312987654
697548312|964312875(231879546|489765123|845231967|578694231|312987654| 756123498
756123498|312987654(964312875|697548312|489765123|231879546(578694231|845231967
845231967|578694231(312987654|756123498|697548312{964312875(231879546|489765123
964312875|845231967|489765123|312987654|578694231(697548312(756123498|231879546

bs,48 bs,48 bs,48 bs,48 bs,48 bs,48 bs,48 bs,48
Set 11 (Plane QP T & (..
123456789|123456789(123456789[123456789|123456789|123456789[123456789(123456789
312879546|675948213(584697321|496785132|231564897948213675|769132458|857321964
231987654(894321567(976213845|785132496|312645978(567894321|458769132|649578213
789165423|546297831(231549678|967813245|498732156(654378912(875921364|312684597
978614235|231865974(849371562|654928317|587293641|796182453|312547896|465739128
897541362|758139426(465782193|231674958|679328514[312965847|546893271|984217635
456723198|987612345|312864957(548397621|765189432|879531264(694278513|231945876
645238917|469783152|798125436|312569874|854971263|231647598|987314625|576892341
564392871|312574698(657938214|879241563|946817325{485729136|231685948| 798163452

be 48 e,24 e,24 e,24 br,48 e,24 e,24 e,24
Set 12 (Plane W, real (o)
123456789|123456789(123456789[123456789|123456789|123456789[123456789(123456789
231564897|456789123(564897231|645978312|312645978|789123456(978312645|897231564
312645978/ 789123456(978312645|897231564|231564897(456789123|564897231|645978312
456789123|312897564(897564312(564312897|789123456|231978645(645231978|978645231
564897231(645231897(312978456|789564123|978312645[897645312(231789564(|456123978
645978312|978564231(456123897|312789645|897231564(564312978|789645123|231897456
789123456|231978645(645231978|978645231|456789123|312897564(897564312|564312897
897231564(564312978|789645123|231897456|645978312{978564231|456123897|312789645
978312645|897645312(231789564|456123978|564897231|645231897|312978456| 789564123

a,0 fs,36 fs,36 fs,36 a,0 fs,36 fs,36 fs,36
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1.3

Set 13 (Plane W, real (o)

123456789
789123456
456789123
231978645
645231978
978645231
312897564
564312897
897564312
fc,36

123456789
897231564
645978312
564312978
789645123
231897456
978564231
312789645
456123897
fc,36

123456789
978312645
564897231
897645312
231789564
456123978
645231897
789564123
312978456
fc,36

123456789
231564897
312645978
978231456
897123645
789312564
564789312
456978231
645897123
gr,0

123456789
456789123
789123456
312564897
564978231
897231645
231645978
645897312
978312564
hr,0

123456789
645978312
897231564
456897123
978312456
312564897
789123645
231645978
564789231
hr,0

123456789
564897231
978312645
789123564
312564897
645789312
456978123
897231456
231645978
hr,0

123456789
312645978
231564897
645789231
456897312
564978123
897312456
978123564
789231645
gr.,0

Set 14 (Plane ¥, real /)

123456789
498732156
765189432
312645978
849273615
576918243
231564897
984327561
657891324
fr,36

123456789
679328514
854971263
967832451
485197326
312645978
548719632
231564897
796283145
fr,36

123456789
587293641
946817325
694781532
312645978
758329164
875932416
469178253
231564897
fr,36

123456789
231645978
312564897
879213645
798321564
987132456
654897321
546789132
465978213
gc,0

123456789
756189423
489723156
231597864
567834291
894261537
312678945
675942318
948315672
he,0

123456789
845971362
697238514
458369127
976512843
231784695
769143258
312895476
584627931
he,0

123456789
964817235
578392641
785124396
231968457
649573812
496285173
857631924
312749568
he,0

123456789
312564897
231645978
546978213
654789132
465897321
987321564
798213645
879132456
gc,0

Set 15 (Plane W, real (o)

123456789
312564897
231645978
546897213
654978132
465789321
987321645
798213456
879132564
9s,0

123456789
849327561
657918243
465789132
372561894
981243675
798132456
516894327
234675918
9s,0

123456789
967283145
548197326
382514697,
791632458
654978213
236845971
879321564
415769832
9s,0

123456789
758932416
469781532
871325964
546897321
392164857,
614578293
235649178
987213645
9s,0

123456789
231645978
312564897
798132456
987213645
879321564
465789132
654978213
546897321
a,0

123456789
675891234
894372615
957648321
438129576
216537498
549213867
381765942
762984153
d,72

123456789
584719623
976823451
639271548
215384967
748695132
852067314
467132895
391548276
d,72

123456789
496178352
785239164
214963875
869745213
537812946
371694528
942587631
658321497
d,72

Set 16 (Plane W, real (o)

123456789
489723156
756189423
312948675
975612348
648375912
231894567
867531294
594267831
hs,0

123456789
314579628
271863954
796185243
639748512
567294831
485327196
948612375
852931467
hs,0

123456789
678931245
864397512
987524361
452179836
215743698
546218973
391865427
739682154
d,72

123456789
962345871
538614297
845732916
381297654
479168523
697581432
754923168
216879345
d,72

123456789
756198432
489732165
231867594
567384921
894621357
312975648
675249813
948513276
hs,0

123456789
241687593
317925846
469273158
894531267
936812475
758169324
582794631
675348912
hs,0

123456789
597812364
945278631
654391827
218965473
782539146
879643215
436187952
361724598
d,72

123456789
835264917
692541378
578619432
746823195
351987264
964732851
219378546
487195623
d,72

Set

17 (Plane ¥, complex

loo)

123456789
231645978
312564897
489723156
578392641
697238514
765189432
854971263
946817325
iR,24

123456789
879213564
546897213
312948675
457639128
784125936
231564897
965782341
698371452
iR,24

123456789
798321456
654978132
975612348
312785964
569843271
846297513
487139625
231564897
iR,24

123456789
987132645
465789321
648375912
896241573
312697458
579813264
231564897
754928136
iR,24

123456789
312564897
231645978
756189423
964817235
845971362
498732156
679328514
587293641
iR,24

123456789
654978321
987321645
231894567
749163852
476582193
312645978
598217436
865739214
iR,24

123456789
465789213
879132564
594267831
231578496
958314627
687921345
746893152
312645978
iR,24

123456789
546897132
798213456
867531294
685924317
231769845
954378621
312645978
479182563
iR,24

Set

18 (Plane ¥, complex

l

123456789
231879654
312987546
465732198
546293871
654328917
798165423
879541362
987614235
ic,24

123456789
765132498
489765132
572891364
318547926
946283571
637918245
291674853
854329617
ic,24

123456789
946213875
578694321
854327916
692178453
317965248
281549637
765832194
439781562
ic,24

123456789
854321967
697548213
319684572
765932148
482719635
946273851
538197426
271865394
ic,24

123456789
312987546
231879654
798165423
987614235
879541362
465732198
654328917
546293871
ic,24

123456789
489765132
765132498
637918245
854329617
291674853
572891364
946283571
318547926
ic,24

123456789
578694321
946213875
281549637
439781562
765832194
854327916
317965248
692178453
ic,24

123456789
697548213
854321967
946273851
271865394
538197426
319684572
482719635
765932148
ic,24
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3.79

3.80
3.81

Set 19 (Plane U, complex {o)

123456789
312987546
231879654
765132498
946213875
854321967
489765132
697548213
578694321
is,24

123456789
576894312
894312567
319527846
657138294
782649135
945281673
438765921
261973458
J,24

123456789
694578123
785231496
972845361
318962547
469713852
537694218
241389675
856127934
J,24

123456789
485769231
976123845
548391627
892675413
317284596
251837964
764912358
639548172
J,24

123456739
231645897
312564978
456789132
564897321
645978213
798123456
879231564
987312645
k,0

123456789
948231675
657948231
281673954
739584162
576192348
864319527
315827496
492765813
J,24

123456789
857123964
469785312
694218573
271349658
938567421
316972845
582694137
745831296
J,24

123456789
769312458
548697123
837964215
485721936
291835674
672548391
956173842
314289567
J,24

3.6 MOLS of Side n < 10,000

Remark Table 3.87 updates a similar table by Brouwer [334] from 1979 as well as
Table I1.2.72 in the first edition of the Handbook from 1996. This table has been
produced using a program that attempts to incorporate all existing constructions for
sets of MOLS. The constructions used and the program developed are described in
[643]. Tables 3.81, 3.83, 3.86, and 3.88 are derived from information in Table 3.87.

‘nk is the largest order for which the existence of ¥ MOLS is unknown.

Table n, for kK < 15 and k£ = 30.

k ngk k ngk k ngk k ngk k ngk
2 6| 3 10| 4 22| 5 60| 6 74
7 570 | 8 2766 | 9 3678 | 10 5804 | 11 7222
12 7286 | 13 7288 | 14 7874 | 15 8360 | 30 52502

3.82
3.83

3.84

3.85
3.86

3.87

ig is the largest order for which the existence of k idempotent MOLS is unknown.

Table i, for £ < 15.

k i | k i | k i | k i |k i

2 6| 3 10| 4 26 | 5 60 | 6 98

7 702 | 8 2766 | 9 3678 | 10 5804 | 11 7222
12 7286 | 13 7618 | 14 7874 | 15 10618

Remark In [2] it is shown that the only possible exceptions for 15 idempotent MOLS
of orders exceeding 9718 are 10606 and 10618. Indeed writing 10606 = 421-25+ (81 =
3 -27), one can establish that 10606 is not an exception.

‘ oy, is the largest odd order for which the existence of £ MOLS is unknown. ‘

Table oy for k£ < 15.

k Of k Of k Of k Of k Of

2 — 3 - 4 — 5 151 6 51

7 335 8 1263 | 9 1935 | 10 2607 | 11 3471
12 3505 | 13 3565 | 14 3603 | 15 3603

Table Lower bounds on N(n), the number of MOLS of side n. Italicized entries are
lower bounds on N (1™) (all the MOLS are idempotent), when the best current bound
matches the lower bound on N(n).
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0O 1 2 3 4 5 6 7 &8 9 10 11 12 13 14 15 16 17 18 19
Oloc o 1 2 3 4 1 6 7 8 210 512 3 41516 318
200 4 5 322 724 426 528 43031 5 4 5 83 4 5
400 7 40 542 5 6 446 8 48 6 5 552 5 6 7 7 558
600 460 5 663 7 566 5 6 67 772 5 7 6 6 678
80 98 88 6 6 6 6 78 6 7 6 6 6 6 79 6 §
100 8100 6102 7 7 6106 6108 6 6 13112 6 7 6 8 6 6
120 7120 6 6 6 124 6 126 120 7 6130 6 7 6 7 7136 06 138
1400 6 7 6 10 10 7 6 7 6148 6150 7 8 8 7 6156 T 0
1600 9 7 6162 6 7 6166 7168 6 8 612 6 614 9 6 178
180 610 6 6 7 9 6 10 6 8 6190 7192 6 7 6196 6 198
2000 7 8 6 7 6 8 6 814 11 10200 6 7 6 7 7 8 6 10
2201 6 12 6 222 13 8 6226 6228 6 7 7232 6 7 6 7 6 238
240 7 240 6 242 6 7 6 12 7 7 620 6 12 9 7 255 256 6 12
2600 6 8 822 7 8 7 10 7T 268 7 2t0 15 16 6 13 10 276 6 9
280 7 280 6 282 6 12 6 7 15288 6 6 622 6 6 7 10 10 12
3000 7 7 7 71515 636 7 7 7330 7sz2 7 10 736 T 10
320015 15 616 8 12 6 7 7 9 6330 7 8 7 6 836 6 7
340 6 10 10 342 7 7 6346 6348 8 12 18 352 6 9 7 9 6 358
360 8360 6 7 7 10 6366 15 15 7 15 732 7 15 7 13 7 378
380 7 12 7382 15 15 7 15 73 7 16 7 8 7 7 8306 7 7
400{ 15 400 7 15 11 8 7 15 8 408 7 13 8 12 10 9 18 15 7 ais
420 7 420 7 15 7 16 6 7 7 10 6 430 15 432 6 15 6 18 7 438
440 7 15 7 aa2 7 13 7 11 15 was 7 15 7 7 7 15 7 a6 7 16
460 7 460 7 462 15 15 T aee 8 8 7 15 7 15 10 18 7 15 6 azs
480115 15 6 15 8 7 6486 7 15 6 490 6 16 6 7 15 15 6 498
500f 7 12 9502 7 15 6 15 7508 6 15511 18 7 15 8 12 8 15
520 8 520 10 522 12 15 8 16 155528 7 15 8 12 7 15 8 15 10 15
5400 12 540 7 15 18 7 75546 7 8 7 18 7 7 7 7 7Tsse 7T 12
560 15 7 T se2 7 7 6 7 7Twses 6570 7 7 15 22 8506 7 7
580 7 8 7 10 7 8 7Twsse 7 18 17 7 15502 8 15 7 7 8 598
600 14 600 12 15 7 15 16 606 18 15 7 15 8 612 8 15 7 616 7 618
620f 8 22 8 15 15624 7 8 816 7630 7 8 7 8 712 7 §
640 9 640 7 e6a2 7 7 Teaws 8 10 7 7 Tes2 T 7 15 15 7 658
660 7Teco 7 15 7 15 722 7 15 7 15 15612 7 24 86w 7 15
680 7 15 7 es2 8 15 7 15 1515 7 e 8 15 7 15 7 16 7 15
7000 8 700 7 18 15 15 7 15 8w7s 7 15 7 22 21 15 7 15 8 71s
7200 15 9 8 12 10 24 12 726 7 728 16 16 18 732 7 7 22 10 8 738
740 7 7 T2 7 15 7 8 7 10 7 7o 15 15 8 15 8 7me 8 15
760 770 8 15 8 15 8 15 157w 8 15 872 8 24 23 15 8 18
780 8 18 7 26 15 15 10 76 12 15 7 15 20 15 18 15 8 796 22 16
800[ 24 15 8 15 8 15 8 15 8 ss 8sw0 8 15 8 15 15 18 8 §
820 8 820 8 s22 8 15 88 826 882 8 15 12 16 7 8 7 26 25 s38
840 8 sa0 8 20 8 10 8 16 15 15 12 22 7 852 16 15 22 ss6 7 ss58
860 22 15 24 s62 26 15 7 15 8 15 9 15 7 15 7 15 7 sw 8 15
880| 15 8s0 8 ss2 8 15 7 sss 7 15 8 15 10 18 8 15 13 15 8 28
900| 27 16 8 8 8 22 89 &8 18 10 910 15 14 8 15 16 10 18 918
920[ 24 8 22 12 24 24 26 8 28 928 7 18 7 7 7 14 7T 96 7 15
940 7 940 7 22 15 15 7 oas 7 12 12 15 7 92 7 15 7 15 8 15
960 15 960 29 15 8 15 8 96 8 15 8 970 10 18 12 15 15 976 16 18
980 18 15 7 9s2 27 15 24 15 26 22 28 990 31 31 7 15 8 996 25 26
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01 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19

1000 7 15 21 16 19 15 7 18 151008 13 18 81012 9 22 7 28 7io1s
1020 71020 7 301023 24 7 15 9 15 91030 71032 7 15 8 16 91o03s
1040[ 15 15 8 15 8 15 8 15 81048 8150 8 15 8 15 15 16 8 8
1060| 81060 81062 8 15 8 15 101wes 7 15 15 28 7 24 7 15 8 15
1080] 12 22 8 15 8 15 8iose 16 15 81090 81092 8 15 81096 8 15
1100 8 15 81102 15 15 8 26 81108 8 18 8 15 8 15 8ue 7 15
1120| 16 18 71122 7 15 7 22 8128 7 15 8 15 10 9 15 15 7 16
1140 7 8 7 15 7 15 7 30 30 15 7us0 15152 7 15 8 26 12 24
1160| 12 26 71162 16 18 18 15 15 15 221170 24 15 26 24 28 15 30 30
1180 81180 8 15 31 15 816 8 28 8 15 81192 8 156 8 15 8 15
1200{ 151200 8 15 8 15 8 16 8 15 8 15 81212 8 15 181216 7 22
1220 7 15 81222 7 24 7 15 71208 71230 15 9 8 15 71236 7 15
12400 7 16 8 10 8 7 8 28 81248 8 8 7 7 7 8 8 8 Tizss
1260 7 12 23 7 1515 9 15 9 26 9 30 30 23 8 15 91216 91278
1280 15 30 101282 12 15 9 24 161288 181200 8 18 22 15 241206 26 15

1300| 281300 301302 8 15 81306 30 15 8 15 31 15 15 8 15 81318
1320 81320 8 26 8 24 Tase 15 15 81330 8 30 30 15 8 15 9 30
1340 12 15 8 30 15 30 12 15 9 26 16 24 18 15 20 22 22 24 15
1360| 261360 28 28 30 30 91366 281368 30 15 91372 15 31 16 8 15
1380 8130 8 15 8 15 8 18 8 15 8 15 15 15 15 8 10 9139s
1400{ 10 15 8 22 8 8 8 15 101408 8 16 7 9 22 912 7 8§
1420 9 28 71422 15 24 Q1426 Q1428 7 26 71432 15 7 15 71438
1440| 15 15 7 15 9 15 Q146 7 15 71450 71452 15 15 30 301458
1460] 8 15 8 30 8 15 8 30 10 30 121470 22 30 28 18 15 8 24
1480| 221480 241482 26 18 281486 301488 13 15 81492 15 8 15 301498
1500{ 30 18 9 15 31 15 9 15 9 14 91510 9 24 9 9 36 9 30
15201 30 9 91522 9 30 9 9 9 30 101530 12 9 30 16 30 18 18
1540 8 26 221542 24 8 26 20 281548 30 30 151552 15 30 8 8isss
1560| 30 15 30 15 8 15 301566 31 15 81570 8 15 15 8 18 8ists
1580 8 15 852 1524 8 8 8 15 8 36 7 26 15 81596 8 15
1600| 241600 8 15 8 15 81606 81e0s 8 15 81612 15 15 15 8ie1s
1620 81620 7 15 7 15 T2 7 15 7 15 24 22 15 81636 7 15
1640f 7 15 7 30 30 15 7 26 15 30 7 15 11 30 30 121656 7 30
1660| 16 30 181662 15 30 221666 241668 26 24 28 22 30 19 15 7 22
1680| 301650 9 15 30 15 30 15 9 15 30 18 301692 15 311696 91698
1700f 9 15 8 15 8 15 8 15 81 21 28 15 15 15 10 16 7 15
1720 81720 91722 9 15 7 15 26 21 8 15 8irs2 15 7 15 7 36
1740 91740 8 15 15 15 81ras 8 15 8 16 O9airs2 15 9 15 8urss
1760[ 26 15 8 40 9 15 8 15 8 28 8 27 8 15 24 151776 9 15
1780 8 15 8uirs2 8 15 8irse 8uirss 8 15 15 15 15 8 15 8 15
1800 81s00 8 15 9 15 8 30 15 26 8isi1o 8 36 15 9 22 9 16
1820 9 15 91s22 26 24 9 15 9 30 301s30 9 15 30 9 15 9 30
1840] 15 30 12 18 9 30 161846 181848 9 30 22 16 24 15 28 30 28 28
1860 301860 25 22 8 22 301866 8 18 301s70 301872 15 301876 301s7s
1880 8 15 30 8 8 8 8 15 3118 8 30 30 15 15 8 30 8 15
1900{ 81900 10 30 15 15 8iss 16 30 18 15 81912 15 24 26 26 30
1920[ 28 30 30 30 27 9 7 40 30 9 81930 301932 8 15 15 30 15
1940{ 30 10 8 28 30 15 8 15 81948 301950 31 15 15 8 18 8 15
1960 8 36 8 15 8 15 8 15 15 15 8 26 8i9r2 24 9 15 91ors
1980 9 15 9 15 30 30 91986 9 15 30 15 101992 15 301996 91998

w —~
[\V]

Qo =

~

LW =
OO HR O NOXOJTHDODODODDDWNXONWO ODIDHNO O © D

LW N
0 Co © N

%)
S
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1.3

0 1

2 3 4 5 6 7 8 9

10 11

12 13

15

16 17

18 19

2000
2020
2040
2060
2080
2100
2120
2140
2160
2180
2200
2220
2240
2260
2280
2300
2320
2340
2360
2380
2400
2420
2440
2460
2480
2500
2520
2540
2560
2580
2600
2620
2640
2660
2680
2700
2720
2740
2760
2780
2800
2820
2840
2860
2880
2900
2920
2940
2960
2980

30 16
27 42
8 15
8 15
30 2080
22 36
30 15
92140
152160
8 15
9 30
182220
16 30
30 15
16 2280
30 15
15 15
8 2340
8 15
8 2380
15 2400
8 15
9 2440
10 30
30 30
8 40
30 2520
28 30
30 30
9 28
26 30
30 2620
30 18
8 15
9 15
9 36
31 15
8 2740
30 15
9 30
30 2500
30 15
30 15
8 2860
29 42
29 15
8 22
18 16
15 15
9 15

30 2002
8 15
8 30
9 2062
8 2082
24 15
10 15
92142
9 15
9 36
30 2202
8 30
30 2242
30 30
18 15
9 46
30 22
8 10
8 16
8 2382
8 26
8 2422
10 15
12 15
30 15
30 2502
30 30
30 2542
9 28
30 30
28 30
30 42
8 15
9 2662
8 2682
8 15
9 15
8 15
8 15
22 22
30 2502
8 30
30 2842
29 13
29 15
30 2902
21 36
9 26
9 2962

10 18

9
23
8
15
8
26
30
31
9
9
8
22
30
30
8
30
30
9
8
15
8
14
10
15
12
8
12
30
30
30
30
40
30
9
9
15
9
9
9
24
9
9
8
29
9
8
9
22
9
9

9
30
30
15
15
30
18
15
14
15
15
24
15
30
30
30
15
15

9
15
15
24
15
30
30
15
24
15
15
30
30
30
15
15
15
15
24
15
30
15
15
24
15
15
29
15
18
15
15
15

30 22 9 40
21 2026

8

15

8 2086

28
30
9
9

42
16
18
15

92186

92206

24
8

16
15

9 2266
22 2286

30
9

15
30

8 2346

8
8
9
12

10
15
28
15

10 2446
16 2466

30
9
9
9

10

12

30

30

15
22
30
30
16
12

9
36

30 2646

9

15

8 2686
10 2706

10
8

26
40

7 2766

26
30
30
8
9

30
30
15
15
46

9 2886

8

15

9 2926

9
9
9

15
15
28

8 2028
8 222047 15

8 2068
10 2088

30

30

152128

9
9
9

15
15
15

15 2208

26
30

30
22

30 2268

24

15

9 2308

28
8
36

16
28
22

8 2388

7
8
15
18
9
30
31

15
15
30
15
30
15
30

30 2548

9
12

23
30

15 2608

8
28
7

15
15
16

15 2688

8

15

102728
9 2748

15

30

28 2788
30 2808

8
31
29
29

18
15
18
26

8 2908

15
9

28
15

9 2968

9

48

9 2010
8 30
8 15
8 18
12 15
302110
30 2130
9 15
10 14
9 23
8 30
28 30
30 2250
8 15
26 30
30 2310
30 15
8 2350
102370
8 15
7 2410
16 15
30 15
9 30
30 46
30 30
182530
92550
30 15
30 2590
30 15
8 24
8 15
92670
8 15
102710
102730
8 15
10 30
30 2790
8 30
30 18
10 2850
29 15
8 48
10 40
9 15
9 15
92970

8 15

30 28
15 30
8 2052
8 15
8 30
152112
8 26
92152
12 40
15 15
102212
30 30
8 18
31 2272
28 2292
30 22
92332
15 12
8 10
8 2392
8 18
18 15
9 27
222472
30 15
30 30
9 30
30 30
30 30
31 2592
9 30
30 2632
30 15
15 15
10 2692
92712
9 15
42 2752
12 46
30 15
30 28
30 2832
8 15
8 16
29 15
31 15
10 15
92952
9 15
15 40

—
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30
15
15
24
30
15
15
15
15
15
15
15
15
30
30
20
15
15
18
42
15
15
30
15
15
15
15
15
30
30
30
15
15
24
15
15
15
15
30
30
15
15
15
22
15
15
15
15
15
15

31 2016
11 30
8 16
8 30
18 15
9 28
30 2136
12 15
16 15
92196
8 30
10 2236
15 36
12 15
30 2296
30 15
31 15
92356
26 2376
10 15
152416
92436
9 15
26 2476
30 30
30 30
24 42
92556
15 15
22 48
30 2616
8 30
31 2656
8 2676
8 15
10 15
15 15
8 15
16 2776
30 2796
15 30
92836
8 2856
8 15
15 2896
82016
9 15
92956
15 15
9 36

8 15
8 2038
10 28
30 15
8 2098
30 24
30 15
9 16
92178
12 15
16 30
30 2238
8 15
8 42
9 30
9 15
9 2338
9 10
8 10|
13 2398
7 40
9 15
92458
28 36
30 28§
8 15
26 2538
30 30
30 2578
24 22
8 26
8 16
10 2658
8 15
92698
102718
8 15
9 30
18 15
9 30
30 2818
30 23
8 15
82878
9 15
9 15
16 2938
9 15
12 15
92998
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0O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
3000{ 93000 9 15 10 15 9 30 46 15 93000 9 30 8 15 10 30 103018
3020| 12 15 93022 16 30 18 15 9 30 22 15 24 15 26 30 283036 30 30
3040| 313020 9 30 30 15 9 30 303045 30 26 9 42 30 30 30 30 9 30
3060| 303060 9 15 9 30 303066 30 15 9 36 15 30 30 15 8 26 30s07s
3080 30 15 93082 9 18 30 15 30s0ss 30 15 9 15 10 15 30 18 9 15
31000 9 15 9 28 31 15 9 25 93108 8 15 9 15 8 15 8 15 9sus
3120| 153120 8 15 93124 8 52 8 15 9 30 30 15 8 15 483136 9 42
31401 8 30 10 30 12 15 9 30 16 46 18 22 15 30 22 15 24 15 26 30
3160| 28 30 303162 30 15 93166 30316s 9 30 30 30 30 24 23 15 30 30
3180| 303180 10 30 30 15 103186 12 30 303190 30 30 30 30 8 30 30 30
3200| 24 30 303202 30 30 12 24 93208 30 30 30 18 30 30 223216 24 15
3220| 303220 28 30 30 30 30 15 303225 30 15 31 52 30 30 30 15 9 40
3240] 30 30 30 30 9 30 30 16 15 15 103250 303252 30 15 93256 93258
3260 30 15 10 30 30 30 30 26 10 26 93270 30 15 30 24 30 28 10 15
3280| 15 16 30 48 9 15 10 18 28 15 30 15 9 36 30 15 31 15 9320
3300 103300 10 15 10 15 103306 10 15 9 15 153312 9 15 9 30 303318
33200 9 40 93322 9 23 9 30 143328 123330 10 30 16 30 18 46 9 30
3340 22 15 243342 26 30 283346 30 30 30 15 10 30 30 13 10 30 303358
3360| 303360 10 15 30 30 30 30 12 30 303370 103372 10 30 30 15 30 30
33801 30 30 9 30 30 30 9 30 303385 303390 52 30 10 30 30 42 30 24
3400| 30 39 22 40 24 23 303106 28 30 30 30 303412 30 30 30 15 30 30
3420| 30 30 30 15 31 24 30 30 30 30 25 46 303432 9 15 10 30 30 18
3440| 30 15 13 30 10 30 30 15 223445 30 30 30 13 24 30 263a56 30 15
3460| 303460 303462 9 15 93466 303468 9 10 15 22 10 24 30 18 9 48
3480| 303480 30 42 10 15 30 39 31 15 93400 9 11 10 13 10 15 12349
3500 9 15 10 30 30 11 10 15 9 30 103510 9 30 10 30 123516 9 30
35201 26 30 18 15 12 30 223526 243528 26 30 283532 30 30 30 26 103538
3540] 303540 11 30 30 30 303546 11 15 30 52 30 30 10 30 303556 103558
3560| 11 30 30 12 30 12 11 30 15 42 30ss70 11 30 30 30 30 48 10 30
3580] 103580 303382 30 30 30 16 10 36 10 15 303592 11 15 11 18 10 58
3600 30 15 10 13 30 15 303606 9 15 30 22 303612 9 15 313616 9 15
36201 10 15 93622 10 28 11 15 9 25 113630 15 15 10 15 103636 9 15
3640 9 15 8sea2z 11 15 9 15 26 40 10 15 9 15 12 15 9 25 9sess
3660 11 15 11 15 15 15 10 18 9 15 9ser0 103672 10 15 9366 8 21
3680 15 15 10 28 27 15 10 24 9 15 103690 10 18 10 16 153696 10 26
3700| 163700 18 15 24 15 22 15 24378 26 15 28 46 10 15 10 15 9sns
3720 103720 10 15 11 24 93726 15 15 9 15 103732 10 15 9 36 9srss
3740 9 15 10 18 15 39 10 15 9 22 10 30 30 26 9 15 10 30 12 15
3760| 153760 10 52 12 15 103766 163768 18 15 9 30 22 24 58 15 263778
3780| 28 30 30 30 30 15 10 30 30 15 10 30 303792 30 15 103796 30 30
3800 30 30 10ss02 30 15 9 46 31 30 30 36 30 15 9 30 9 30 30 15
3820| 103820 303s22 30 15 10 42 10 30 30 15 30ss32 30 15 10 15 10 15
3840] 30 30 10 15 10 26 103846 30 15 9s3s50 303852 30 15 15 15 30 16
3860 30 15 103862 30 15 9 15 9 52 9 48 31 15 10 30 303s7¢ 10 15
3880| 103ss0 9 15 10 30 10 30 15ssss 10 30 16 30 18 15 9 30 22 15
3900] 24 48 26 30 60 30 303906 30 15 93910 30 15 11 30 303916 303918
3920| 15 15 303922 30 30 9 30 303925 93930 9 30 30 15 30 30 30 30
3940, 9 30 303942 9 30 303946 30 30 12 30 15 58 30 30 30 30 30 36
3960| 26 40 24 15 30 30 283966 30 48 30 28 30 36 30 24 30 40 30 30
3980| 30 18 30 16 30 30 30 30 303985 30 22 10 24 10 30 30 28 30 30
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111.3.6 MOLS of Side n < 10,000 181

0O 1.2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
5000 11 15 105002 30 18 30 15 155008 105010 11 15 10 15 30 28 30 15
5020 105020 105022 31 15 10 15 10 46 10 15 9 15 10 15 10 15 10s03s
5040| 155040 10 15 11 15 10 48 9 15 10s050 10 30 30 15 63 15 105058
5060 11 15 10 60 10 30 12 15 10 36 16 30 18 15 10 30 225076 24 15
5080| 265080 28 30 30 30 30s0s6 31 30 30 15 12 30 30 30 30 15 105098
5100| 305100 30 30 15 30 30s106 11 15 10 30 305112 30 15 10 30 105118
51201 30 39 10 46 30 40 30 15 10 30 13 30 30 15 30 30 30 15 10 15
5140| 11 52 30 36 11 15 135146 13 45 30 15 31s152 30 15 30 26 10 30
5160 30 30 30 15 12 15 305166 15 15 155170 15 30 30 15 15 30 305178
5180 30 30 15 70 63 30 15 30 155188 30 28 30 30 16 30 185196 15 30
5200| 22 15 30 42 30 30 28 40 395208 30 36 15 30 30 15 31 30 30 30
52201 30 22 15 15 30 30 305226 15 30 305230 245232 26 30 305236 30 31
5240| 30 30 13 48 36 30 15 30 40 30 30 58 15 30 15 30 30 30 30 30
5260| 305260 22 18 24 15 30 30 28 30 30 30 30s272 30 30 30 30 30s527s
5280| 315280 30 30 30 30 30 30 30 30 30 30 30 66 15 30 155206 30 16
5300 30 15 305302 30 30 30 15 305308 30 46 63 30 30 30 30 30 30 26
5320 30 30 305322 15 18 30 16 305328 12 16 10s332 30 30 30 15 15 30
5340| 30 48 30 15 31 30 305346 30 15 105350 30 52 11 15 15 30 15 30
5360 30 15 12 30 30 30 30 30 10 30 30 40 15 30 15 42 30 30 30 30
5380| 165380 18 15 14 30 225386 30 18 30 30 285392 30 30 30 15 125398
5400 30 15 30 30 30 30 305106 31 15 30 30 305412 9 30 305416 125418
5420| 11 30 30 15 30 15 13 66 12 60 305430 11 30 30 30 305436 15 30
5440| 405440 305442 30 30 30 15 115448 11 15 30 30 15 15 15 30 10 52
5460| 30 42 41 30 30 38 30 15 11 30 305470 30 30 12 16 305476 165478
5480| 18 30 10s4s2 30 18 24 15 30 30 30 30 30 31 30 30 38 22 36 30
5500| 305500 405502 42 30 10s506 14 15 12 24 30 36 30 15 10 15 105518
5520| 305520 10 15 10 15 305526 10 15 305530 30 15 10 15 31 48 10 28
55401 10 15 9 25 9 15 10 15 12 30 30 15 15 15 11 30 10ss56 10 30
5560 10 66 125562 9 30 16 30 185568 10 30 225572 24 24 26 30 28 30
5580| 305580 30 15 15 30 30 36 12 30 305500 30 15 13 15 30 30 30 30
5600| 15 30 30 15 11 15 10 30 30 70 30 30 30 30 10 30 30 40 12 30
5620 30 30 305622 12 30 11 30 30 30 30 30 30 42 22 15 24 15 305638
5640| 285640 30 30 30 30 305646 30 30 305650 3035652 30 30 305656 305658
5660 30 30 30 30 30 15 10 30 10se6s 30 52 30 15 30 30 30 30 30 15
5680 30 30 305682 30 30 30 46 305688 30 30 305602 30 15 63 30 30 40
5700| 305700 10 15 11 30 30 30 30 18 115710 30 28 30 15 305716 30 30
57201 30 15 30 58 30 24 10 15 31 30 10 30 30 15 11 15 30s7w6 30 30
5740| 115740 305742 15 15 10 30 305748 30 70 11 30 11 15 14 15 11 30
5760 30 30 30 15 11 15 11 72 30 15 11 28 11 22 30 15 16 52 30s7rs
57801 30 15 11s7s2 30 15 10 15 10 15 305790 31 15 10 15 11 15 10 15
5800| 11ss00 11 15 9 15 1lss06 15 39 10 15 11ss12 12 15 10 15 10 15
5820] 105820 13 15 63 24 10ss26 11 15 10 16 10 18 10 15 10 15 13ssss
5840 15 15 105842 10 15 10 15 11ssas 105850 10 15 12 15 1535856 10 15
5860 10ss60 10 27 11 15 10ss66 10ss6s 11 15 15 15 13 46 11 15 10ss7s
5880| 10sss0 10 15 10 15 12 15 22 21 13 42 13 70 11 15 135806 13 16
5900| 13 15 135902 15 16 13 18 12 18 13 22 13 72 13 15 13 60 13 15
5920| 15 30 305922 13 15 135926 13 48 13 30 13 30 13 15 15 30 165938
5940| 18 15 10 30 22 16 24 18 26 30 28 30 305952 30 15 12 30 30 58
5960| 13 30 30 66 30 15 13 15 30 46 45 30 11 42 30 24 13 42 11 36
5980| 305980 30 30 30 30 165986 30 52 13 30 30 30 30 30 26 30 28 30
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0O 1.2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
7000| 157000 30 46 15 15 15 30 15 42 30 15 157012 30 15 30 15 15701s
7020 30 30 30 15 15 24 307026 15 15 15 78 15 30 30 15 15 30 307oss
7040 30 30 157042 30 30 15 30 15 52 30 30 30 30 16 30 187056 15 30
7060 22 30 30 30 30 30 28 36 307068 30 15 16 30 30 30 30 30 307ors
7080 30 72 30 15 30 30 30 30 15 30 30 15 30 40 30 30 30 46 30 39
7100 30 30 157102 30 30 30 30 307108 30 30 30 30 15 30 30 30 30 30
7120| 307120 22 16 30 15 307126 287128 30 30 30 30 30 30 31 30 30 58
7140 30 36 30 30 30 30 30 30 30 30 307150 30 22 13 30 15 30 3071ss
7160 30 16 30 30 30 30 30 15 30 66 30 70 30 30 30 30 307176 30 30
7180| 30 42 30 15 15 30 3071s6 30 30 13 15 137192 30 30 30 30 15 30
72001 30 18 30 30 30 30 307206 30 80 307210 307212 15 15 30 30 30721s
72201 30 15 10 30 30 30 30 30 307228 30 30 63 30 30 30 307236 30 30
7240| 16 30 187242 14 30 227246 30 30 30 30 287252 30 30 30 15 13 30
7260 30 52 30 30 31 30 30 42 30 15 30 30 30 30 13 30 30 18 30 30
7280| 30 30 307282 30 15 11 30 12 36 30 30 30 30 30 30 307296 30 30
7300 15 48 30 66 30 30 307306 157308 30 16 30 70 13 15 13 30 15 30
7320| 307320 30 30 30 24 30 16 31 30 307330 307332 15 15 30 15 15 40
7340| 15 30 15 30 30 15 15 15 307348 307350 15 15 30 30 15 15 15 30
7360 30 30 30 36 15 30 15 52 15736 15 30 30 72 30 58 15 15 15 46
7380 30 60 15 30 15 30 30 82 15 30 30 30 307392 15 15 30 16 15 48
74001 24 15 30 30 30 15 15 15 15 30 307410 15 15 30 30 307416 15 30
7420 30 40 30 15 28 30 16 30 18 16 15 30 227432 30 20 26 30 28 42
7440 30 30 30 18 15 30 30 22 15 30 307450 30 28 15 15 317456 307458
7460 15 30 30 16 15 15 15 30 30 15 30 30 30 30 15 30 307aré 15 30
7480 307480 30 30 15 30 157486 307488 30 30 30 58 57 15 24 54 307498
7500| 28 30 30 48 30 46 307506 30 30 30 30 30 30 30 36 307516 30 72
7520 30 30 307522 30 31 15 30 157528 36 16 30 30 40 30 427536 30 30
7540| 467520 48 30 30 30 527516 307548 30 30 58 30 30 30 22 30 307ss5s
7560| 307560 28 30 30 30 30 30 30 30 30 66 307572 30 30 307576 30 30
7580| 30 30 30782 30 30 30 26 307588 307500 30 15 30 16 30 70 30 30
7600 30 30 307602 30 30 307606 30 30 30 30 30 30 30 39 58 30 13 30
7620| 307620 30 30 15 60 15 30 30 30 30 30 30 30 30 15 30 30 307ess
7640 30 30 307642 30 15 30 15 317eas 30 30 30 30 30 15 15 15 30 30
7660 30 46 30 78 30 30 15 30 307ees 30 30 307672 14 30 15 15 15 30
7680 157680 30 30 30 15 157636 15 15 307690 15 48 30 30 30 42 307e9s
77001 30 30 307702 30 15 30 15 15 15 30 17 31 30 30 15 157116 15 15
77201 14 15 147722 30 30 307726 15 58 30 30 30 15 15 30 15 15 14 70
7740 137740 15 30 63 30 15 60 59 15 15 56 157752 14 15 307756 17 7758
77601 30 15 30 16 16 17 30 15 28 38 22 36 30 15 30 24 31 30 30 31
77801 14 30 30 42 36 15 14 30 407mss 42 30 157792 46 15 48 30 16 30
7800| 56 28 15 30 22 15 58 36 60 30 28 72 30 30 30 15 157s16 30 16
7820| 15 30 307s22 30 24 14 15 307s28 30 40 15 30 30 16 15 16 13 30
7840| 307840 30 15 14 30 15 30 30 46 15 30 307ss2 30 15 15 80 13 30
7860] 30 23 30 30 30 15 15766 15 15 30 30 157872 13 30 157876 307878
7880| 15 30 307ss2 30 15 15 30 30 30 30 15 15 15 30 15 15 52 15 30
7900| 157900 30 15 18 15 307906 30 30 15 26 30 40 15 16 15 30 30791s
7920 307920 15 30 15 24 157926 15 30 30 30 307932 15 15 307936 30 16
7940| 15 30 30 46 30 15 30 30 307948 307950 30 16 30 18 15 72 30 22
7960| 30 30 307962 30 28 30 30 30 30 15 15 30 30 30 15 30 30 30 78
7980| 30 22 15 30 30 30 30 48 30 30 22 60 307992 30 30 28 30 30 30
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30 8940

30
30

30
30

30 52
30 70
30 30
30 30
15 58
30 30
158122
15 16
29 30
28 48
30 30
15 30
30 8242
30 s262
14 15
30 30
30 15
15 80
22 8362
30 82
30 30
30 8422
30 8442
30 30
30 30
30 15
30 15
29 8542
52 8562
30 15
30 30
15 8622
30 16
29 8662
15 30
15 16
15 30
30 30
15 30
30 s7s2
28 8802
30 30
30 36
30 ss62
30 15
30 30
30 8922
30 30
30 8962
30 30

30
30
30
30
30
30
30
30
30
30
15
31
15
15
30
30
15
30
30
63
30
22
30
30
30
30
29
29
30
29
16
30
30
30
30
16
30
30
30
30
30
30
30
31
30
30
30
30
30
30

15
30
30
15
30
30
15
27
36
30
30
30
15
15
30
16
17
30
30
30
30
24
30
30
15
30
15
30
30
22
30
16
30
30
15
30
30
15
15
30
30
30
30
15
28
30
15
40
30
30

30 30
30 22
30 15
15 30
30 so0s6
30 66
15 30
30 8146
30 s166
30 58
30 28
30 18
15 30
30 18
15 8286
15 15
30 25
30 16
26 30
30 s386
30 30
24 15
30 s446
30 s466
22 30
30 46
30 s526
36 30
30 30
15 30
18 15
30 s626
30 s646
30 80
15 30
15 8706
30 30
158746
30 30
30 30
30 ss06
30 30
30 30
15 ss66
30 sss6
15 30
15 78
30 22
30 30
26 30

30 soos

30
30

15
30

30 soes
30 soss

15
63
30
23
26

30
62
28
40
60

30 8208

15
15

30
72

15 8268

15
15

30
15

158328

15

30

28 8368
30 8388

15

30

30 8428

30
30
30
30
30
15
58
30

30
16
30
66
30
82
30
18

31 8608
30 8628

30

15

30 se6s
30 s6ss

30
16
30
63
15
30
30

15
30
30
30
30
30
80

30 8848

30
15
30

48
15
58

15 8928

15

30

30 8968

30

88

30 8010

30
30
30
15

30
82
15
15

158110

30
41

46
22

21 s170
30 8190 8191

30

30

15 8230

30
15

36
30

30 8290
308310

15
30
30
15
30

15
30
30
30
30

28 8430

30
30
30
65
30
40
60
30
22
30
15
30
30
15

30
42
30
16
44
30
30
70
78
15
40
30
15
30

188730

30
30
30
30

30
48
58
30

30 8830

30
30
30
30
30

52
30
30
30
30

30 8950
30 8970

30

36

30
31

18
30

15 8052

30

30

30 8092

15
99
39
18

30

25
30
30
15
30
42

30 8232

15

30

158272
30 8292

15
30

30
30

30 8352

30
30
30
30
30
30
28

30
22
46
30
78
36
15

308512

30
42

42
15

308572

30
30
29
30
31

30
30
88
30
15

158692
308712

15

30

30 8752

30
30
30
30
30
15

30
30
30
72
30
30

30 8892

30

30

158932

30
30
31

30
18
30

30
30
30
30
30
15
30
30
17
30
30
30
30
30
15
15
30
14
15
30
15
30
30
30
29
30
29
15
30
30
29
30
30
15
30
30
22
30
30
30
30
30
30
30
30
15
30
30
30
15

30
15
15
30
30
30
30
26
46
30
22
30
15
24
30
30
15
30
66
16
30
30
15
30
30
15
30
20
24
30
30
30
16
24
30
30
30
30
30
30
30
15
30

16
30
30
15
30
30

30 8016

30
30
30
31

30
30
40
18

308116

30
30
22
30
15

78
28
48
15
30

30 8236

62
15

22
15

15 8296
30 8316

15
16

15
60

30 8376

30
31
30
15
30
30
29

30
30
30
30
48
30
15

30 8536

46
66

42
30

30 8596

28
30
29

30
30
30

30 8676

30
15

15
30

308736

30
15
22
30

15
66
30
30

30 8836

30
30
63
15
30
15
16
30

16
30
15
36
30
52
46
15

30 30
30 5038
15 8058
30 15
30 30
30 22
53 15
33 40
308178
15 24
30 s218
15 57
15 30
30 30
15 42
15 30
14 30
18 15
30 30
30 36
30 8418
30 30
15 30
30 60
30 30
30 56
30 s538
48 30
30 28
30 s598
30 30
15 52
30 30
15 15
15 8698
308718
30 30
30 30
308778
30 30
30 ss18
30 ss3s
30 30
30 30
30 30
15 30
30 30
15 30
18 15
30 8998




111.3.6 MOLS of Side n < 10,000 185

0O 1.2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19
9000] 309000 30 15 15 30 309006 30 30 159010 309012 30 16 30 70 69 30
9020| 30 66 15 30 30 30 30 60 159028 30 30 30 15 16 30 30 30 30 48
9040| 309040 309042 30 15 28 82 309048 30 15 15 34 36 30 31 30 409058
9060| 42 16 30 24 46 30 489066 30 18 52 46 30 42 15 15 58 30 60 30
9080| 30 63 15 30 66 30 30 30 70 60 309090 15 30 15 30 30 30 30 30
9100| 16 30 189102 15 30 22 30 309108 30 30 28 30 30 30 30 15 15 30
9120| 30 30 30 30 30 72 309126 30 16 30 30 309132 15 30 309136 30 30
9140| 30 30 30 40 30 15 15 30 15 30 309150 63 80 30 30 309156 30 30
9160| 159160 30 16 30 30 30 88 15 52 30 30 309172 15 24 15 30 15 66
9180| 309180 30 30 30 30 309186 30 30 30 30 30 28 15 15 30 30 30919
9200| 30 30 309202 30 30 15 15 309208 30 60 15 15 30 30 30 30 15 30
9220| 309220 30 22 15 30 159226 30 18 30 30 30 30 30 15 30 15 159238
9240| 309240 30 30 15 30 30 16 31 30 30 30 30 18 15 15 309256 15 46
9260| 15 26 30 58 30 16 15 15 15 15 15 72 71 15 30 68 309276 15 30
9280| 639280 309282 15 30 15 36 16 15 18 30 159202 30 48 24 15 26 16
9300| 28 70 30 31 15 17 30 40 36 30 309310 40 66 42 30 30 26 469315
9320| 48 30 309322 52 24 30 15 15 30 58 17 60 30 30 63 689336 66 30
9340| 309340 709312 72 30 30 15 159348 15 40 30 46 30 15 16 15 15 48
9360 30 15 15 15 30 15 30 16 15 26 159370 30 15 15 15 3193w 15 82
9380| 15 15 15 17 15 15 15 15 15 40 159390 15 15 15 15 159306 15 15
9400| 15 15 159402 15 15 15 22 159408 15 15 159412 15 15 15 15 159418
9420| 159420 15 26 15 15 15 15 15 15 159430 159432 15 15 159436 159438
9440| 15 15 15 15 15 15 15 15 15 15 15 15 15 29 15 16 15 48 15 15
9460| 159460 159462 15 15 159466 15 16 15 15 369472 15 24 15 18 1509478
9480| 15 18 15 15 15 23 15 52 15 16 159490 15 15 15 22 159406 15 26
9500| 15 28 15 30 31 18 15 15 15 36 159510 15 17 15 15 15 30 30 15
9520| 159520 15 88 15 15 15 30 15 30 15 26 159532 16 30 63 15 159538
9540| 22 15 24 15 26 30 289546 30 30 309550 15 40 30 15 15 30 30 78
9560| 30 15 15 72 30 30 30 30 31 30 30 17 15 15 15 30 30 60 30 15
9580| 15 30 15 30 30 15 159586 30 42 30 15 15 52 15 30 30 15 30 30
9600| 309600 15 15 15 15 30 30 15 15 15 30 159612 30 15 15 58 309615
9620] 30 15 159622 30 30 30 15 159628 309630 31 15 15 30 15 30 30 15
9640| 15 30 309642 30 30 15 30 309648 15 30 15 48 30 30 30 30 16 30
9660| 189660 15 30 63 30 30 30 30 30 28 30 30 30 30 15 159676 30967s
9680| 30 30 30 30 30 30 30 15 3098 30 30 15 30 30 17 309696 30 30
9700 30 88 30 30 30 30 15 30 30 30 30 30 30 30 30 30 30 30 15971s
9720| 309720 30 30 30 30 22 70 30 30 30 36 289732 30 30 30 30 3097ss
9740| 30 30 309742 30 30 30 30 309745 30 48 30 30 30 30 30 30 30 30
9760| 30 42 30 30 30 16 309766 309768 30 16 30 30 30 30 30 30 30 30
9780| 3097s0 30 30 30 30 309786 30 30 309790 30 30 30 16 15 96 30 40
9800| 30 80 159802 30 15 30 30 30 30 309810 30 15 30 15 309s16 15 15
9820| 30 30 30 30 31 16 15 30 309s28 30 30 309s32 30 30 15 30 309s3s
9840| 30 30 30 30 16 30 18 42 15 30 229850 30 58 30 30 289s56 30 9858
9860| 30 30 15 30 30 30 30 30 30 70 309s70 30 30 30 78 30 30 17 30
9880| 30 40 309ss2 30 30 309ss6 30 15 15 30 30 30 30 30 30 30 30 30
9900| 309900 30 30 30 30 309906 30 30 30 30 30 30 30 30 30 46 30 15
9920| 16 30 309922 30 24 30 30 309928 309930 30 30 30 30 30 39 15 15
9940| 309920 30 60 30 30 30 30 309948 17 15 31 36 30 30 15 16 30 46
9960| 30 30 15 40 30 30 309966 15 30 15 58 309972 30 30 30 30 30 30
9980| 30 15 15 66 30 30 30 30 15 30 30 96 30 30 30 30 30 18 15 15




186 Mutually Orthogonal Latin Squares (MOLS)

1.3

3.88 Table Unknown sets of &k MOLS, k& < 15. Under the entry k are given the sides for
which £ MOLS are unknown, but £ — 1 MOLS are known.

k

Missing Orders

ST W N

119
156
188
228
282
340
490

120
184
248
308
356
394
440
472
548
072
616
652
686
741
872
948
1034
1150
1253
1448
1650
2766

217
412
594
692
772
820
884
966
1059

10
14
15
21
74
45
92
122
159
190
230
284
346
492
24
129
192
249
309
363
395
442
476
550
973
618
654
690
742
874
952
1070
1154
1254
1450
1658

36
225
468
598
700
774
822
890
968

18
20
28

50
93
123
162
194
234
286
348
494

40
133
195
255
310
364
398
444
485
552
o978
626
655
694
744
876
954
1074
1162
1258
1452
1678

48
261
469
612
708
778
824
894
970

22
26
33

95
94
124
164
196
236
290
354
498

56
135
200
264
312
370
399
446
488
953
979
630
658
696
746
886
956
1076
1218
1260
1592
1718

82
262
484
614
718
780
826
898
996

30
35

63
95
126
166
198
238
291
358
506

o7
136
203
266
314
372
402
450
495
554
580
632
660
698
748
888
982
1118
1220
1263
1614
1726

99
265
516
620
722
796
828
902

1012 1036 1042 1044 1046 1048
1060 1062 1064 1066 1078 1082 1084 1086 1090

34
39

69
98
130
170
202
242
292
362
510

65
141
213
268
316
374
406
452
500
555
582
634
662
702
750
930
994
1122
1224
1326
1622
1734

100
324
518
622
738
802
830
903

38
42

70
102
132
172
204
244
294
366
566

72
145
215
270
318
376
410
453
504
556
584
636
664
706
760
932
1000
1124
1226
1412
1624
1736

117
333
520
627
747
804
835
904

46
44

76
106
134
174
206
246
295
426
570

75
147
216
280
327
378
418
454
508
958
586
638
666
710
782
933
1006
1126
1228
1418
1626
1738

153
336
526
628
754
806
840
906

60
51

7
108
138
175
212
250
306
430

88
152
231
287
328
380
420
456
514
561
588
642
668
712
790
934
1016
1130
1230
1422
1628
1814

154
350
532
633
756
808
842
908

52

78
110
140
178
214
252
322
434

91
155
232
296
332
382
422
458
530
562
991
644
670
716
834
936
1018
1138
1236
1430
1630
1926

171
360
536
635
758
810
844
914

54

84
111
142
180
218
258
326
436

96
158
235
300
334
386
424
460
534
564
596
645
674
728
836
938
1020
1140
1238
1432
1638
2408

189
393
549
639
762
812
846
921

1050 1052 1054 1058
1092 1094 1096 1098

o8

85
114
146
182
220
260
330
478

104
161
237
301
339
388
427
462
542
565
597
646
678
734
852
940
1022
1142
1240
1436
1640
2410

201
396
576
648
764
814
868
927

62

86
116
148
183
222
274
335
482

105
165
240
302
344
390
428
466
545
567
604
650
680
735
858
942
1026
1144
1245
1438
1642
2418

205
405
581
676
766
818
878
958

66

87
118
150
186
226
278
338
486

115
168
245
303
345
392
438
470
546
568
610
651
682
740
866
946
1032
1146
1252
1442
1646
2668

207
408
585
684
770
819
882
964




111.3.6 MOLS of Side n < 10,000 187

k Missing Orders

1100 1102 1106 1108 1110 1112 1114 1116 1128 1132 1141 1156 1180 1182
1186 1188 1190 1192 1194 1196 1198 1202 1204 1206 1208 1210 1212 1214
1222 1234 1242 1244 1246 1248 1250 1251 1255 1256 1257 1274 1292 1304
1306 1310 1316 1318 1320 1322 1324 1330 1332 1336 1342 1378 1380 1382
1384 1386 1388 1390 1394 1396 1402 1404 1405 1406 1410 1419 1460 1462
1464 1466 1478 1492 1496 1540 1545 1554 1557 1558 1564 1570 1572 1576
1578 1580 1582 1586 1587 1588 1590 1594 1596 1598 1602 1604 1606 1608
1610 1612 1618 1620 1634 1636 1702 1704 1706 1708 1714 1720 1730 1732
1742 1746 1748 1750 1758 1762 1766 1768 1770 1772 1774 1780 1782 1784
1786 1788 1790 1796 1798 1800 1802 1806 1810 1812 1864 1868 1874 1880
1883 1884 1885 1886 1890 1894 1896 1898 1900 1906 1912 1930 1935 1942
1946 1948 1954 1956 1958 1960 1962 1964 1966 1970 1972 1974 2018 2022
2028 2030 2038 2040 2042 2044 2046 2050 2052 2054 2056 2060 2066 2068
2070 2072 2076 2082 2084 2086 2092 2098 2132 2180 2194 2204 2210 2216
2222 2246 2252 2258 2270 2278 2284 2340 2342 2346 2348 2350 2354 2360
2362 2364 2366 2372 2374 2378 2380 2382 2386 2388 2390 2392 2394 2402
2404 2412 2420 2422 2428 2434 2500 2504 2518 2594 2618 2628 2630 2636
2638 2642 2650 2660 2674 2676 2678 2682 2686 2690 2694 2696 2702 2708
2714 2738 2740 2742 2746 2750 2756 2762 2774 2810 2822 2828 2844 2846
2852 2856 2858 2860 2872 2876 2878 2890 2904 2906 2908 2916 2920 2990
3014 3076 3110 3114 3116 3122 3126 3128 3134 3140 3196 3642 3678

101 80 160 177 185 254 279 329 355 357 415 502 640 721 870
1014 1028 1030 1038 1135 1233 1266 1268 1270 1276 1278 1286 1338 1348
1354 1366 1372 1398 1413 1414 1416 1420 1426 1428 1434 1444 1446 1454
1502 1506 1508 1510 1512 1514 1515 1516 1518 1521 1522 1524 1526 1527
1528 1533 1534 1682 1688 1694 1698 1700 1722 1724 1740 1752 1754 1756
1764 1778 1794 1804 1816 1818 1820 1822 1826 1828 1832 1834 1836 1838
1844 1850 1925 1929 1976 1978 1980 1982 1986 1988 1998 2004 2005 2008
2010 2062 2074 2116 2134 2140 2142 2146 2148 2150 2152 2158 2162 2164
2166 2168 2174 2178 2182 2184 2186 2188 2190 2196 2200 2206 2266 2298
2302 2308 2314 2318 2326 2332 2338 2344 2356 2358 2365 2406 2436 2438
2440 2452 2454 2456 2458 2470 2488 2494 2506 2514 2526 2532 2546 2550
2556 2562 2568 2580 2607 2612 2662 2664 2666 2670 2680 2684 2698 2700
2712 2722 2724 2732 2744 2748 2754 2758 2764 2780 2794 2798 2804 2814
2824 2834 2836 2854 2866 2884 2886 2898 2914 2918 2924 2926 2930 2936
2942 2946 2948 2950 2952 2954 2956 2958 2962 2964 2966 2968 2970 2972
2980 2984 2986 2988 2994 2996 2998 3000 3002 3006 3010 3012 3022 3028
3042 3046 3052 3058 3062 3064 3070 3082 3084 3092 3098 3100 3102 3106
3108 3112 3118 3124 3130 3138 3146 3166 3170 3208 3238 3244 3256 3258
3270 3284 3292 3298 3310 3314 3316 3320 3322 3324 3326 3338 3382 3386
3434 3464 3466 3470 3478 3490 3492 3500 3508 3512 3518 3608 3614 3618
3622 3628 3638 3640 3646 3652 3656 3658 3668 3670 3676 3688 3718 3726
3730 3736 3738 3740 3748 3754 3772 3806 3814 3816 3850 3866 3868 3870
3882 3896 3910 3926 3930 3932 3940 3944 4012 4014 4022 4024 4028 4030
4036 4054 4070 4100 4106 4126 4152 4156 4214 4216 4222 4246 4252 4268
4286 4298 4312 4316 4606 4614 4616 5032 5048 5414 5542 5544 5564 5804
11 11 143 144 187 210 219 267 276 297 298 315 319 341 342
365 414 429 474 522 538 583 649 724 737 749 786 845 892
910 917 972 1068 1134 1243 1282 1397 1400 1408 1468 1530 1654 1716
1902 1941 1992 2058 2088 2122 2154 2170 2212 2236 2274 2343 2359 2367
2370 2373 2379 2396 2442 2444 2446 2460 2566 2658 2692 2706 2710 2716




188 Mutually Orthogonal Latin Squares (MOLS)

1.3

Missing Orders

12

13

14

15

2718
3094
3332
3502
3624
3716
3802
3886
4146
4302
4518
4580
4822
4952
5028
5098
5516
5614
5820
5866
209
3626
4564
4962
5468
o772
9978
6586
6660
13
933
1080
2090
2772
3654
4456
4658
5066
5624
6518
112
3453
4454
4542
5874
5926
6484
7740
176
4694
7722

2726
3142
3352
3506
3634
3720
3820
3890
4148
4324
4520
4582
4836
4954
5030
5110
5518
5666
5826
5868
404
3630
4578
4984
5554
0782
6116
6596
6664
221
540
1158
2156
2934
3758
4470
4674
5092
5814
6536
224
3495
4458
4574
5890
5928
6486
7838
208
4796
7738

2728
3182
3356
3510
3636
3722
3826
3992
4178
4414
4526
4584
4838
4958
5034
5116
5522
5668
5830
o878
447
3644
4612
5000
5604
5796
6158
6598
6676
247
559
1160
2172
2978
3764
4486
4738
5164
5854
6554
275
3603
4460
4590
5892
5930
6498
7858
600
4814
7754

2730
3186
3362
3514
3650
3732
3828
3994
4180
4450
4532
4586
4840
4972
5036
5118
5524
5702
5832
5880
1652
3660
4772
5012
5626
5800
6172
6604
6694
253
602
1261
2198
3020
3950
4506
4786
5330
5886
6670
377
4238
4462
4610
5896
5932
6514
7874
913
4862
7780

2734
3250
3372
3538
3666
3734
3836
4002
4198
4468
4534
4594
4852
4982
5038
5122
5528
0726
5834
5882
2036
3662
4842
5044
5704
5802
6184
6616
6706
259
637
1284
2214
3144
4200
4522
4826
5362
5908
6674
411
4254
4472
4628
5898
5934
6530

935
5384
7786

2770
3262
3374
3554
3672
3742
3838
4006
4210
4482
4536
4596
4854
4986
5042
5128
5534
5730
5836
5884
3493
3724
4850
5060
5710
5806
6226
6618
6712
285
723
1314
2276
3188
4250
4540
4828
5398
5956
6682
445
4364
4474
4766
5900
5960
6790

1509
5508
7826

2850
3268
3394
3558
3674
3746
3842
4042
4218
4484
4538
4600
4858
4990
5046
5138
5538
0746
5842
5942
3505
3914
4856
5108
5734
5812
6404
6626
6716
299
726
1340
2353
3206
4260
4556
4834
5418
6068
6684
896
4366
4476
5130
5902
5966
7154

2165
5756
7844

2910
3278
3436
3578
3682
3750
3844
4066
4228
4492
4546
4602
4870
4996
5050
5158
5540
0786
5844
6082
3542
4124
4860
5140
5740
5828
6452
6628
6724
325
788
1346
2426
3330
4322
4558
4844
5428
6074
6696
1010
4394
4478
5146
5906
5976
7190

2171
6550
8282

2932
3286
3444
3580
3686
3756
3846
4072
4234
4498
4548
4618
4882
5002
5052
5332
5546
o788
5846
6118
3548
4136
4872
5144
5752
5848
6504
6632
6728
351
832
1417
2462
3368
4386
4570
4866
5474
6076
6702
1490
4396
4488
5148
5910
5990
7192

2424
6686
8338

2974
3300
3471
3588
3690
3762
3862
4082
4242
4500
4550
4774
4888
5010
5058
5350
5556
5794
5850
6438
3560
4154
4874
5354
9754
5864
6520
6634
6730
381
850
1470
2484
3498
4402
4572
4876
5510
6106
6726
2034
4404
4490
5242
9912
6038
7258

3328
6700
8354

2982
3302
3474
3590
3692
3766
3874
4116
4258
4502
4552
4776
4906
5014
5062
5368
5558
9798
5852
6606
3566
4442
4878
5420
9758
o870
6534
6636
6742
413
923
1532
2524
3516
4420
4588
4902
5548
6142
6744
2398
4408
4494
5426
5914
6040
7274

4664
6718
8360

3004
3304
3484
3598
3694
3786
3878
4118
4262
4504
4554
4792
4918
5020
5064
5458
5560
5810
5858
6610
3572
4466
4922
5432
5764
o876
6548
6646
6746
501
949
1574
2586
3524
4428
4598
4930
5562
6182
6764
2863
4424
4508
5594
9916
6098
7314

4670
7244

3016
3306
3494
3602
3698
3790
3880
4130
4282
4514
4566
4804
4924
5022
5068
5482
5570
5816
5860
6766
3594
4530
4932
5448
5766
5894
6552
6652
6770
017
950
1656
2587
3563
4438
4604
4966
5588
6470
6788
3355
4426
4510
5822
9918
6434
7316

4676
7674

3018
3308
3496
3620
3714
3796
3884
4138
4292
4516
4568
4810
4942
5026
5074
5506
5606
o818
5862
7222
3596
4562
4936
5450
9770
5972
6580
6658
7286
524
974
1842
2588
3565
4452
4622
4978
5618
6502
7288
3442
4444
4524
5838
5924
6454
7618

4684
7720
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3.89

3.91

3.7 Maximal Sets of MOLS

A k Max MOLS(n) is a set of K MOLS of side n that is maximal (cannot be extended
to a set of k + 1 MOLS of side n).

3.90 Example 1 Max MOLS(5), 1 Max MOLS(7), and 2 Max MOLS(8)

123456738 13682457
1234567 23418567 24573186

12534 2145673
34127856 31864275

4125 3 3457126
41236785 427513638

23145 4576312
56 781234 57246813

3541 2 56 23741
54391 6712435 6 7854123 6 81 375 4 2
7361254 78563412 75428631
85672341 86 315724

Example 2 Max MOLS(7) and 3 Max MOLS(S).

15263748 18634572 14782365
;?,igggz ;gz;ggi 51627384 54278136 58346721
3456712 3624175 26374815 25741683 21853476
41567123 41735216 62738451 61385247 65417832
5671234 5146327 37481526 36812754 32564187
6712345 6257431 73845162 72456318 76128543
7123456 7361542 48152637 47523861 43671258
84516273 83167425 87235614

3.92

3.93

3.94

3.95

3.96

3.97
3.98

3.99

Theorem If there exists an (n,r; 1)-difference matrix D (see §VI.17) for which mD =
(D...D) (that is, m consecutive copies of D) is maximal and if either m = 1 or there
exist 7 — 1 MOLS of side m, then there exists an r — 1 Max MOLS(nm).

Theorem If n does not divide m and there exists a projective plane of order n and
n — 1 MOLS of side m, then there exists an n — 1 Max MOLS(nm).

Theorem If n = mp", p a prime, ged(m, p) = 1, and either m = 1 or there exist p — 1
MOLS of side m, then there exists a p — 1 Max MOLS(n).

Theorem [1226, 1596] Let d = n — 1 — k, b(z) = %:c4 + 23 4+ 22 4 %x, and m(x)
823 —182%+8x+4—2R(2* —x—1)+9R(R—1)(z—1)/2, where R € {0,1,2}, R=d+1
(mod 3). If there exists a k Max MOLS(n), then either £ =n — 1 (corresponding to a
projective plane of order n), or b(d—1) > n (Bruck’s bound) and m(d) > 3n (Metsch’s
bound).

Theorem If G is a group of order n with a unique element of order 2, then the Cayley
table of G is a 1 Max MOLS(n).

Theorem [801, 2123] For all n > 3, there exists a 1 Max MOLS(n), a bachelor square.

Construction When n = 1,2 (mod 4), let L be a latin square of side 4t 4 2 (alterna-
tively 4t + 1) with a subsquare of side 2t + 1 (2t) in which all entries are from a set of

2t + 1 (2t) except for ¢ (451) or fewer cells. Then L is a 1 Max MOLS(n).

Theorem If n = ¢ - - - g, is the factorization of n into prime powers that are relatively
prime with ¢; < -+ < ¢, then there exists a ¢ — 1 Max MOLS(n).

3.100 Theorem Let p > 7 be a prime. If p = 3 (mod 4), then there exists a (p — 3)/2 Max

MOLS(p). If p =1 (mod 4), then there exists a (p — 1)/2 Max MOLS(p).

3.101 Theorem If ¢ = p", p a prime, then there exists a k Max MOLS(¢?) for k = ¢> —q—1,

and if p > 5, for k = ¢ — ¢ — 2 and ¢? — ¢ [1226, 1229).
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3.102 Table The values of k for which a & Max MOLS(n) is known to exist. B, is the best
known bound for which no ¥ Max MOLS(n), By, < k < n—1, exists. This extends the
table in [1226], using results in [751, 938] as well. There do not exist 4 Max MOLS(8)

[750].
n B, k n B, k n B, k
2 1 22 19 1 42 38 1,2
3 1 2 23 20 1,10,22 43 39 1,2,20,42
4 2 1,3 24 20 1,2,5 44 40 1,3
5 2 1,4 25 2111,2,4,12,18-20,24((45 41 1,24
6 2 1 26 22 1 46 42 1,24
7 3 1,2,6 27 23 1,2,12,26 47 43 1,2,22,46
8 4 1-3,7 28 24 1-3 48 44 1,2
9 6 1-3,5,8 29 25 1,2,14,28 49 45 1,3,5,6,24,40-42,48
10 7 1,2 30 26 1,2 50 46 1,6
11 8 1-4,10 31 27 1,2,14,30 51 47 1,2
12 9 1-3,5 32 28 1,31 52 48 1-3
13 10 1-4,6,12 ||33 29 1-3 53 49 1,26,52
14 11 1 34 30 1,2 54 50 1
15 12 1,24 35 31 1,4 55 51 1,24
16 1311,2,7,8,11,15||36 32 14 56 52 1,3,6
17 14| 1,3,4,8,16 ||37 33 1,2,18,36 57 53 1-3,7
18 15 1 38 34 1 58 54 1
19 16| 1,3,6,8,18 ||39 35 1,2 59 55 1,28,58
20 17 1,34 40 36 1,4 60 56 14
21 18 1,24 41 37 1,20,40 61 57 1,2,4,30,60

3.8 Related Problems

3.103 | Two latin squares on the same set of symbols are r-orthogonal if, when superimposed,
there are exactly r distinct ordered pairs.

3.104 Theorem [586, 2215] For n a positive integer, two r-orthogonal latin squares of side
n exist if and only if » € {n,n?} or n + 2 < r < n? — 2, except when
1. n=2and r = 4;
n=3and r € {5,6,7};
n =4 and r € {7,10,11,13,14};
n=>5 and r € {8,9, 20, 22,23};
n =06 and r € {33,36}.

CU LN

3.105 | An orthogonal latin square graph of order n (OLSG(n)) is a graph with vertex set V'
and edge set E, where V corresponds to a set of latin squares of side n, and an edge
connects two vertices exactly when the corresponding latin squares are orthogonal.
A graph is n-realizable when it isomorphic to an OLSG(n).

3.106 Theorem (see [725]) Let G be a graph. There exists an integer ng depending only
upon G, such that G is n-realizable for all n > ng.

3.107 Theorem (see [725]) The 6-cycle is n-realizable by the six conjugates of a single latin
square of side n for all n > 43. The complete graph on 6 vertices is n-realizable by
the six conjugates of a single latin square of side n whenever a PBD of order n exists
whose block sizes are prime powers at least 8, and, hence, for all n > 1803 (see Table
IvV.3.24).
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3.108 Theorem [353] Two orthogonal diagonal latin squares of side s exist if and only if
s#2,3, or 6. (See §I11.1.10.)

3.109 Theorem [755] Three orthogonal diagonal latin squares of side s exist except when
s €{2,3,4,5,6} and possibly when s € {10, 14, 15, 18, 21, 22, 26, 30, 33, 34, 46}.

3.110 | Suppose L and M are idempotent, symmetric latin squares of the same order. Then

L and M are orthogonal-symmetric latin squares if, for any two elements x and y,

there exists at most one ordered pair (i,5) with ¢ < j such that L(i,j) = = and

3.111 Remark Orthogonal-symmetric latin squares are not orthogonal latin squares, but
they are as “orthogonal” as possible, given that they are symmetric.

3.112 Remark The existence of a set of ¢ pairwise orthogonal-symmetric latin squares of
order n is equivalent to the existence of a Room t-cube of side n (§VI.50) and to the
existence of ¢ pairwise orthogonal 1-factorizations of K, 1 (§VIL5).

3.113 Remark Orthogonal-symmetric latin square graphs (OSLSG) can be defined in a sim-
ilar manner to orthogonal latin square graphs. Theorems similar to Theorems 3.106
and 3.107 for OSLSG are discussed in [725]. In that survey, such graphs are termed
orthogonal one-factorization graphs (OOFG) with underlying graph K.

3.114 |Let V be a set of 2n + 1 elements. A golf design of order 2n + 1 is a set of 2n — 1
symmetric idempotent latin squares, Li, Lo, ..., Lo,—1, defined on V such that L;
and L; are disjoint off the main diagonal; that is, for z,y € V, L;(x,y) # L;(z,y)
fori,j=1,2,...,2n—1.

3.115 Remark Examples of golf designs as well an existence result are given in §VI.51.7.

> Mutually orthogonal latin rectangles

3.116 | Two latin rectangles are orthogonal if when superimposed no ordered pair of symbols
appears more than once. A set of m x n latin rectangles is mutually orthogonal, or a
MOLR(m,n), if every two latin rectangles in the set are orthogonal. The maximum
number of MOLR(m, n) is denoted N (m,n).

3.117 Remarks N(n,m) <n—1for2 <m <n. N(n,n) = N(n) and hence N(m,n) =n—1
when m < n and n is a prime power. For small n not a prime power, current lower
bounds are given in Table 3.118.

3.118 Table [1065] N (m,n) lower bounds.
n\m| 3 4 5 6 7 8 910 11 12 13 14 15 16 17 18 19 20
6 4 4 4 1

1018 8 8 6 6 5 4 2

12 j11 11 11 11 8 8 7 5 5 5

14 1212 1110 8 7 6 5 5 4 3 3

15 |14 14 11 10 10 10 10 10 10 4 4 4 4

18 |16 16 14 13 1210 9 8 7 6 5 4 4 4 3 3

20 {1919 16 15 13 1110 9 8 7 6 6 5 4 4 4 4 4

> Packing arrays: Mutually orthogonal partial latin squares

3.119 | A packing array IIA(N; k,v) is an N x k array with entries from a v-set, so that
every IN x 2 subarray contains every ordered pair of symbols at most once. The
packing array number TIAN(k, v) is the largest N for which a ITA(N; k, v) exists.
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3.120 Remark A TIA(N; k,v) is equivalent to a set of k —2 mutually orthogonal partial latin
squares of order v, each having the same N cells filled. Hence, a ITA(v%;k,v) is a
TD(k,v).

3.121 Theorem (sce [1960]) If & > (*1'), then TIAN(k,v) = v.

3.122 Theorem (Plotkin bound, see [1960]) A ITA(N; k, v) exists only if, for all M = av+5 <
N with 0 < 3 < v, one finds that k((v—3)a?+B(a+1)?) < (M —1+k)M. Moreover,
this bound is met with equality when k& > 2v + 1.

3.123 Table Bounds for packing array numbers [1960]; bold is exact. In each case the upper
bound is given; when no lower bound is given, the lower bound from the cell to the
right is the best known. The bound ITAN(6,6) > 30 is a consequence of N(5,6) = 4.

k'3 4 5 6 7 8§ 9 10 11 12 13 14 15 16 17 18
9 6 4
16 9 8 4
25 15 10 10 7
36 34 34 3034 16-34 19 14 12 12 9
49 28 21 15 14 14 10
64 22-34 25 19 17 16 16 12
81 45 30 27 21 19 18 18 14

© 00 ~J O Ot W

> Ordered pairs of symbols in sets of latin squares

3.124 Remark Consider the problem of constructing sets of s latin squares of order m such
that the total number of different ordered pairs obtained by superimposing all pairs
of the s squares is as large as possible. The interesting cases occur when s > N(m).

3.125 | Suppose that L; and Lo are latin squares of order m. Define P(Lq, Ls) to be the
number of different ordered pairs that are obtained when L; and Lo are superim-
posed. Now suppose that L1, ..., Ls are latin squares of order m, where s > 2; define
P(Ly,...,Ls) = 321 <icj<s P(Li, Lj). The maximum value of P(Ly,. .., L) over all
possible sets of s latin squares of order m is denoted P(s,m).

3.126 Proposition P(s,m) < (5)m?, with equality if and only if there exist s MOLS(m).

3.127 Theorem [728] Suppose that s = a(m —1) +b, a > 0, and 0 < b < m — 2. Then
P(s,m) <m2(5) — (m? —m) (b(“T") + (m —1-0)(3)) = (s, m).

3.128 Remark The bound in Theorem 3.127 is stronger than the bound in Proposition 3.126
whenever s > m.

3.129 Theorem [728] If m is a prime power, then P(s,m) = II(s,m).

3.130 Conjecture [728] Suppose that s > m—1 and Ly, ..., Ly are standardized latin squares
of order m such that P(Lq,...,Ls) = II(s,m). Then {L4,...,Ls} contains a subset
of m — 1 MOLS of order m, and the list Lq,..., Ly consists only of copies of these

m — 1 orthogonal latin squares, where each copy occurs either | —*= | or [ %5 times.

> Simple orthogonal multi-arrays (SOMAs)

3.131 | A simple orthogonal multi-array, SOMA (k,n), is an n X n array in which each cell
contains a k-subset of a set X of size kn, every symbol of X occurs once in every
row and once in every column, and every 2-subset of X appears as a subset of the
set in at most one cell.
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3.132 Remark (see [1934]) A TD(k,n) yields a SOMA(k —2,n). Indeed superimposing k — 2
MOLS on disjoint sets of symbols is a SOMA (such a SOMA is a trojan square).

3.133 Remark (see [1934]) A SOMA(k,n) exists only if K <n—1. A SOMA(n —1,n) exists
if and only if a TD(n + 1,n) exists. There exist a SOMA(3,6), a SOMA(3,10), and a

SOMA (4,14).
See Also

6IL.1, 7 BIBDs, resolvable and near-resolvable designs.

§IIL.5 Self-orthogonal latin squares (SOLS).

eVI.17 Difference matrices, quasi-difference matrices and V(m, t) vectors
are used to construct MOLS.

[543] Details on constructing MOLS tables.

[544] A lengthy survey of constructions of MOLS.

[725] Information on orthogonal latin square graphs is in §15.

[800] Contains implicit difference matrix constructions of maximal sets
of MOLS.

[1230] An overview of results on maximal sets of MOLS.

[1647) Proposes existence of projective planes and MOLS as a successor
to the Fermat problem.

References Cited: [2,6,10,25,26,27,38,47,49,92,224, 334,353,502, 526, 543, 544, 586, 725, 728, 750,
751,755,800,801,938, 1065, 1206, 1226, 1229, 1230, 1499, 1596, 1608, 1647, 1669, 1710, 1790, 1819,
1847,1934, 1960, 2037,2038,2117,2123,2160,2161, 2215]

|
4 Incomplete MOLS
R. JuLiAN R. ABEL
CHARLES J. COLBOURN
JEFFREY H. DINITZ
4.1 One Hole
4.1 |Two incomplete latin squares (ILS(n;by,bs,...,bs)) are orthogonal if upon su-

perimposition all ordered pairs in (B x B) \ UX_,(B; x B;) result. Two such
squares are denoted IMOLS(n; by, be, . . ., bs) (or IPOLS(n; b1, bo, . .., bs)). Similarly,
r-IMOLS(n; b1, ba, . .., bs) denotes a set of r ILS(n; b1, be, ..., bs) that are pairwise
orthogonal.

4.2 N(n;by,bs,...,bs) denotes the maximum r for which there exist a set of 7-
IMOLS(’I’L, bl, b2, ceey bs)

4.3 Example [798] N(6;2) = 2. (The missing subsquares are on the symbols 5 and 6.)

563412 125634
216534 651243
651243 436512
435621 564321
1423 2431
3241 3124
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4.4

4.5

4.6
4.7
4.8
4.9

4.10

4.11

4.12

4.13

Example [1966] N(8;2) = 3. In the matrix

©Co OO0 001 001
shown, replace each column by the five (colum- 0,1) (2,0) (1,0) (2,1)
nwise) cyclic shifts of the column, and develop (2’ 0) (2’ 1) (2’ 1) (O’ 0)
each of the resulting columns modulo (3, —). The (2’ 0) (1’ 1) (2’ 0) (2’ 1)
result is an incomplete orthogonal array with a (1’ 0) (1’ 1) (0’ 0) (0’ 1)
hole on {o0g, 001} ’ ’ ’ ’
Example [341] N(10,2) = 4. In the (0,0) (0,0) (0,0) (0,0)
matrix, each column (a,b,c,d,e, f)T is re- (0,2) (0,1) (0,0) (0,3)
placed by (a,b,c,d,e, /)T, (c,a,b, f,d,e)T, and (1,0) oog (1,1) ooy
(b,c,a,e, f,d)T. Develop each column modulo (1,1) (0,2) (0,0) (1,3)
(2,4) to obtain an incomplete orthogonal array (1,2) (0,2) (0,3) (1,1)
with a hole on {OOQ, OOl}. &81] (L 1) 01 (Oa 3)

Theorem If there exists a set of r orthogonal ILS(n; k), then n > (r + 1)k.

Remark Examples 4.3, 4.4, and 4.5 satisfy the bound in Theorem 4.6 with equality.
Theorem (see [1079]) For k > 1, N(n; k) > 2 if and only if n > 3k, and (n, k) # (6,1).
Example Two orthogonal ILS(7;2) are given in Example 5.20.

4.2 Equivalent Objects

An incomplete transversal design of order or groupsize m, blocksize k, index A, and
holesizes by, . . ., bs, denoted ITD(k, n; by, . . ., bs), is a quadruple (V, G, H, B), where
1. V is a set of kn elements;
2. G is a partition of V into k classes (groups), each of size n;
3. H is a set of disjoint subsets Hy, ..., Hs of V', with the property that, for each
1 <i<sandeach G € G, |GN H;| = b;
4. B is a collection of k-subsets of V' (blocks);
5. every unordered pair of elements from V is
e contained in a hole and contained in no blocks;
e contained in a group and contained in no blocks; or
e contained in neither a hole nor a group, and contained in A blocks.

Again, when A = 1, it can be omitted from the notation. An ITD(k, n;by,...,bs) is

also denoted as a TD(k,n) — >_7_, TD(k, b;).

Theorem r-IMOLS(n; by, ..., bs) is equivalent to

1. an incomplete transversal design ITD(r + 2,n;by, ..., bs);
2. an incomplete orthogonal array IOA(r + 2,n; b1, ..., bs).

Remark r-IMOLS(n; 1) and mIMOLS(n;0) are equivalent to  MOLS of side n.

4.3 Existence

Remark Table 4.14 of lower bounds for N(n;k) is produced using the same program
[543] as Table 3.87, the table of lower bounds for N(n).
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4.14 Table Lower bounds for N(n;k) for 1 <n <1000 and 0 < k < 50. (* denotes n — 1
when n > 100.)

h —{0 1 2 3 4 5
n [J]123456789012345678901234567890123456789012345678
43
54
12

76 2

873

832

10242

11503 2
125332
1312332
143332
1544422
16053432
1Ted 332
18333322
19845322
20433432
2115334322
223343322
2302334322
2473433322
25043444322
26043344322
27633443222
28544433322
2943533322
304344543222
3150334443222
321333433322
3354353433222
3443443333222
3554344443222
36834365433[]222
3M633435433]222
38433343433[]222
39533534333[2222
40745444443[3222
414053345343[3222
42534433533|32222
431253446543|132222
44533353433|33222
45634554434|332222
46435444444332222
47653435343|332222
48833334354|3332222
40s33337654|3332222
50643345653[4332222

o
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1.4

h —{0

n 12345678

1
012345678

2
012345678

3
012345678

4
012345678

o

511553345444
52545533334
53244533343
94533453445
55653345455
56744344663
97744435665
58564453555
0856454444
60445644443
6le04 4564444
62543456454
63645345666
646355544676
65765554676
66566555555
676656655555
68555665555
69645566666
70644556666
71055455666
TA765545677
73266555677
74576655555
75747665555
76644766555
771643476666
78633337666
THs64335766
80966343677
81066633678
82866663558
83256666555
84655666665
85655566666
86665556666
871666666666
88766666676
8Kks66666677
90675666666
91757566677
92655756666
93665576666
94666557666
95666655766
96766665677
97666666677
98666666665
99856666668
100865666666

43322222
33332222
43332222
333322222
443322222
343332222
3333322222
4333322222
4433322222
5343332222
5343332222
3333332222
4333332222
4333333222
4334333222
5534333222
5433333222
3443333322
3344333322
4333433322
6433433322
5353333332
5454333332
6433333332
4533343332
3443343333
4634333333
3655433333
4644343333
6633344333
7633334333
5553333333
5544333333
5653533333
5655533433
6653434333
6644343333
6754344333
6754343433
7655353343
6756443343
6666444333
6656343333
6656444333
6656443434
6766344343
6766445434
7556544343
4856443334
6856344333

2
2
2
22

22

22

222

222

222

2222

2222

2222

22222
22222
22222
222222
222222
222222
2222222
2222222
3222222
32222222
32222222
32222222
332222222
332222222
332222222
3322222222
3332222222
3332222222
3332222222
3332222222
3333222222
3333222222
3333222222
3333222222
3333322222
3333322222
3333322222
3333322222
4333332222

22
22
22
222
222
222
2222
2222
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h —
n |

0
12345678

1
012345678

2
012345678

3
012345678

4
012345678

o

101
102
103
104
105
10
107
108
10

11

111
112
113
114
115
11
117
11§
11

12

121
122
123
124
125
12
127
12§
12

13

131
132
133
134
135
13
137
138
13

14

141
142
143
144
145
14
147
14§
14
15

*665666606
666656666
*67666666
766666676
766666677
675656666
*57566677
655756666
*55576677
655557666
645556766
1344555677
*44455677
664445666
766444677
666644666
866664668
666666666
666666666
766666676
*66666666
666666666
666666666
666666666
*66676666
666666666
*66666666
*66666676
766666677
676666666
*67666677
666766666
766676677
666667666
766666777
766666677
*66666677
676666666
*67666677
666766666
766676677
666667666
1066666766
1066666678
766666677
676666666
769666677
666766666
*66676677
666667666

9656444433
6666543343
6666443344
6667544333
6667643433
7666564343
6767444444
6676543443
6667544444
6666644434
5666454433
6567346433
5657446533
7565446443
6757446445
6675446433
6668446434
6666446444
6666646644
6666666634
61096666644
6655556644
6665546644
6666556634
6666656634
6666666643
6666666664
6666667634
6666667644
7666666654
6766667645
6676666633
6667667646
6666766646
6766676646
6666667756
6666667756
7666666656
6766667746
6676666656
6667967756
6666766656
610610676646
66610668766
66116667776
7666666666
6766666746
6676666646
6667666746
6666766666

4333332222
3333332222
3333332222
3333333222
4433333222
3433333222
3333333222
4333333322
3433333322
3443333322
4443333322
3433333332
3343333332
3333333332
4334333332
4333333333
4433333333
3443333333
4334333333
4343433333
5433433333
3443333333
4433333333
4443333333
4444443333
3443343333
4434443333
4333433333
4433343333
4443344333
4334333333
5443433333
4543443333
4453333333
4434443433
4443444433
4434443333
4443434333
4443443433
4444434443
4444443443
4444343433
4434444433
4443443433
4443544344
5443344434
4533343443
5644443444
4543443334
4454444333

2222

22222
22222
22222
222222
222222
222222
2222222
2222222
2222222
22222222
22222222
22222222
222222222
222222222
222222222
2222222222
2222222222
2222222222
3222222222
3222222222
3222222222
3222222222
3322222222
3322222222
3322222222
3322222222
3332222222
3332222222
3332222222
3332222222
3333222222
3333222222
3333222222
3333222222
3333322222
3333322222
3333322222
3333322222
3333332222
3333332222
3333332222
3333332222
3333333222
3333333222
3333333222
3333333222
3333333322
3333333322
4333333322

2
2
2
22

22

22

222

222

222

2222

2222

2222

22222
22222
22222
222222
222222
222222
2222222
2222222
2222222
22222222
22222222
22222222
222222222
222222222
222222222
2222222222
2222222222
2222222222
2222222222




198

Incomplete MOLS

1.4

h —

0

n 12345678

1
012345678

2
012345678

3
012345678

4
012345678

*66666766
766666677
866666678
875666666
757566677
655756666
*55576677
755557677
645556766
945556677
745476677
645446666
*65446677
666446666
766646777
666664666
*66666666
766666677
*66666677
666666666
866666668
666666666
*66666676
666666666
666666666
1466666666
966666666
696666666
*69666666
666966666
*66696666
666669666
666666966
766666696
185966666679
186676669666
18767666677
188666766666
189866676677
190666667666
19166666767
192766666677
193*66666677
194666666666
195766666677
196666666666
197*66666677
198666669666
199*66666977
200766666677

151
152,
153
154
155
15

157
158
15

16

161
162,
163
164
165
16
167
168
16

17

171
172
173
174
175
17
177
178
17

18

181
182
183
184

6666676666
6766667767
6766666867
7666666866
6766666667
6676666666
6667666667
6766767666
6666676666
6666667667
5766666767
7566666676
5756666667
6575666666
6657466667
66657106666
6666474666
6766647467
67612664747
6666666474
6766666748
6666666664
6667666666
6666666666
6666666666
610666610666
6966669966
6666666685
6766667767
6666666666
6666666696
6666666666
6666666666
6767667766
6969668966
9666666666
610676661066
6676666666
6667666666
6666766666
6766676667
6666667666
6666666766
7666666676
6766666667
6676666666
6667666666
6666766666
6666676666
6767667666

4435453333
5443544443
5434453433
5444444443
4444343444
5444444443
5443445444
5444344343
4444444434
4444444443
5446444344
5446534444
4446443444
6446443444
4546444434
4456444443
4446444443
4546644443
4446654444
4446544443
4446444543
4446544444
4446544444
6446544444
6646664444
6666664444
6666664444
5556564444
4446664445
6446564444
6646664444
6666564444
6666566444
6667664444
6667664444
6666565444
6667664544
6666564454
6667564645
6666564654
6666664644
6667764644
6667664644
6666565644
6667664644
7666564654
6767664665
6676664654
6667664644
6667675654

4333333322
3333333332
3333333332
3333333332
4433333332
4433333333
3433333333
4333333333
3433333333
4343333333
3443333333
4333333333
4433333333
3433333333
4444333333
4434333333
4443333333
3343333333
4434333333
4334433333
4433433333
3334333333
4334333333
4434333333
4443343333
4444343333
4444443333
4434433333
4444343333
5444344333
5444444333
4444443333
4444344333
4444433333
4444444433
4444434433
4534444433
4444444333
4434444433
4444444343
4543344433
4444444343
4444444433
4444443343
4444344434
4444444434
4444444433
4444344343
4444344434
4444344444

2222222222
2222222222
2222222222
2222222222
2222222222
2222222222
2222222222
2222222222
2222222222
3222222222
3222222222
3222222222
3222222222
3322222222
3322222222
3322222222
3322222222
3332222222
3332222222
3332222222
3332222222
3333222222
3333222222
3333222222
3333222222
3333322222
3333322222
3333322222
3333322222
3333332222
3333332222
3333332222
3333332222
3333333222
3333333222
3333333222
3333333222
3333333322
3333333322
3333333322
3333333322
3333333332
3333333332
3333333332
3333333332
3333333333
3333333333
3333333333
3333333333
4333333333
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111.4.3

Existence

199

h —
n |

0
12345678

1
012345678

2
012345678

3
012345678

4
012345678

201
202
203
204
205,
20

207
20§
20

21

211
212
213
214
219
21
217
218
21

22

221
222
223
224
229
22
227
228
22

23

231
232
233
234
235
23
237
23§
23

24

241
242
243
244
249
24
247
248
24
25

866666678
676666666
767666677
666766666
866676678
666667666
866666768
1466666677
176666677
0117666666
*611766677
666176666
7666117677
6666611766
766666177
7666666117
866666671
676666666
1067666677
666766666
1266676677
666667666
*66666777
1566666677
866666679
666666666
*66666677
666666666
*66666677
666666666
766666677
766666677
*66666677
676666666
767666677
666766666
766676677
666667666
*66666777
766666677
*66666677
666666666
*66666678
666666666
766666677
666666666
1266666677
766666677
766666677
676666666

6767666866
7666666676
6766666667
6676666666
6668666866
6666766666
6666686666
666126612666
6106116 61111610
76666666101
6769669969
6676666666
6667666666
6666766666
6666676666
6667667766
6668668896
11666666676
6116106 610106 7
661166666606
666126661266
6666766666
6666676666
6666667666
6868666768
7666666676
6766666667
6676666666
6667666666
6666766666
6666676666
6666667666
6666666766
7666666676
6766676667
6676666666
6667666666
6666766666
6666676666
6666667666
6666666766
7666666676
6766666667
6676666666
6667666666
6666796666
666&67666@
6666667666
6666666766
7666666676

9667675654
6666665654
6667674656
7666665656
6766675656
6676665656
6668664656
6667776656
6666676656
6666665656
6666674656
8666665656
6766674656
6676666656
6667776656
6666776756
6666776756
6666666656
6666676756
7666666656
6796666756
6676666656
6667676656
6666776766
6666686776
6666666656
6666666756
7666666656
6766666756
6676666666
6667666766
61066766767
6666676767
6666667666
6666666767
7666666666
6766666667
6676666666
6667666766
6666766767
6666676767
6666667666
6666666867
7666666666
6766666667
6676666666
6667666667
6666766667
6666676667
6666667666

4444344434
4444444334
4444444434
4444344434
5444444433
5544344444
4555444444
4445444334
4445544434
4444454433
6444444443
4444444434
4444444444
4444444344
4444444434
4444444433
4644445433
4654444444
4644444444
4644444444
4644444434
5644445443
4644444544
4664444444
5665444444
5664544444
4664454444
4664445444
4664444554
5664444444
4665444444
5666444444
5665444444
5664544444
5665454444
5665445444
5665544544
5665454454
4665445445
6665444544
7665444444
5665544444
4665454444
5665445444
4665454544
6665465444
6665445545
6765444444
6765444445
6665444444

4333333333
4333333333
3333333333
3333333333
4433333333
4333333333
4333333333
4333333333
4433333333
4443333333
3443333333
4343333333
4433333333
4343333333
4444333333
4444333333
4444333333
3344333333
4444333333
4443433333
4433433333
4344333333
4444433333
4444433333
4444443333
4343443333
4444443333
4443433333
4344443333
4444444333
4444443333
4344343333
4444443333
4444443333
4444343433
4444434333
4444443333
4444444333
4444444433
5444444343
4444444343
4444444433
4444444343
4444444343
4444444444
4444344344
4444443444
4443444343
4444344344
4444344444
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Incomplete MOLS

1.4

h —

0

n 12345678

1
012345678

2
012345678

3
012345678

4
012345678

251*67666677
2526667666606
2531266676677
2549666676606
255776666777
250* 77666677
25T* 77766677
2586147776666
252514777677
2606551477766
2618655147778
2628665614777
263* 777761477
2647777776147
ﬂ%877777774
260776777776
26Tho6 7677777
268766767777
269*66676777
270766667677
271*66666777
2721566666677
2731666666677
2746156666666
275136156 66677
2761066156 666 6
27M1*666156677
2786666615666
279966666157 8
2807666666157
2&*7666667@
282667666666
283*66766677
2846666766606
2851266667677
286666666766
287766666677
2881566666678
289*66666677
290676666666
2911667666666
292666766666
293*66676666
294666667666
295666666766
296766666677
297066666678
2981076666666
2991267666677
3007667666606

6766666667
6676666666
6106126611666
6969769666
6766676666
67666615666
676116614146 6
76666666136
6766661212614
6676666666
6767666666
6766766666
7766678868
7766667766
7766668866
14666666676
614666 610106 7
761466666606
776146 612126 6
776614666606
776661466606
776666151566
676666151566
76666666146
610666 6131361:
6666666666
6969666666
6666666666
6766669967
6766667767
6666668866
156666666606
61566 6 610106 6
661566666606
666156 612126 6
666615666606
666661566606
666666151566
66666661666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666667767
61066666866
7666666666
676126666606
6677666666

6666666767
7666666676
67610666667
6677766666
6667776667
6667777667
6666676667
6666667666
6666666767
11666666676
61067766668
6697776668
6668777666
6666777666
6666776666
6676667666
6676776766
7676666676
677TT7TT6667
6677776666
6667776666
6666776666
6666776666
6666667666
66666106766
126666106676
61169666667
66106666666
6669666766
6666866666
6666676666
6666667666
6666666766
6666666676
6666666667
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
666666610606
666666610606
66612666666
6667766666

6765554444
6665466444
6765456544
6665456544
6665445454
6775455445
6775455444
6665555544
6775556644
6665456644
6775456644
6665456644
6765456654
6775456655
6777456644
6665556644
6775456664
6665456644
6775456654
7665556655
6775456655
6775456644
6775756645
6665556645
6775556644
6665556644
6775456644
7665456655
6875556655
6775556645
6676556645
6665656645
6675466654
6665556645
6676456655
7666656655
6776666645
6686667654
6666667645
6665556655
6666556645
6666656645
6666666644
6666666655
6666666645
6666667755
6666667755
6666666655
6666667754
6666666655

4544433444
4454444344
4454444344
4444444334
4444443444
4444444344
5444444444
4544444444
4455443344
4445444444
4444444444
5444444444
4444444444
4444444444
5445444444
4544444444
4454444444
4445444444
4444544444
4444454434
5444444444
5444444444
4554444344
5444444344
4544444444
4444444444
4444444444
5444544434
4444444444
6444444444
6544444444
5554444444
4445444444
5445544444
5444454444
5544445444
6654444444
6655444454
6655544454
5655454444
6655455444
5655544544
6655454554
5655545445
5655454555
6655545455
6655444545
5655444455
6655444445
5655544445
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111.4.3

Existence

201

h —
n |

0
12345678

1
012345678

2
012345678

3
012345678

4
012345678

301
302
303
304
305
30

307
308§
30

31

311
312
313
314
315
31
317
31§
31

32

321
322
323
324
325
32
327
32§
32

33

331
332
333
334
335
33
337
338§
33

34

341
342
343
344
345
34
347
348§
34
35

776676677
777667666
777766766
1577776678
isTTTTT67T
6157777766
¥617TTTTT
766177777
7766157777
7776615777
FTTTTT7T
TTTT77T157
*TTTTTT 713
TT6T6TTT7
067676777
766767677
¥66676777
766667676
1066666777
1566666677
1566666677
666666666
1666666677
866666678
1266666677
676666666
7615666677
766766677
966676677
676667666
¥67666777
766766677
866676678
766667667
666666766
866666678
¥66666677
666666666
766666677
666666666
1066666677
1066666666
¥96666677
769666677
766966677
676696666
¥67669677
666766966
*66676697
866667669

6667666666
6667766666
6667696666
686766156615
6766661515615
76666666156
676766151561#
6677666666
7667666666
7767766666
777767111161#
TT7T7667767
7777669969
15777666676
715776 6101061
77157667666
777156 61212614
777715666606
610776156666
7677661515615
6767661515615
76766666156
67676661661
6676666666
666126666176
6666666666
6666666666
6666666666
6969666966
7666666666
67666666606
6676666666
6767666666
6766766666
6666676666
6866668666
6666666766
7666666676
6766666667
6676666666
61067669666
6966766666
6666676666
6666667666
6666666766
7666666676
6766666667
6676666666
6767666666
6866766666

6767776666
6667777666
6667777766
66677T7TTTT6
6666666666
6666666666
6667766666
14667776666
61367777666
66127777766
6671777776
66761077776
6676797766
6676668776
6677776766
7677776676
677TT7TT6667
6677776666
6677776661

6666776666
6667776666
6666667666
6667776766
6666666676
66666126667
6666666666
6666666666
6666666666
6666666966
6666666666
6666666666
6666666666
6667666666
6666766666
6666666666
6666669666
6666666666
6666666666
6666666666
7666666666
6766666666
6676666666
6667666666
6666766666
6666676666
6666667666
6666666766
7666666676
6766666667
6676666666

9666667754
6666666654
6666666644
6676667754
6666667755
6666666654
6666667744
6666666654
6666666745
6666666655
6666667745
6666667755
6666667755
6666666655
6666667744
6666686655
6666667755
7666666665
6766667766
6676667766
6667666766
6666766655
6766676745
6666668765
6666667766
7666666666
6766666766
6676666766
6667666666
6666766666
6666676666
6666667766
6766666866
6676666666
6666666666
6676666666
6666666666
6666666666
6666666666
6666666666
61066966666
61096666666
6668666666
6666766666
6666666666
6666666666
6666666666
6666666666
6776666666
7886666666

5666454445
5656545444
6656544545
6656455455
6656445445
5656444545
6656444455
5656544445
6656554445
5656554445
6656444445
6656544455
5656544445
5656544445
5656564445
6656564445
6656554545
5656555445
6656555545
7656555455
7656555445
5656554545
5656556555
5656564545
5656555445
6656555545
6656554555
7756554555
6756554655
6656555655
6756554655
6656554655
6756555655
6656555655
6656554655
6766555665
6766554665
6666554665
6756554655
6656555655
6756555655
6666565655
6766555666
6767554666
6767654666
6666564666
6767556666
6666555666
6767554666
6666555666
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202

Incomplete MOLS

1.4

h —

0
n 12345678

1
012345678

2
012345678

3
012345678

4
012345678

3511266666777
352166666677
353*66666677
3546666666606
355966666677
3560766666677
3571966666677
3586666666606
359*66666677
360866666678
361*66666677
3626766666606
363767666677
364766766677
3651066676677
3666666676606
367*66666777
3681566666677
369566666678
3707156666666
3715715666677
377771566677
373* 7T 7156677
3747777715666
3ThusTTTTT1577
3767777777157
3771377777771#
3TYTTTTTTT7T7
3TQ*TTTTTTNT
3807TTTTTTTTT
381127777777@
3ATTTTTTTTT
38I*TTTTTTNT
38MsTTTTTTTT
38356 7TTTTTT
386776676777
38567667678
388766766767
389*66676677
390766667667
391666666777
392766667677
393876667678
3947776666606
395777767677
396877776666
39N*TTTTT6TT
398787777766
3997 T7TRTTTTTT
40007 78TTTTT

96612676666
610666676606
6766666766
7666666676
6969666669
6676666666
6967669666
6666766666
6666676666
6668668666
666666676@
6666666676
6666666667
6666666666
666106661066
6666666666
6666666666
6106106 61566 6
666666151566
66666676156
666666151561#
6666667666
6666667666
6666667666
666666151566
6666667766
666126 613136 6
156666676606
715666611116 6
771566676606
777156612126 6
77771567666
17777157766
777777151566
777777151566
77777776156
777777151561#
TT7T7T7T7T7666
TT7T7T7T7T7666
6777777666
76777771666
6767777766
6676777866
7667677776
6766767767
6876676766
6867667766
6666766766
6676676766
610610661576 6

66676661266
6666766666
6666676666
6666667666
6666666769
7666666676
6766666667
6676666666
6667666666
6666766866
6666676666
6666667666
6666666766
7666666676
6766666667
6676666666
6667666666
666157666606
66615776666
6667777666
66615777766
15667777776
61567777777
6617777777
6661777777
66771477777
667137136 6614
66677712666
667117771166
66677777106
69712777779
6667T7TTTTTT
6677TTTTTTT
667777777
66715776777
6677TTTT677
66715776767
15667776676
61577776667
66157776666
66716776766
6667776666
6967776666
6697777666
6667777766
7667777776
6767TTTTTT
6677TTTTTTT
6667T7TTTTTT
66677157777

6766666666
66106666668
6667666666
6666766666
6666676666
6666667666
6666666766
7666666676
6766666667
6676666666
11667666666
6666766666
6666676666
66610667666
6666666766
7666666676
6766666667
6696666666
6667666666
6666766666
6666676666
6666667666
6666666766
7666666676
7766666667
7776666666
6667666666
6666766666
6666676666
6666667666
6666666766
8666666676
7766666667
7766666666
76116666666
7766666666
7666666666
7766666666
6666666766
7666666666
6766666666
6676666666
6666666666
6666666666
6666666666
6666668666
6666668866
7666666686
7766666667
7796666666

6766555666
6767555666
6767555666
6666555666
6767555666
6766556666
6767555666
6666555666
6767555666
7767565666
7767555666
6666555666
6667555666
6766555666
6767555666
6666655666
6667665666
7767666666
6867566666
6666555666
6667555666
6667655666
6667665666
6666666666
6667666666
7667666766
6767666766
6676666666
6667666766
6667666666
6667666766
6666666666
6666666666
7667666776
6767666776
6676666666
6668666766
6666666666
6666666766
6666666666
6666666766
6666666777
6667666777
6666666666
6666666777
6666666666
6666666777
6666666666
6666666766
6666666777
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Existence

203

h —
n |

0
12345678

1
012345678

2
012345678

3
012345678

4
012345678

401
402
403
404
409
40

407
408
40

41

411
412
413
414
415
41
417
418
41

42

421
422
423
424
425
42
427
428
42

43

431
432
433
434
439
43
437
438
43

44

441
442
443
444
445
44
447
4438
44
45

*TTTRTTTT
Tis7T7T7T8777
1571577 T1577
117 71577787
81177157778
171775777
57 711771577
8TTT1177T157
*TTTT117 71#
1777671177
13677777117
86677767@
1266677777
1066667776
966667777
1866667677
1566667677
766666666
*66667677
766667677
*66667677
766666666
1566667678
766667677
1676667678
677666666
767767677
766777677
1066677677
666667766
*666677T77
1566667678
*66667677
6156666666
15615667677
6661566666
18666156677
7666615666
*T66671577
7776676157
m7776767d
777776666
*TTTT7677
TT7T77T7766
ns7T7TTTTTTT
TTTTTTTTT
i 7T7TTTTTTT
isTTTTTTTT
*TTTTTT77
TTTTTTTTT

776666151566
77676677156
777126 6151561#
77711666766
T8TT7T7T66776
8TTT7TT7T7T6766
710777715156 6
T8TTTTT7T766
777777151561#
5777777776
T15777 7131367
77158777766
117 7157 712126 6
7117101577766
671177159966
767127 715156 6
776777151566
77767777156
67776 7151561#
6677767766
66677777116
6666777766
666667151566
6666667766
66666661666
7666666666
6766666666
6676666666
666106661066
6666766666
6666676666
67666615666
666666151566
76666666156
67666 6151561#
6676666666
666766666@
6666766667
666667151567
6766667767
67666 6151561#
15666666677
615666 615156 7
66156666667
666156 613136 7
66661566667
7666615111167
776666151567
777666151567
77776666157

66677157666
6667777766
66677157776
15667777777
61567777777
66156777777
667157157777
6677177777
66777157677
66777714767
667771361376
76777766127
67777&666@
6676666666
6677796666
66777156666
66777156666
6667777666
66767156766
15667776676
61566776667
661566666606
666157156666
66661576766
666661666606
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
66666661566
66666661566
6666666666
66666661566
156666666606
6156186 66666
661577666606
666157761566
66671577767
666771571566
66677715776
66677771577
76677777147
67677771371
6677TTTTTTT
6667777177
66677771577
66677771576
6667T7TTTTTT

6667666666
6666766666
61266676666
611116667766
76610668866
7766966676
77766861067
7776667666
7767666666
7776766666
7776676666
6886667666
7666666766
1010106666 676
6976666667
66126666666
7667666666
6666766666
6666676666
6666667666
6666666766
7666666676
6766667667
6676666666
6667666666
6666766666
6666676666
6666667666
6666666766
6666666676
6666666667
6676666666
66676611666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
7666666666
7766666666
12776666666
71177666666
77107766666
6669666666
6666866666

6666666777
6666666666
6666666777
6666666766
6666666767
6666666666
6666666777
7666666777
6766666777
6676666666
6667666777
6666766766
6666676777
6666667666
6666666777
7666666777
6766666767
6676666666
6667666767
6666766677
6696676677
6666667666
6667666867
7666666777
6766666677
6676666666
6667666677
6666766667
6676676667
6666667666
6666666777
7666666687
6766666677
6676666666
6667666677
6666766666
6666676666
6666667666
6666666767
7666666677
7766966668
6676666666
7767666666
6666666666
6666666666
6666666666
6666666666
7766666666
7766666666
6666666666
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h —

0
n 12345678

1
012345678

2
012345678

3
012345678

4
012345678

A5Whs7TTTTTTT
AT TTTTTTTT
AR3TTTTTTTTT
45476 T7TTTTTTT
A58 TTTTTTTT
4507 TTTTTTTT
A57*¥T7TTTTTTT8
458776777776
45%66 7677778
460766767777
461*66676777
462766667677
463*66666777
464566666677
4651566667677
466715666666 6
467* 615666677
46886615666 6 6
4698666156677
47078666156 6 6
4711568666157 7
4727668666157
47315666876 71#
474076668666
475186 7666877
4760766766686
4766676678
478666667666
479*66667766
480166666677
481566666677
482666666666
4831566666677
484866666666
485766666677
486666666666
48766666677
488766666677
48%566666678
490676666666
491*6 7666677
492666766666
4931666676677
494666667666
495766666777
4961566666677
497566666677
49861566666 6 6
499* 615666677
5007661566677

710777 61515615
TT7T7T7T76667
TTT7T7T7T7T7667
TTT7TT7T7T7767
TTT7T7TTT151577
TTTTTTINT
TTT7T7TTT151577
TTTTTTITT
69797781678
T6TTTTTTTT
776107771077
TTT6TTTTTT
TTTT67T777T7
TT7T77615777
677777151577
76777776157
676777151561#
66787TTTTTT
6668677777
6666767777
666667151577
6667667777
610676615156 7
15666666676
61566661515614
661576666606
666156 615156 6
866615666606
6156 8 615131361
668666151566
666126 615156 6
76666666156
676666151561#
6676668866
6677667766
6666766666
666667151566
6666667766
666666151566
7666666676
676666151577
6676666666
666106661666
6666766666
6666676666
666666151466
676666151566
76666666156
676666151561#
6676666666

66677771577
15666777777
61567777777
6617777777
667157771577
6677177777
667771571576
66777715777
66777761677
66766666147
6677776667
6677776666
6677776666
66777766615
66777767615
6677776666
667777666@
156 766666606
61577776666
66157776666
666m77666d
66661576667
66667m666d
66666615666
666661861561#
66666666156
666666666@
6666666666
66666661061:
66666666615
66666666615
6666666666
666666666@
15666666668
61566666667
661566666606
666m66666d
66661566667
66666m666d
66666615666
6666666m6d
76666666156
6766666661
6676666666
6667666666
6666766666
6666776666
6666667666
6666666766
15666666676

7666676666
7766667666
7776666766
7777666676
TT7T7T7T7T6667
7777766666
77776666116
6777766666
7677676966
7767767666
7776666766
7777666676
6777766667
6677766666
6667666666
6666766666
6666676666
6666668666
6666668866
6666666686
6666666668
6766667766
6666667766
6666666666
6666666666
6666667766
6666668866
14666666666
61366668866
66126666666
666116661266
66661066666
6666696666
6666668666
6666666766
6666666666
6666666666
6766666666
6666666666
6666666666
6666666666
6666666666
6666666666
7666666666
6766666666
61576666666
615147666666
66613766666
615661276667
66666117666

61066666666
6666666666
6666666666
6666666666
6666666666
7666666666
6766666666
6676666666
6667666666
6666766666
6666676666
6666667666
6666666766
7666666676
6766666667
6676666666
6667666666
6666766666
6666676666
6666667666
6666666766
8666666676
67610666667
66610666666
6666666666
6666666666
6666666666
6666666666
6667666667
6666666666
6666666696
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6666666666
6667666666
6666666666
6666666666
6666666666
6666666666
6666666666
6667666666
6666666666
6666666666
6666666666
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4.15 Table m-IMOLS(n;s) not known (but r — 1 are known) for r = 4,5,6, 1 < s < 50.
This table is derived from Table 4.14.

hole

Number of Incomplete Squares Not Known

4

5

6

1

14 18 22

15 20 26 30 34 38 46 60

12 21 28 33 35 39 42 44
51 52 54 58 62 66 68 74

2

1112131416 18 20 21
22 2324 25 26 27 30 31
32 34 36 37 38 39 42 44
45 46 48 49 54 78

151719 28 29 33 35 40
50 52 53 56 57 60 61 62
63 69 70 75 76 77 111
112113159160 161 162

41 43 47 51 55 59 64 67
68 71 83 84 85 91 92 99
107108 109 110 155 156
157 158 259 260

1718 20 21 23 26 27 29
31 32 33 35 37 38 39 41
43 44 47 48 49 50 51 54
55 62 77 78

22 24 25 28 30 34 36 42
45 53 56 57 58 61 70 76
79112 113 114

40 46 52 60 63 64 65 68
69 71 72 84 85 86 90 92
93 100 106 108 109 110
111154 156 157 158 159
160161 162 163 260 261

22 24 32 36 38 41 44 48
49 50 51 55 56 63 78 79
80

2526 27 28 30 31 34 35
37 40 42 43 46 47 54 57
58 59 62 71 77 113 114
115 161 162 163 164

29 33 39 45 52 53 61
64 65 66 69 70 72 73 85
86 91 93 94 101 107 109
110111112155 157 158
159 160 261 262

28 29 33 34 37 39 42 47
48 49 52 53 57 78 79 81

31 32 35 38 40 41 43 46
50 51 55 56 60 63 64 72
80 114 115 116 162 163
164 165

44 45 54 58 59 62 65 66
67 70 71 73 74 86 92 94
95 102 106 108 110 111
112113 156 158 159 160

32 34 38 42 44 52 53 54
58 80 81 82

39 40 45 46 48 56 59
60 61 64 65 115 116 117
166

47 50 51 55 57 63 66 67
68 717273747579 95
96 112 113 114

39 41 47 48 52 53

44 45 46 51 54 55 59 60
61 62

58 66 67 68 74 75 76 82
83

42 44 45 52

51 53 54 59 60 61

58 62 66 67 68 74 75 76
82 83

47 50 53 56 60

59 61 62

66 67 68 74 75 76 83 84
98

10

52 54 56 57 62 68 69 76
78

63 64 65 70 7577 79 99

72 73 82 83 84 85 111
113 161 163

11

57 58 60 61 62 63 64 65
69 70 72

67 68 71 73 74 76

82 83 98 112 114 162
164

12

62 63 64 65 66 67 70 71
7475 77 80 81

76 79 83 87

84 85 86 88 89 90 91 93
9495 98 99 100 101 113
115 122 163 165

13

6768 707172747576
80 81 82 84 86

79 83 87 88 89

114116 122123 164 166

14

7273747576 7779 80
81 82 83 87 88 89 90 93
96 100 112

86919294 959799 101
103107111113 114 115
116 117 118 165 167

98 102 104 106 108 109
122 123 124

15

77 78 81 82 83 84 85 86

91 92 93 94 95 96 97 98
99 100 101 102 103 104
105107 108109 110 112
113114115116 117 118
119 123 168

111 122 124 125

16

82 83 84 85 87 89 90
91 93 9599 102 103 105
108

96 98 100 101 104 106
107109 110111 167 169
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hole

Number of Incomplete Squares Not Known

4

5

6

17

86 87 88 90 91 92 93
94 96 98 99 100 102 103
104 106

105107108109 110 111
112114115116 117 118
168 170

18

92 93 94 95 97 99 100
101104 105110111 112
113116 117120124 125
128 132

108109114115118 119
121122123126 129 131
133134135139 143 147
148 149 169 171

130136 137138 140 141
142

19

96 98 100 101 102 104
105106108 111112113
114 116 126 132

117118119120 121 122
123124 125127 128 129
130 170 172

178

20

102103 104 106 107 109
110112113 114118 122
126

120123 124125 127 128
129130131133 134 135
136 137 138 139 140 141
142143 144 145 147 149
150151 155159 160 163
165166 167 168 169 170
171 172 173 179

146 148 152 153 154 156
157 158 161 162 178

21

107108 113114115116
119 120 128 131

126127129130 132 134
135136 137138 139 140
141142 143 144 145 146
150151 152153 154 155
156 157 158 159 160 161
162163 164 166 167 169
170171172173 174 179
180

147 149 165 168 178

22

112114115116 117 119
121123127128 129 131
135137143 147 151 153

132133 136 138 139 140
141142 144 145 146 148
149 152 154 155 156 157
158159160 161 162 163
164 165167168 169 170
171172173174 175179
180 181

166 178

23

116117118 120 121 122
123124 126 128 129 130
132133134 136 138 139
144145 146 147 149 152
157

140141 142143 148 150
153154 155 156 158 159
160

24

122123124 126 129 130
131134 142 146 147 155
158

144 148 149150 151 153
154156 157159 160 161
163164165166 167 171

170172173174 178 180
182183 186 188 189 190
194 196

25

128 131 132134138 140
162

150152 154 155 156 157
158159 160161 163 164
165166 167168 170 171
172 173 174

26

131132133 134135137
139141 142 144 147 148
149 151 153 155 163 164

156 158 159160 161 162
165166 167 168 169 170
171172173174 175176
177178179180 181 182
184 185 187 188 189 190
191192193195 196 197
198 199 203 207 211 213

186 194 200 201 202 204
205 206 210 212
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Number of Incomplete Squares Not Known
hole |4 5 6
27 |137 138 145 149|162 163 164 165 166 167 168
150 151 158 161 {169 170 172 173 174 175 176
177 178 179 180 181 182 183
184 185 186 188
28 |142 143 144 146|168 169 170 171 172 173 174|196 198 200 201 202 203 204
149 150 151 153|175 176 177 178 179 180 181|205 206 207 208 209 210 211
159 165 182 183 184 185 186 187 189|212 213 214 215 216 217 218
191 192 193 194 195 199 219 220 221 222 223 226 227
228 229
29 |147 150 151 152|174 175 176 177 178 180 181
153 154 156 158|182 183 184 185 186 187 188
160 166 167 168|190 191 192 193 194 195 196
170 171 198 199 200 201 202
30 |152 153 154 157|182 183 184 185 186 187 188|222 225 226 230 232 233 234
159 161 164 168|189 190 191 192 193 194 195|235 236 237 238 242 244
172 196 197 198 199 200 201 202
203 204 207 208 209 210 212
213 214 215 216 217 218 219
220 221 223 224 227 228 229
231 239 243 245
31 |158 160 162 168|186 188 189 190 192 193 194
170 172 173 195 196 197 198 199 200 201
202 203 204 205 208 209 210
211 212 213 214 215 216
32 |162 163 164 166|192 193 194 195 196 197 198
169 170 171 172|199 200 201 202 203 204 205
173 174 178 187{206 208 209 210 211 212 213
189 214 215 216 217 219 220 221
222 223
33 |167 168 171 175|198 199 200 201 202 203 204|231 233 235 236 237 238 239
191 205 206 210 211 212 213 214|240 241 242 243 244 245 246
215 216 217 218 219 220 221|247 248 249 250 251 252 253
222 223 224 226 227 228 229|254 255 256 257 258 259 260
230 234 261 262 263 264 266 267 268
269 270 271 272 273 274 275
276 277 278 279 280 282 283
284 290
34 |172 173 174 175|205 207 208 210 211 212 213|242 251 258 259 266 270 274
176 179 180 183|214 215 216 217 218 219 220|275 276 279 280 281 284 290
191 195 198 199|221 222 223 224 225 227 228|291
200 201 204 206 |229 230 231 232 233 235 236
238 239 240 241 243 244 245
246 247 248 249 250 252 253
254 255 256 257 260 261 262
263 264 265 267 268 269 271
272 277 278 283 285
35 | 178 184 186 211 212 213 214 215 216 217|245 251 253 254 256 257 258
218 219 220 221 222 223 224|259 260 261 262 263 264 265
225 226 228 229 230 231 232|266 267 268 269 270 271 272
233 234 236 237 239 240 241|273 274 275 276 277 278 279
242 244 247 248 249 250 255 |280 281 282 284 285 286 290
291 292
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Number of Incomplete Squares Not Known
hole |4 5 6

36 |182 184 194 |216 218 219 220 221 223 224|255 256 257 258
225 226 227 229 230 231 232
233 234 235 237 238 240 241
242 243 245 248 249 250 251
37 |188 190 192|222 224 225 226 227 228 230
194 198 202|231 232 233 234 235 236 238
208 214 239 241 242 243 244 246 248
249 250 251 252 255 256 257
38 |191 193 195|228 230 231 232 233 234 235|269 270 271 278 279 283 285 286
196 197 199|236 237 239 240 241 242 243|288 290 294 296 297 298 299 300
201 202 203|244 245 246 247 248 249 250|301 302 304 305 306 308 310 312
204 205 208|251 252 253 254 256 257 258|313 314 316 317 322

209 210 212|259 260 261 262 265 266 268
215 216 217|272 273 274 275 276 277 280
221 281 282 284 287 289 291 292
293 295 303 307 309 311 315
323

39 |197 198 205|234 235 236 237 238 240 241|273 274 278 279 280 281 282 284
210 211 216|242 243 244 245 246 248 250|285 286 287 289 290 291 292 294
217 222 251 252 253 254 255 257 258|295 296 297 298 300 305 309 310
259 260 261 262 263 265 266|311 312 313 314 316 317 318 322
267 268 269 272 275 276 277|323 324

283 288 293 299 301 302 303
304 306 307 308 315

40 (203 204 211|241 242 243 244 245 246 247|282 284 285 286 290 292 294 295
218 248 249 250 251 252 253 254|298 300 301 302 306 308 310 313
255 256 258 259 260 261 263|314 315 318 322 323 324 325
264 266 267 268 269 270 273
275 276 277 279 283

41 (206 207 208|246 247 248 249 250 252 253
212 214 218|254 255 256 257 259 260 261
222 226 229|262 263 264 265 267 268 269

232 270 271 272 274 276 277 278
279 280 283 284 285
42 (213 221 254 255 256 257 258 260 261 | 294 295 296 297 298 299 300 302

262 263 264 265 266 268 269 | 303 304 305 306 307 308 309 310
270 271 272 274 275 276 277|311 312 313 314 315 316 317 318
278 279 280 281 283 284 285|319 320 321 322 323 324 325 326
286 327328 329 330 331 332 333 334
335 339 340 341

43 1220 221 226|258 261 262 263 264 266 267
228 248 269 270 271 272 273 274 275
276 277 278 279 280 281 282
285 286 287

44 1222 232 235|264 265 266 267 268 270 271|308 309 310 312 313 314 315 316
246 249 250 272 273 274 275 276 277 279|317 318 319 320 321 322 323 324
280 281 282 283 285 286 287|325 326 327 328 329 330 331 332
288 290 291 293 295 297 298|333 334 335 336 337 338 339 340
299 301 304 305 306 307 311 | 341 342 343 344 346 347 348 349
350 351 352 353 354 355 356 357
358 359 360 361 362 363 364 365
369 370 371




11.4.4

4.16

4.17

4.18

4.19

4.20
4.21

MOLS with Holes 209
Number of Incomplete Squares Not Known
hole |4 5 6
45 1228 236 251 271 272 273 274 275 276 277|317 318 319 320 321 322 323
278 279 280 281 282 283 284|325 326 327 328 329 330 331
286 287 288 289 292 294 296 | 332 333 334 335 336 337 338
297 298 299 300 302 303 305|339 340 341 343 344 345 347
306 307 308 311 312 313 314|348 349 350 351 352 353 354
355 356 357 358 359 361 362
363 364 365 366 370 371 372
46 | 231 232 233 234|276 277 278 279 280 281 282|325 326 330 333 334 336 340
235 237 247 251|283 284 285 287 288 289 290 | 341 342 343 348 350 351 352
255 259 292 293 295 297 298 299 300|353 354 355 357 358 359 360
301 303 306 307 308 309 310|361 362 363 364 365 366 367
311 312 313 314 315 316 317|370 371 372 373
322 324 327 328 329 331 332
335 337 338 339 344 345 346
349
47 1236 237 238 240|282 283 284 285 286 287 288
241 243 244 246|289 290 291 294 296 298 299
248 249 252 253|300 301 302 304 305 307 308
254 256 259 273|309 310 311 312 313 314 315
274 316 318 320 321 325
48 1242 254 270 278 | 290 291 292 294 297 299 300 | 339 340 341 342
301 302 303 305 306 308 309
310 311 313 314 315 316 317
318 319 321 322 324 325 326
49 1248 302
50 |251 252 254 256|303 304 305 306 307 309 310|352 353 354 355 356 357 358
257 259 262 311 312 313 315 316 317 318|359 360 361 362 363 364 365
319 320 321 322 323 324 326|366 367 368 369 370 371 372
327 328 332 333 334 335 339|373 374 375 376 377 378 379
380 381 382 383 384 385 387
388 389 390 395 396 397 398
402 404 406 410 413 418
Theorem [1085] For n > h > 0, an ITD(4,n; h) exists if and only if n > 3h, (n,h) #

6,1).

Theorem [28] For n > h > 0, an ITD(5,n; h) exists if and only if n > 4h except when
(n,h) = (6,1), and possibly when » =1 and n = 10.

4.4 MOLS with Holes

Ifby =by=---=bs=0band if by +ba+---+bs = n, then an ILS(n; by, bo, . ..
a set of IMOLS(n; by, bo, . . .
N(’I’L;bl,bQ,...

,bs) with b1 = b2

,bs) (or

,bs)) is uniform of type b*. In this case, N(b*) denotes
,bs). A set of k orthogonal HMOLS (holey MOLS) of type b° is a set

of k orthogonal IMOLS(n; by, ba, . . . =...=b, =b.

Remark Incomplete latin squares of type 1™ are equivalent to idempotent latin squares
of side n. So the best lower bounds for N (1™) are found in Table 3.87 by using Theorem
4.20, when the entry in that table is not italicized.

Theorem N(n) — 1 < N(1™) < N(n).
Remark Theorem 4.22 is an analogue to MacNeish’s Theorem 3.26 for uniform IMOLS.
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4.22 Theorem For any divisor a of h, N(h") > min{N(a"), N(2)}.
4.23 Theorem [1980] N(h™) > 2 if and only if h > 1, n > 4, and (h,n) # (1, 6).

4.24 Theorem [197, 869] N(h™) > 3 if and only if h > 1, n > 5, and (h,n) # (1, 6), except
possibly for (h,n) = (1,10), (3,6), (3,18), (3,28), (3,34), and (6, 18).

4.25 Remark [13, 14, 48] At present, the only values of h for which N (h%) > 4 is known are
those of the form m b where N(m) >4, b <13, and b ¢ {1,3}. Forn > 7, N(h") > 4
if (h,n) is not in the following table:

h n h n

1 10, 14, 18, 22,26 9 10,18, 22

2 28,30, 32, 33, 34, 35, 38, 39, 40 10 32,33, 35,38
3 6,12, 18, 24, 28, 46, 54, 62 11 10,15

4 | 20,22,24,28,30,32,33,34, 35, 38, 39,40 14 34

5 18,22, 26 17 10,18, 22

6 18,22, 24, 26 22 | 33,34,35,39,40

4.26 Table Lower bounds for N(h™) for 1 < h <20 and 4 < n < 50. See [14].

Size h of Groups

n| 1{23[4(5]6|7|8{9|10(11|12|13|14|15|16|17|18[19]|20
41 2(2(2|2(2]2(2|2]|2] 2| 2| 2| 2| 2| 2| 2| 2| 2| 2| 2
51 3131333 (3|3|3(3] 3| 3| 3| 3| 3| 3| 3| 3| 3| 3| 3
6 1|4|2|4|4|4|4(4(4] 4| 4| 4| 4| 4| 3| 4| 3| 4| 3| 4
7| 5(5|4|54|4|5|5|5| 4| 5| 5| 5| 5| 4| 5| 5| 5| 5| 4
8| 6(6|4|4]4|6|6|6|6| 5| 6| 5| 6| 6| 5| 6| 6| 6| 6| 4
9 7(5|4|6[4|4|7|7|7] 6| 7| 6| 7| 6| 6| 7| 7| 6| 7| 4
10| 2(4(4|5|4|4|6|8|3| 4| 3| 4| 4| 5| 4| 4| 3| 4| 4| 4
11 9154645678 4| 9| 5| 9| 5| 4] 9| 9| 5| 9| 4
12| 4(4(3|4|4|6|6|7|4|10| 4| 4| 4| 5| 4| 4| 4| 4| 4| 4
13111|5|5|6|4|7|6|7|8| 4{10| 5|{11| 5| 4|11|11| 5|11 4
14| 3|4(4|4|4|5|6|7|5| 4| 5|12| 4| 5| 4| 4| 4| 4| 4| 4
15| 4|4|5|4|4|5|5|6|4| 4| 4| 5| 4| 4| 4| 6| 4| 4| 4| 4
1614 (4(4|4|4|4|6|7|8| 4[10| 5|12| 4| 4|14|14| 4|14\ 4
17115|5(4|6|4|4|6|7|8| 4{10| 5|{12| 6|15|15|15|14|15| 4
18| 3(4(2|4|3|2|6|7|3| 4| 5| 5| 4| 5| 4|16| 3| 4| 4| 4
1911755645678 7[10| 5|12 5| 4|15|16| 5|17| 4
20| 4(4|14|3|4|5(6|7|5| 4| 5| 5| 4| 5| 4|15| 4|18 4| 4
21| 4(4|5(4(4|5(5[4|7| 4| 4|14 4| 4| 4| 4| 4| 4| 4] 4
22| 3(4|14|3(3(3[4[4|3| 4| 4| 4| 4| 4| 4| 4| 3| 4| 4] 4
23(21(5|4|6(4(4(6|7|8| 4|10 9|12| 5| 4|15|16| 5|18 4
24| 6]4|13(3|4(3|6|7|6| 4| 6| 5| 6| 5| 4|/15| 6| 4| 6| 4
25(23|6|5(6(4(4|6|7|8| 4|10 5|12| 6| 5|15|16| 6|18 4
26| 3(4|4(4(3(3(6|7|4| 4| 5| 5| 4| 5| 4|15 4| 4| 4] 4
27125(5|14|6(4(4(6|7|8| 4(10| 5|12| 5| 4|15|16| 5|18 4
28| 4(3|2|3|4(5(6|7|4| 4| 5| 5| 4| 5| 4|15 4| 4| 4] 4
29(27]16|5|6({4(5|/6|7|8| 4|10 5|12 6| 4|15|16| 6|18 5
30| 413|5(3|4(5|6|7|4] 4| 5| 5| 4| 5| 4|15 4| 4| 4| 5
31(29|5|7|6|4(5|/6|7|8| 4|10| 5|12| 5| 4|15|16| 5|18|23
3213013|6(3|4(5|6|7|8| 3|10| 5|12 5| 4|15|16| 4|18 4
33 413|7(3|4(5|6|7|4] 3| 5| 5| 4| 6|14 15| 4| 4| 4| 4
34| 43|43 (4(4(4]4|4| 4| 4| 4| 4| 3| 4| 4| 4| 4| 4] 4
35| 4 (3|43 (4(4(4(4|4| 3| 4| 4| 4| 4| 4| 4| 4| 4| 4] 4
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Size h of Groups
n| 112(3[{4|5|6|7[8{9|10(11|12|13|14|15|16|17|18|19]20
36| 7|4|4(414|5|6|T|T7| 4| T| b 7| 4| 4] 7| 7| 4] 7| 4
37135|6|7|6]4|4|6|7|8| 4|10| 5|12| 6| 4|15|16| 6|18| 4
38| 4|3|4(3(4|4|6|7(4| 3| 5| 5| 4| 5| 4|15| 4| 4| 4] 4
39| 4(3|5(3|4(4|4(4|4] 4| 4| 4] 4| 4| 4| 4| 4| 4| 4| 4
40| 6(3|4|3|4|4|6|6|6| 4| 6| 5| 6| 5| 4] 6| 6| 4| 6| 4
41139(6(4|6|4|4|6|7|8| 4(10| 5|{12| 6| 4|15|16| 6|18| 4
42| 414(4(4(4(4|6|7|4| 4| 5| 5| 4| 5| 4|15| 4| 4| 4] 4
43141 |5|7|6|4|5|6|7|8| 4(10| 5{12| 5| 4|15|16| 5|18| 4
44| 4(4(4|4|4|4|6|7|4]| 4| 5| 5| 6| 5| 4|15| 4| 5| 6| 4
45| 5|3 |4|4|4|4|5|5|5| 4| 5| 5| 5| 4] 4] 5| 5| 6| 5| 4
46| 4|4 (3(4(4|4|5|5(4| 4| 5| 5| 4| 4| 4| 4| 4| 4| 4] 4
47145|5(4|6|4|4|6|7|8| 4(10| 5|{12| 5| 4|15|16| 5|18| 4
48| 7|4 (4|4|4|4|6|7|7| 4| 7| 5| 7| 5| 4|15 7| 4| 7| 4
491476 |4|6|4|5|6|7|8| 410 5|{12| 6| 4|15|16| 6|18| 4
50| 5|5|4|4]14|5|6|7|5| 5| 5| 5| 5| 5| 5|15| 5| 5| 5| 4
See Also
6II1.3 Incomplete MOLS are used to construct MOLS.
§I11.6 Orthogonal arrays of higher index are analogues of transversal
designs and OAs of index one.

§IV.1, TDs and I'TDs provide numerous ingredients for the construction

§IV.2 of PBDs and GDDs.

eVI.17 Difference matrices, quasi-difference matrices, and V(m,t) vec-

tors are used to construct MOLS and IMOLS.

[543] Contains a discussion of construction methods for IMOLS.

[721] The first paper on MOLS with holes.

[1079] Contains a nice section on MOLS with holes.

References Cited: [13,14,28,48,197,341,543,721,798,869,1079,1085,1966, 1980]

5 Self-Orthogonal Latin Squares (SOLS)

NORMAN J. FINIZIO

L. Zau

5.1

5.2

5.1 Definitions, Examples and Equivalent Objects

transpose.

A self-orthogonal latin square (SOLS) is a latin square that is orthogonal to its

Theorem A self-orthogonal latin square of order n (SOLS(n)) is equivalent to (1) an
orthogonal array of strength two and index one, OA(4,n) that is invariant under the
row permutation (12)(34) (see §3.2), (2) a (2,1, 3)-conjugate orthogonal latin square
(or quasigroup) of order n (a latin square that is orthogonal to its (2, 1, 3)-conjugate)
(see §2), and (3) a spouse avoiding mixed doubles round robin tournament (SAMDRR)

with 7 couples (see §VI.51.11 and Construction VI.51.79).
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5.3

5.4

5.5

5.6

5.7

5.8
5.9

5.10
5.11

5.12

Examples Self-orthogonal latin squares of orders 4, 5, 7, 8, 9. A SOLS(11) is given in
Example 1.117.

159624873

1765432 ;3Iggg§i 826973514

13492 15432 3217654 68317245 213798465
4913 32154 5432176 86542713 732489156
9431 54321 7654321 11285367 684351927
31924 21543 2176543 297458631 371546298
43215 4321765 53824176 948265731
6543217 35671428 495137682

567812349

Remark A self-orthogonal latin square has at least one transversal, its main diagonal.
So, any self-orthogonal latin square can be made idempotent by renaming the symbols.

5.2 Existence and Basic Constructions

Remark Any self-orthogonal latin square of order 4 or 5 is isotopic to those in Example
5.3.

Examples SOLS(10) and SOLS(14) generated as 1-diagonally cyclic latin squares. In
the SOLS(14), 10, 11, and 12 are replaced by a, b, and ¢, respectively.

083 c925a60b1l4axT

z1940a360Db7c¢c2538
028671543 6 x2ab1b47c¢c8039
51307x8264 4 723b62c¢cb58091a
7624182035 25824 c¢c730691atd
4873520xz16 b369x5084174a?32c
25084631axT7 3c47ax6195281Db0
r 361057428 c4058bx72a6391
3x 47216850 a 05169 cx830b742
6 45832701 5b1627a0xz94c¢c83
17526043282 96 c2738b1lxabd04
801234567« 1a703849c¢c2axb6b

72b81495a03zxc¢c6

89 abc01234567«x

Theorem If ¢ is a prime power (¢ # 2), then there exists a SOLS(q) that can be
constructed directly in F,. (See Constructions 5.44 and 5.45).

Theorem If a SOLS(m) and a SOLS(n) exist, then a SOLS(mn) also exists.

Theorem Suppose that a PBD(v, K, 1) exists and that, for each k € K, a SOLS(k)
exists. Then a SOLS(v) exists.

Theorem [322] Self-orthogonal latin squares exist for all orders n ¢ {2,3,6}.

Remark Because a PBD(v, {4,5,7,8,9,11},1) exists for all v > 4, where v & {6, 10,
12, 14, 15, 18, 19, 23, 26, 27, 30} (see Table V1.3.23), the proof of Theorem 5.10 can be
reduced to orders v € {10, 12,14, 15,18,26,30}. SOLS(v) for v € {12,15,18,26,30}
are presented in §5.8. SOLS(10) and SOLS(14) are given in Example 5.6.

Theorem Let G be an additive abelian group of order m and let X = {z1,x2,...,z,}
be an n-set disjoint from G. Consider the elements of X as infinite elements (z+¢g = «
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5.13

5.14

5.15

5.16

5.17

for any « € X and g € G). Suppose that vector e = (ey, ez, ...,en) based on G|JX
and vectors f = (f1, fo,..., fn) and g = (91,92, ..., gn) based on G satisfy

1. {61,62, .. .,em}U{fl,fQ, .. ;.fn} = GUX,

2. {e1—l,ea—2,...,e;m —m}U{91,92,-- -, 9n} = GUX, and

. {em—i—ei+i:1<i<myeemi € GHHE(fi —9i):1<i<n}=G.
Then there is a SOLS(m + n) missing a sub-SOLS(n), denoted by ISOLS(m + n,n).
Further, if a SOLS(n) exists, then a SOLS(m + n) also exists.

Remark In Theorem 5.12, if G = Z,, and X = (), then the SOLS is diagonally cyclic.
If G =7y, and | X| =1, the SOLS is 1-diagonally cyclic (see §1.11).

5.3 Holey SOLS

A holey SOLS (or frame SOLS) is a self-orthogonal latin square of order n with n;
missing sub-SOLS (holes) of order h; (1 <4 < k), which are disjoint and spanning
(that is, Y, c;<p nih; = n). It is denoted by HSOLS(h]" ... h;*), where AT .. hp*
is the type of the HSOLS.

Example HSOLS(24), HSOLS(241'), and HSOLS(2°1'). (An HSOLS(2%) is given in
Example 5.53.)

56 b9a3 784

6 897354 65a73485b9

ggggig 7589643 b a 8259617
68 7159 8 6 71925 89 2b1657a
85 276 1 57 28196 975 8 4a231
377138 9 4 4917 238 3b7a 91428
7482 13 9382 417 46ab9l 35 2
562173 645932 1 ad52914 b6 3
4136512 359614 2 631748%b2 )
78214356 54817320 6
78923a6514

Example HSOLS(163!2!) [2212] and an HSOLS(243'). The HSOLS(2%3!) is based on
Zgs|J{a, b, c} constructed 3-diagonally cyclic modulo 8. The holes are based on {0,4},

{1,5}, {2,6}, {3, 7}, and {a,b, c}.

752a94b368 73c 2bal6hb
6] |8 73 al5b49 a 04c¢c 30276
94| |[a 81 b2657 b a 15e¢ 4307
5b9| |[T26a1l1l83 5ba 26¢c¢c 410
76063 824a91 6ba 37cbdH2l1
b8491 a3 572 c 7ba 40632
3a610b5 2 4 le O0Oba 5743
41a620D 35 6 2 c 1ba 054
ab52b43 16 23456701

897564312 3456701

2318975614 70123456

Example HSOLS(2%u!) for w = 3 or 4. The square is based on Zio|J X, where
X ={a,b,c} or {a,b,c,d}. It is constructed 3- or 4-diagonally cyclic modulo 10. The
holes are based on {0,5}, {1,6}, {2, 7}, {3,8}, {4,9}, and X.
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5.18

5.19

5.20
5.21

5.22
5.23

5.24

5.25

5.26

7ab3 c86d2914
3871 9 ¢ a2 46

d 8 ab 4 c 973025
a 498 2 0cb357

8 d 9a bbb 04136
b a 509 3 1 ¢c468

19d 0abé6 cb5247
cba 6104 2579

c20d labdbT7 6 358
3¢cba 7215 6 80

c31d 2ab874609
4 ¢ b a 8326791

9 c42d 3ab8570
7 5¢ba 943802

b0 cb53d 4 a0 9681
4 8 6 ¢ ba 05913

a b1l c 6 4d 50792
6 59 7¢cba 1024

6 a b2 c75d 1803
2760 8 ¢ ba 135

4567890123
1234567890

2345678901
8901234567
9012345678 7890123456

3456789012

Theorem
1. If there exists an HSOLS(a"b'), then n > 1 + 2b/a.
2. [2174] For n > 4 and a > 2, an HSOLS(a™b') exists if 0 < b < a(n — 1)/2 with
possible exceptions for n € {6,14, 18,22} and b = a(n — 1)/2.

5.4 Incomplete SOLS

An incomplete SOLS is a self-orthogonal latin square of order n missing a sub-SOLS
of order k, denoted by ISOLS(n, k).

Example An ISOLS(7,2) is shown on the right.

024xy13
Remark An ISOLS(n, k) is equivalent to an HSOLS(1"~*k1). y130x24
An ISOLS(n,1) or an ISOLS(n,0) is equivalent to a SOLS(n). Xxy24130
Remark If there exists an ISOLS(n, k), then n > 3k + 1. f ’5 y 3 Z 3 ;
XYy
Theorem [2174] There exists an ISOLS(n, k) for all values of 34012
n and k satisfying n > 3k+1, except for (n, k) = (6,1), (8,2) 40123

and possibly excepting n = 3k + 2 and k € {6, 8, 10}.

5.5 SOLS with Additional Properties

If a SOLS is superimposed with its transpose and if pair (4, ) is in position (z,y)
whenever the pair (z, y) is in position (i, j), then the SOLS has the Weisner property.

Example A SOLS(4) with the Weisner property. The second square is a superimposed
SOLS(4) in which the Weisner property is readily seen.

1342 11 34 42 23
4213 43 22 14 31
2431 24 41 33 12
3124 321321 44

Theorem The existence of a SOLS(n) with the Weisner property is equivalent to the
existence of a Schroder quasigroup of order n (a quasigroup satisfying the identity
xy - yr = x) (see Proposition 2.47).



111.5.6 SOLS with a Symmetric Orthogonal Mate (SOLSSOM) 215

5.27

5.28

5.29

5.30
5.31

5.32

5.33

5.34

5.35

5.36

5.37

Theorem [201, 580] A SOLS(n) with the Weisner property exists for precisely all
positive integers n =0 or 1 (mod 4) except for n = 5.

Theorem [201, 580] An idempotent SOLS(n) with the Weisner property exists for
precisely all positive integers n =0 or 1 (mod 4) except for n = 5 and 9.

Theorem [201] An idempotent ISOLS(n, 2) with the Weisner property exists for pre-
cisely all positive integers n = 2 or 3 (mod 4), n > 7, except for n = 10.

‘A SOLS is semisymmetric if the quasigroup satisfies the identity z(yz) = y.

Example SOLS(n) with the semisymmetric property for n =4 and 7.
0362 4

o N W

N W
=W N

W N

N =~ O = W Ot
TULO N = O~
—= W Ot O N
= o= W oto
O N O WOt
WOt O N = O~
Y= WUt O N

Remark The existence of a SOLS(n) with the semisymmetric property is equivalent
to the existence of a self-orthogonal Mendelsohn triple system of order n (see §VI.35).

Theorem [206] A SOLS(n) with the semisymmetric property exists for all positive
integers n = 0 or 1 (mod 3) except for n € {3,6,9, 10,12} and possibly for n = 18.

5.6 SOLS with a Symmetric Orthogonal Mate (SOLSSOM)

A SOLSSOM(n) is a pair (S, M) such that S is a SOLS(n) and M is a symmetric
latin square of order n that is orthogonal to both S and the transpose of S. A
SOLSSOM(n) (S, M) is regular if M is (1) idempotent if n is odd and (2) unipotent
with m;; = n if n is even.

A transversal SOLSSOM(n) is such that both S and M are diagonally cyclic if n is
odd and 1-diagonally cyclic if n is even.

Example A regular, transversal SOLSSOM(5).

04321 0 314 2

2104 3 31420

S=143210 M=l1420 3

10432 42031

3210 4 20314

Example A regular SOLSSOM(9).

195843627 132798465
627195843 321987654
843627195 213879546
951438276 798465132
S=1276951438 M=l9g87654321
438276951 879546213
519384762 465132798
762519384 654321987
3847625109 546213879
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5.38 Example SOLSSOM(12).
1 3810712114 6 9 2 5 12118 76 2 3 5101 4 9
429 7118 312105 6 1 11127 8 1 6 5 4 2109 3
6123 1 9 2 5104 7 811 8 712114 5 6 1 3 910 2
1152 41109 6 8 3127 7T 811125 3 26 9 4 110
1016 95 7122114 3 8 6 1 4 51211109 8 2 3 7
29105 8 6 1113127 4 M= 1265311129101 8 7 4
S = 811123104 7 51 6 9 2 356 210912114 7 8 1
127 4113 9 6 8 52 110 5416 91011127 3 2 8
3871225101 9114 6 102 3 9814 712116 5
74118 6 1 2 912105 3 1109 4 2 8 7 311125 6
5101 6123 4 7 2 8119 49101 378 26 51211
96 524118 3 7 11012 93 2107 418 5 61112
Example A regular, transversal SOLSSOM(4).
0 0o 1 2 o 2 1 0
g_[2 1 o 0 Mo|2 0 0 1
o 0 2 1 1 0 o0 2
1 2 0 0 1 2 o

5.40

5.41

5.42

5.43

5.44

5.45

5.7 Existence of SOLSSOMs

Theorem [17, 209] Regular SOLSSOM(n) do not exist for n € {2,3,6} but do exist
for all other positive integers n with the possible exception of n € {10, 14}.

Remarks Whenever a SOLSSOM(n) is known, a regular SOLSSOM(n) is also known.
Hence, Theorem 5.40 gives the current existence result for SOLSSOM(n) as well.
Authorities for the existence of SOLSSOM(n) for n < 100 are [140, 210, 756, 1458,
2117, 2210].

Theorem If there exists a SOLSSOM(m) and a SOLSSOM(n) with n odd, then there
exists a SOLSSOM(mn).

Theorem [30, 38, 99] Let p and p; denote primes of the form 4¢ 4+ 1. There exist
transversal SOLSSOM(n) for the following cases:

1. n=6kx1,k>1(S=(s;)=(2i—j) (mod n) and M = (m;;) = (%—i—%) (mod

n))’
2. n =32t 41, m>0;
3. n=3"" m>1;
4. n:Hfle?“, m; > 1, k>1;
5. n:3]_[f:1p?“ +1, m; > 1;
6. n=3gp™, g€ {4m+3: 1 <m < 11}U{67,87, 127,147, 187, 247, 287, 307, 327}
Ton=qll_, P +1, g€ {4m+3: 1 <m <24} \ {11,87},p; > 29, m; > 1;
8. ne{dm: 1<m<33,m=#3};
9. ne{dm+1: 1<m<37,m#2}.

Construction There exist idempotent SOLSSOM(q) for any odd prime power q. Let
S = (sij) = (wi+ (1 —wu)j) and M = (my;) = (5 + 3) where i,j € F, and u €
F, \ {0,1,% .

Construction There exist SOLSSOM(q) for any even prime power ¢ > 4. Let S =
(sij) = (ui+ (1 —w)j) and M = (my;) = (¢ + j) where 4,5 € F, and u € F, \ {0, 1}.
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5.46

5.47

5.48

5.49

5.50

5.8 SOLSSOMs of Orders up to 30

Remark SOLSSOM(n) for n = 4,5,9, and 12 are given in §5.6. A direct construction
for SOLSSOM(n) when n = 6k + 1,k > 1 is given in Theorem 5.43(1). A direct con-
struction for a SOLSSOM(7) and a SOLSSOM(27) is given in Construction 5.44, and a
direct construction for a SOLSSOM(8) and a SOLSSOM(16) is given in Construction
5.45. Direct constructions for the remaining orders of n < 30 for which SOLSSOMs
are known to exist are given here.

Remark If (S, M) is a transversal SOLSSOM(n), then if n is odd both S and M can
be determined by merely presenting their respective first rows. If n is even, then the
entry in the cell s,1 may also be given (as the squares are 1-diagonally cyclic). Let
Sl = (511512513 s Sln) and Ml = (m11m12m13 s mln) be the first rows of S and M.

Table Transversal SOLSSOM(n) for n € {15, 20, 21, 24, 28}.

15: Sy =(0,7,3,1,14,8,10,12,4,2,9,13,6,5, 11)
M, = (0,2,5,10,13,11,14,4,12,8,6,9,7,3,1)

200 S; = (110148005290613171641231511718) s, = 14
M, =(001131283166151457181017491102)

21: S =(112161117854137206019101518392 14)
M, =(101910913121824314161511685 7 17 20)

24: S; =(12192217101661938001422018712405131511) s,1 = 23
M; =(00122191091418132117315712511846 16200 2)

28: 51 =(1717194323211311141024922622625001251518082016) sp1 = 24
M; =(002321111181012147262003171591625654 132481922 2)

Remark Some SOLSSOM(n) for orders n not covered in Remark 5.46 or Table 5.48 can
constructed by choosing both S and M to be standard 4-diagonally cyclic latin squares.
If (S, M) has this structure, then, as described in §II1.1.11, it is only necessary to give

the first rows S1 and M; of each; cells Soo, ; Sooys Scoss Scoy; annd the corner subsquares
Seo and Mo, (described in Remark I11.1.124).

Table Regular SOLSSOM(n) for n € {18,22,26,30}. Each of these squares is of
the type described in Remark 5.49. To construct the matrix M, one further rule is
applied: if mi; = 002, then mit1,541 = 003, and if m;; = 003, then Mit1,541 = Q2
(0 <14,5 <n-—>5). All arithmetic on subscripts is modulo n — 4. Let

01 |004 |02 (O3 Oyg | OO] [CO2 | O3
003|002 004|001 001 | 004 | OO3 | O02
Soo = 004|001 | 003|009 Moo = 009 | 003 | 004 | 0071
002|003 |01 |04 03 | 02 | 01 | O04

n=18:

S1=(180131211321000400300200149657),

(80015 00z 1 So0gs So0y) = (0,4, 13, 3),

M; = (004 002136974007122531100301081).

n=22:

S1=(110017161597 12258 14 004 001 002 003 634 11 13),
(80015 002+ So0gs So0y) = (5,6, 8,17),

M; = (004 00201131410135007 15649178 16 003 1217 2).

n=26:

S1=(110021201916131114172121598 6 004 003 009 001 18547 3),
(Sooy s Scos s Scogs Seoy) = (8,11,21,4),

M; = (004 002010171481811240071163151129137200035211965).
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5.51

5.52

5.53

5.54

5.55

5.56

5.57

5.58

5.59
5.60

n=30:

S1=(180252423512161922131529212014 186 11 004 003 009 001 10347 17),
(5001550023500335004) = (14393 16a 19)a

M; = (004 00201032118201914621 007 1517225111312162572400323849).

5.9 Holey SOLSSOMs

A holey SOLSSOM (or frame SOLSSOM) is a holey self-orthogonal latin square S
of order n and type hi'...h}*, together with a symmetric partitioned latin square
M of order n and type hi'...h;*, satisfying the property that when superimposed,
the ordered pairs are exactly those pairs of symbols that are from different holes. A
holey SOLSSOM with this structure is denoted by HSOLSSOM (h}*...h;*), where
hi*...hp* is the type of the HSOLSSOM.

Theorem [209, 210, 869] An HSOLSSOM of type h™ with h > 2 can exist only if n > 5;
in addition if /& is odd, n» must be odd. These necessary conditions are sufficient except
possibly for (h,n) € {(6,12), (6,18)}.

Example HSOLSSOM(25).

105 9 8 3 64 7 78 3 4 9105 6
6 9 7105 48 3 8 7 4 31096 5
6 9 2 7 1105 8 78 9105 61 2
10 5 8 1.9 27 6 8 7 109 6 52 1
5771081 4 93 2 M=|3 4 910 1 27 8
9 8 27 10 31 4 4 3109 218 7
54 9 210 3 6 1 9105 6 1 2 3 4
36 1104 9 2 5 109 6 5 2 1 4 3

8 3 76 14 25 5 6 1 2 7 8 3 4

4 75 8 3 2 61 6 52 1 8 7 4 3

5.10 Related Designs

Theorem Regular SOLSSOM(n) exist if and only if there exists a resolvable spouse
avoiding mixed doubles round robin tournament for n couples (see §VI.51.11).

Theorem If there exists a regular SOLSSOM(n), then there exists a triplewhist tour-
nament for 4n players (see §V1.64.3).

Theorem If there exists a (Z-cyclic) TWh(n) or if there exists a (Z-cyclic) directed
whist tournament DWh(n) on n players, then there exists a transversal SOLSSOM(n).

A k-SOLSSOM(n) is a set {(S1, Sa, . .., Sk} of self-orthogonal latin squares, together
with a symmetric latin square M, for which {S;,S¥ : 1 <i <k} U{M} is a set of
2k + 1 MOLS(n).

Theorem [1086] For any odd prime power ¢, there exist ((¢ —3)/2)-SOLSSOM(g). In
addition, for n > 1 there is a (2! — 1)-SOLSSOM(2").

Theorem [10] There exist 2-SOLSSOM(n) for all n > 700.

Remark [10] There exist 2-SOLSSOM(n) for any odd integer n > 7 except possibly
for n € {15, 21, 33, 35,39,51,65,87,123, 135}.
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See Also
§I1.7 Resolvable and near-resolvable designs.
§III.1 SOLS are special types of latin squares.
6II1.3 SOLS are examples of MOLS.
§VI.64 Whist tournaments.
[92] Basic facts on SOLS.
[816] Explicit constructions for some small SOLSSOMs.

References Cited: [10, 17,30, 38, 92, 99, 140, 201, 206, 209, 210, 322, 580, 756, 816, 869, 1086, 1458,

2117,2174,2210,2212]

6 Orthogonal Arrays of Index More Than One

MALcoLM GREIG
CHARLES J. COLBOURN

6.1

6.2

6.3
6.4

6.5

6.6

6.7

6.8

6.1 Definition and Equivalent Objects

An orthogonal array of size N, with k constraints (or of degree k), s levels (or of
order s), and strength t, denoted OA (N, k, s,t), is a k x N array with entries from
a set of s > 2 symbols, having the property that in every ¢ x N submatrix, every
t X 1 column vector appears the same number A = N times. The parameter A is the
indez of the orthogonal array. An OA(N, k, s,t) is also denoted by OA,(t, k,s). If ¢

is omitted, it is understood to be 2. If A is omitted, it is understood to be 1.

Remark If one takes the key property that for any given ¢ x N submatrix, every
possible ¢ x 1 column vector appears the same number of times, then this property
can hold even if the number of symbols used varies from row to row. Such designs are
mized orthogonal arrays or asymmetric orthogonal arrays. See also §II1.7.4. If there
are n; rows with s; symbols, the notation Ly (s]'s52...) is used, where k = > n,.

Remark In this chapter, only OAs of strength two and arbitrary index are treated.

An (n, k; M)-net is a set X of An? points together with a set D of kn subsets of X
(blocks) each of size An. The set of all blocks is partitioned into k parallel classes,
each containing n disjoint blocks. Every two nonparallel blocks intersect in A points.

Remark Alternative names for an (n, k; \)-net are affine resolvable 1-design or affine
1-design. Here the adjective affine indicates that every two nonparallel blocks intersect
in the same number of points.

Theorem An OA)(k,n) is equivalent to a TDy(k,n) and an (n, k; A)-net (the dual
structure).

An OA ) (k,n) is class-regular or regular if some group I' of order n acts regularly on
the symbols of the array.

Theorem A class regular OA ) (k, n) is resolvable and hence gives an OAx(k + 1,n).



220 Orthogonal Arrays of Index More Than One 1.6

6.9

6.10

6.11
6.12

6.13

6.14

6.15

6.16

6.17

6.18

6.19

6.20
6.21

6.22

6.23

6.2 Existence

Theorem (Bose—Bush bound) An OA,(k,v) exists only if k < {%J Moreover, if
A—1=b (modv—1)and 1 <b<wv—1, then

p < VUQ_IJ ~ {\/1+4v(v—1—b)—(2v—2b—1)J .

v—1 2

Example For asymmetric OAs, a Bose-Bush type bound is also available. Consider
a possible L3g(2123'2), so N = 36 and k = 24. Let R = Y  N/s; = 360; let Q =
5" N/s;% = 156. It is necessary that (“5')(N—1)—a(R—k)+(R?/N-Q)/2— (g) >0

for any integral v, and, in particular, for « = {%J . Here 35(120)—9-336—1-1722—276 =
—3, so the OA is not possible. An L3g(2'13'2) exists [2208].
Theorem A Hadamard matrix H(4n) is equivalent to a TD,,(4n — 1, 2).

Theorem [1905] An affine resolvable 2-design with parameters 2-(v, k, \) exists only
if there are integers n > 2 and y > 0 for which v = un?, k = un, and A = ‘;l"—:ll
Such an affine design is denoted AD(n, u); every two nonparallel blocks intersect in
points. An AD(n, p) is equivalent to an OA,,(¢,n) where £ = (un? —1)/(n — 1).

Remarks Theorem 6.12 characterizes, in one sense, the upper bound in Theorem 6.9.
Ounly two families of AD(n, 1) are known:

e AD(q, ¢") for ¢ a prime power, n > 0, are the affine geometries (see §VII.2.4).
o If a Hadamard matrix of order 4n exists, its Hadamard 3-design is an AD(2,n).

Shrikhande [1905] conjectures that no others exist.

An a-parallel class in an OAx(k,n) is a set of an columns, so that each of the
n symbols occurs in each row « times within these columns. An OA,(k,n) is a-
resolvable if its columns can be partitioned into a-parallel classes.

Theorem If an a-resolvable OA(k, n) exists and a S-resolvable OA,(k’, n) exists for
which p = 2= then an afn-resolvable OA,(k + k', n) exists.

an’
Theorem Let p be ilprime and u > 0, v > 1 be integers. Let s = p¥ and d = [ ].
s —1

Then an OAp. (p" Sr—z=r + 1, 5) exists.

Theorem Let ¢ be a prime power and n > 0 be an integer. Then there exists an
ntl

OAggn (24 —= — 1,9).

Theorem [1643] If there exists an OAx(k1,s) and a (s, ke; p)-difference matrix, then

there exists an OA s (k1ka+1, s). Moreover, if the OA (k1, s) is completely resolvable,

and an OA ), (ks, s) exists, then there exists an OAy,s(ki1ks + k3, s).

Theorem [1643] If an OA (K1, s) and an OA,(k2, s) both exist, then an OAy 52 ((k1 +
1)(k2 + 1) — 1, s) exists.
Theorem [1041] A TD,(7,n) exists for all A > 2 and n > 2.

Theorem [6, 21, 528] For A > 2, a TD,(8, n) exists except when A = 2 and n € {2, 3},
and possibly when A = 2 and n = 6.

Theorem [21, 528] For A > 2, a TD (9, n) exists except when A =2 and n € {2, 3}, and
possibly when A = 2 and n € {6, 14, 34, 38,39, 50,51,54,62}; A = 3and n € {5,45,60};
and A =5 and n € {6, 14}.

Theorem [21, 22] A TD,(10,7n) exists when A = 3 and n ¢ {5, 6, 14, 20, 35, 45, 55,
56, 60, 78, 84, 85, 102} and when A = 9 and n # 35.
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Tables for Existence

6.24 Theorem [1780] For fixed positive integers k and n, there exists an integer Ag such

that for all A > Ao, a TDx(k, n) exists.

6.25 Table Upper and lower bounds on k in OA(k,n) for 1 < A < 18 and 2 < n < 50.

6.3 Tables for Existence

Entries for which the upper and lower bounds match are shown in bold face.

n\A

12345 6 7 8 9 10 11 12

13 14 15 16 17 18

2

3

10

11

12

13

14

15

16

17

18

19

20

21

22

23

3 71115

4 7 1316
13
9 1421
13
1117 23
8 21
13 20 27
7 9 13
15 23 30
10 29
17 26 34
10 33
1019 29 38
28 37
9 213242
4 1012 10
1223 35 46
12 45
13 25 38 50
7 1214 12
1427 41 54
14 53
12 29 44 58
5 8 9 14
16 31 47 62
6 917 9
1733 50 66
18 65
183553 70
18 69
19 37 56 74
5 1810 18
203959 78
20 77

5

8

9

19

22
10
25
10
31

34
8
38
12
43
10
48
19
53
10
o8
12
63
12
68
14
73
8
78
17
83
18
88
18
93
10
98
20

23 27 31 35 39 43 47 51 55 59 63 67 71

25 31 79
13
37
13
42
16 18
43 49
129
46 57
19
52
17
o8
95
64
20
70
23
76
24
81
27
87

34
25
41

40 43
31
53
21

61

49
13
o7
13
67
18
70 79
129
79 87

52
49
62
61
73
26
85

o8
14
69
21
81
26

61
25
73
o7
86

67
37
78
22
92 98
21 43 81
92 99 106 115
19 11 17 13 25 11
95 106 113121 128 136
19 29 50 29 36 38 29 64
90 98 107 116 125 137 145 154 162
41 33 33 26 65 57 41 73
100 110 119 129 139 149 159 172 181
37 37 109 50 55 55 82 73

86 97 111 121 132 142 153 164 175 186 197
11 12 12 11 28 12 12 12 19 12 30
93 105118133 144 156 167 179 191 202 214
45 20 31 45 45 31 45 45 45 31
101114127 141 157 169 182 194 207 220 232
12 24 14 12 31 43 12 24 14 47 24 24
95 109123137 151 165183 196 210 223 237 250
14 53 20 27 24 85 28 66 53 53 40
102117132147 162 177 192 211 225 240 254 269
27 9 28 10 15 9 27 10 27 11 55 10 42
93 109125141 156 172 188 205 221 241 256 272 287
30 9 30 17 17 17 32 17 30 31 59 36 30
99 116133149 166 183 200 217 234 252 273 289 306
33 18 129 18 33 18 65 18 33 91 34 145
105123 141 158 176 194 212 230 248 266 285 307 324
35 18 69 20 35 24 69 28 35 32 273 40
111130149 167 186 205 224 243 262 281 300 320 343
35 10 18 11 19 11 38 11 19 19 19 18 35
117137157176 196 216 235 255 275 295 315 336 357
39 20 77 20 39 24 77 28 39 32 77 32 55

70
49
85

76
25
89
37
106
36
121

30
17
36

46
37
56
21
63
11
72
29
81
22
91

94
37
111
91
128
19
144

48
26
56
13
64
29
61 73
o7
68
28
75
12
81
12
88

78
73

21 41 62 82 103123 144 165 185 206 227 247 268 289 310 331 352 374

6 9 911 9 39 9 11 11 11

9 42 11 11 13 21 11 58

19 43 65 86 108 129151172194 216 238 259 281 303 325 347 369 391
79119 9 13 9 42 11 10 11 44 10 13 12 83 11 15
20 45 68 90 113135 158180203 226 248 271 294 317 340 363 386 409
5 9 2412 24 44 12 24 24 24 24 44 24 24 24 24 24 44
244771 94 118141165188 212236 259 283 307 331 354 378 402 426

2493 24 47 24 185 24 47 24 93 28 47 32 185 32 47
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1.6

n\A

1

2

3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

25
9

49
24

26 51

27
6

93
26

28 55

29
7

o7
28

30 59

27
6

61
30

32 63

33 65

30
7
35
6
36
7
37
10

67
9
69
8
71
9
73
10

38 75

35
6
40
7
41
9

7
8
79
8
81
11

42 83

39
7

85
42

74 98 123147172196 221 246 270 295 320 345 369 394 419 444
26 24 24 48 24 48 26 24 26 48 24 48 26 95 26 70
77 102 128153 179 204 230 256 281 307 333 358 384 410 436 462
26 101126 51 51 201101126 51 101126 101 126 201 101 126
80 106 133159 186 212 239 266 292 319 346 372 399 426 453 480
11 26 14 51 28 26 26 26 26 51 28 28 26 27 26 51
83 110 138165 193 220 248 276 303 331 359 386 414 442 470 497
82 109 55 82 82 217244 82 82 109109 82 82 217217244
86 114 143171 200 228 257 286 314 343 372 400 429 458 486 515
10 28 10 28 10 28 10 28 10 30 10 28 12 28 12 28
89 118 148177207 236 266 296 325 355 384 414 444 474 503 533
30 117 30 59 30 233 30 59 30 117 30 59 32 233 32 59
92 122153183214 244 275 306 336 367 397 428 459 490 520 551
32 30 30 59 30 58 32 30 32 59 30 58 32 58 32 59
95 126 158189 221 252 284 315 347 379 410 442 474 505 537 569
33 125 33 63 33 249 33 63 33 125 33 63 33 249 33 63
98 130 163 195 228 260 293 325 358 391 423 456 489 521 554 587
33 129 33 65 33 257 33 65 33 129 33 65 33 513 33 65
101 134 168 201 235 268 302 335 369 403 436 470 504 537 571 605
12 14 17 65 17 17 17 17 17 65 17 17 17 23 17 65
104138 173207 242276 311 345 380 415 449 484 519 553 588 623
11 15 18 18 18 18 18 19 18 23 18 27 18 31 18 100
107 142 178 213 249 284 320 355 391 427 462 498 534 569 605 641
9 11 9 12 9 15 10 18 9 18 10 18 10 21 10 18
110 146 183 219 256 292 329 365 402 439 475 512 549 585 622 659
38 14 10 70 14 70 38 18 38 70 18 70 38 70 38 106
113150 188225 263 300 338 375 413 451 488 526 563 601 639 676
38 149 38 75 38 297 38 75 38 149 38 75 38 297 38 75
116 154 193231 270 308 347 385 424 463 501 540 578 617 656 694
11 15 19 20 20 20 20 20 20 23 20 27 20 31 20 35
119 158 198237 277 316 356 395 435 475 514 554 593 633 673 712
13 13 10 14 13 14 14 14 13 25 14 14 14 25 14 27
122162 203 243 284 324 365 405 446 487 527 568 608 649 690 730
42 13 11 78 13 78 42 17 42 78 17 78 42 78 42 78
125166 208 249 291 332 374 415 457 499 540 582 623 665 707 748
42 165 42 83 42 329 42 83 42 165 42 83 42 329 42 83
128 170 213 255 298 340 383 425 468 511 553 596 638 681 724 766
44 42 42 82 42 42 44 42 42 82 42 42 44 42 42 124

44 87 131174218261 305 348 392435 479 522 566 610 653 697 741 784

45
7
46
8
43
6

89
9
91
10
93
10

48 95

49
10

97
48

50 99

44 173 44 87 44 345 44 87 44 173 44 87 44 345 44 87
134178223267 312 356 401 445 490 534 579 624 668 713 758 802
12 16 10 87 12 21 12 16 12 87 12 21 19 23 12 87
137182228273 319 364 410 455 501 546 592 638 683 729 775 820
8§ 11 10 12 14 19 13 19 11 21 12 18 28 21 14 19
140186 233279 326 372 419 465 512 558 605 652 698 745 791 838
11 15 19 23 24 24 24 24 24 48 24 27 24 31 24 136
143190 238 285 333 380 428 475 523 570 618 666 713 761 808 856
48 189 48 95 48 377 48 95 48 189 48 95 48 377 48 95
146 194 243 291 340 388 437 485 534 582 631 680 728 777 825 874
13 48 13 95 13 48 17 48 17 95 17 48 19 48 19 95
149 198 248 297 347 396 446 495 545 594 644 694 743 793 842 892
50 197 50 99 344393 99 99 197197 99 344 344 393 99 197

51 101 152 202 253 303 354 404 455 505 556 606 657 708 758 809 859 910
8§ 9 11 15 19 99 26 26 26 26 26 99 26 27 26 31 26 148




111.6.3

Tables for Existence

223

6.26 Table Lower bounds on k in OA(k,n) for 19 < A < 36 and 2 < n < 50. Upper and
lower bounds that match are shown in bold face.

n\\

19

20

21

22

23

24 25 26 27 28 29 30 31

32 33 34 35 36

2

03O U= W

11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50

75
31
21
21
13
50
33
50
12
45
24
53
11
17
65
66
18
381
13
11
24
32
26
101
28
82
12
32
32
33
33
17
18
10
38
38
20
14
42
42
42
44
16
14
24
48
19

79
37
46
121
26
29
81
82
37
82
48
53
27
o8
65
86
70
86
7
42
24
93
93

83
46
37
31
13
73
o8
91
12
45
14
53
11
30
65
69
27
7
13
43
24
44
26

87
31
41
31
31
36
65
95
19
265
33
40
27
30
65
40
19
95
21
13
24
67
48

126 126 101

102

28

27

109 109 109

109
117
117
125
129
23
35
29
70
149
39
27
78
165
166
173
21
31
39
189
190

13
44
32
44
33
17
18
10
38
44
20
14
42
44
44
44
24
18
24
48
26

28
99
o8
63
65
23
35
18
70
75
39
14
78
83
42
87
23
19
43
95
48

91
25
37
36
13
38
o7
95
12
45
31
53
11
30
91
66
18
7
11
12
24

95
97
113

61 156

49
64
82
217
39
122
73
122
28
99
129
69
70
7
78
82
87

553 185

o7

126 217651

27
82
13
48
32
48
33
17
18
10
38
48
20
14
42
48
44
48
19
19
24
48
26

95

51

217 217

30
233
99
249
257
65
35
19
70
297
39
27
78
329
82
345
87
26
48
377
95

40
37

13
o7
o7
82
19
56
24
85
12
30
65
69
19
7
13
11
24
47
26

28

13
48
32
48
33
17
18
12
38
48
20
14
42
48
42
48
19
19
24
48
26

31 121 49
57 109 65
61 36 61
32 13 43
183 64
105 57
73 271 109

20
45
24

33
45
38

365 66

28
30

44
31

129 65

40
35
95
39
15
24
67
48

66
28
7
13
13
24
93
26

126 101

51

28

225
81

21
62
43
170
31
32
65
69
27
7
21
44
27
93
48
126
29

217757 109

28
99
99
63
65
23
35
18
70
75
39
14
78
83
82
87
21
19
47
95
95

31
48
32
48
33
17
18
10
38
48
20
14
42
48
44
48
24
21
24
48
26

43

37
37
31
13
36
o8
82
12
47
24
53
12
32
129
69
19
7
11
42
24
47
48
126
27
109
28

121
61
91
31
92
106
109
28
65
24
66
82
49
96
40
35
95
42
15
44
67
48
126
126
157
30

197 871 157

o8
125
129

23

35

21

70
149

39

25

78
165

42
173

23

21

47
189

48

32
60
33
17
18
11
38
60
20
14
42
60
44
60
21
18
24
60
26

99

37
37
43
13
o7
o7
95
19
82
31
68
14
31
91
69
19
7
13
12
24
185
48
201
28
109
28
117
32

99 103107111115119123 127

97
169
81
49
64
289
100
37
65
48
93
95
66
545
290
70
7
78
83
31
185
95
201
51
217
30
233
99

157 993 497

65
65
35
19
70
75
39
27
78
83
82
87
87
31
48
95
95

993 1057

33
18
12
38
60
20
14
42
60
42
60
19
21
24
60
26

31
35
26
70
297
39
27
78
329
166
345
41
178
47
377
190

197 197 344 344 344 393 197 197 197 344 344 344 344 393
26 39 26 43 26 99 26 51 26 51 26 99 26 51

131135139143

46
133
43
13
o7
o7
91
20
133
34
53
27
36
91

273 613

28
7
13
43
24
70
26
201
28
217
28
117
32
497
70
43
18
12
38
68
20
14
42
68
44
68
24
19
24
68
26

52
46
86
19
o7
73
307
38
56
37
74
42
69
145

27
95
21
15
27
67
70
126
29

37
41
103
13
89
64
73
27
122
31
90
28
31
65
69
19
7
13
13
24
93
48
126
28

244 217

28

28

117 233

o8
125
129
23
35
18
70
75
39
25
78
83
42
87
23
19
47
95
48

32
125
129

17

18
43

o7

72

20

14
42

72
44

72

24

28

24

72

26

197 197 344
26 51 27

157
181
101
95
127
145
361
99
67
85
87
83
o8
289
97
46
290
o8
44
44
93
93
126
51
244
30
197
99
187
187
65
100
21
106
361
39
40
78
165
124
173
87
26
136
189
95
344
148
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See Also

§I1.7 More on affine resolvable designs.

6II1.3 Orthogonal arrays of index one and strength two.

§III.7 Orthogonal arrays of strength more than two.

§VI.17 Difference matrices are extensively used in the direct construction
of orthogonal arrays.

§VI.21 Orthogonal arrays are used in the construction of factorial de-
signs.

§VI.22 Mutually orthogonal frequency squares and hypercubes are con-
structed using OAs of higher index (Theorems 22.15 and 22.16).

§VI.39 Orthogonal arrays are types of orthogonal main effect plans.

[1074] A new textbook on orthogonal arrays.

[1770] An old textbook, valuable for the early results.

References Cited: [6,21,22,528,1041,1074,1643,1770, 1780, 1905, 2208]

7 Orthogonal Arrays of Strength More Than Two

CHARLES J. COLBOURN

7.1

7.2

7.3

7.1 Examples

Remark See §6.1 for required definitions. Only the cases when ¢t > 3 are considered in
this chapter.

Example An OA;(3,4,3).

0000000001111 11111222222222
012012012012012012012012012
012120201120201012201012120
012201120120012201201120012
Example An OA4(3,16,2).
00000000000O00OOOOO1111111111111111
01010101010101011010101010101010
00110011001100111100110011001100
01100110011001101001100110011001
00001111000011111111000011110000
01011010010110101010010110100101
00111100001111001100001111000011
01101001011010011001011010010110
00000000111111111111111100000000
01010101101010101010101001010101
00110011110011001100110000110011
01100110100110011001100101100110
00001111111100001111000000001111
01011010101001011010010101011010
00111100110000111100001100111100
01101001100101101001011001101001
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7.4

7.5

7.6

1.7

7.8

7.9
7.10

7.11

Example An OA4(6,7,2).

0100000111110000000000111111111100000000001111111111000001111101
0010000100001111000000111100000011111100001111110000111101111011
0001000010001000111000100011100011100011101110001110111011110111
0000100001000100100110010010011010011011011001101101110111101111
0000010000100010010101001001010101010110110101011011101111011111
0000001000010001001011000100101100101101110010110111011110111111
0111111000000000000000111111111111111111110000000000000001111110

Example An OA;(3,6,4).

0000000000000000111111111111111122222222222222223333333333333333
0000111122223333000011112222333300001111222233330000111122223333
0123012301230123012301230123012301230123012301230123012301230123
0123103223013210103201233210230123013210012310323210230110320123
0123230132101032321010320123230110323210230101232301012310323210
0123321010322301230110323210012332100123230110321032230101233210

7.2 Equivalent and Related Objects

Let C be a v-ary code of length n, a set of codewords that are n-tuples with entries
from a fixed v-set, the alphabet. The distance distribution of C is the (n + 1)-tuple
of nonnegative rational numbers A;,7 =0, 1,...,n, where
Ai = (#(z,y) |2,y eCd(z,y) =)/ |C].

Here d(z,y) is the Hamming distance (the number of coordinates in which x and
y differ). The minimum distance d of C is the smallest positive integer such that
Ag > 0. The dual distance distribution of C is the (n + 1)-tuple of rational numbers
A, k=0,1,...,n, where A} is defined via the Kravchouk transform

A, = 1Y AKLG).
The numbers Ky (i) are evaluations of the Kravchouk polynomials
k j n— —j
Ky(X) = ijo(_l)J ();) ( k_)j() (v—1)F.
The Aj, are nonnegative and Aj = 1. The dual distance d’ of C is the smallest integer
greater than 0 such that A’y > 0. See [1505] for more information.

Theorem (Delsarte [674]) C is an orthogonal array of strength d’ — 1. If v = g is a
prime power and C is a linear code, then d’ is the minimum distance of the dual code
ct.

Remark OA;(t,k,s) are known as mazimum distance separable (MDS) codes.

7.3 Existence

Theorem An OA,(t, k, s) is an OA\(t — 1,k, s).

Remark Suppose there is an OA, (¢, k, s). Fixing one row ¢ and one symbol o, then
selecting all columns that contain ¢ in row ¢, and finally deleting row ¢, one obtains
an OA)(t — 1,k —1,s), the derived OA.

Theorem (Rao bound) An OA,(t,k,s) exists only if

il (k) (s 1) if t even
Ast >1 Zlil : _ ,
e { Zl('t:ll)ﬂ (]:) (s—1)" + (tﬁﬁ(s — 1)ED/2if ¢ odd.
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7.12

7.13

7.14

7.15

7.16

7.17

7.18

7.19
7.20

Theorem [1683] The Rao bound is met with equality

1. when t = 3, only for OA, (3, 4n, 2) with n integral, and for OA4(3, ¢+ 2, ¢) with
q even;
2. when t = 4, only for OA;1(4,5,2), OA3(4,11,3), and OAx(4,%,6) with A =
2 2
a0a 1) | = 241 and o = 21,69 (mod 240).

288
3. when ¢ = 5, only for OA4(5,6,2) and OA3(5,12,3).

Theorem (Bush bound) An OA;(t, k,s) with ¢ > 1 exists only if
s+t—1 if seven andt <s,
Ek<{ s+t—2 if soddand 3<t<s,
t+1 if t>s.
Theorem (Bose-Bush bound fort = 3) An OA(3,k, s) exists only if & < {%J +1.
Moreover, if A\—1=b (mod s —1) and 1 < b < s — 1, then
{A52—1J P/1+4s(s—1—b)—(2s—2b—1)J
s—1 2 '
Table [1074, Table 12.6(a)] General families of orthogonal arrays. ¢ is a prime power.

k<

t k v A Reason
3 2m 2 2m=2 Theorem 7.17
3 4\ 2 A Theorem 7.21
3 2m 42 2m 1 Theorem 7.18
3 ¢ +1 q q Ovoid
4 2m —1 2 22m—4 BCH (m > 4)
5 2m+1 2 22m—4 BCH (m > 5)
5 22m 2 24m=>5 Theorem 7.26 (m > 2)
5 22m 4 om | 2 24(m=1) X4 (m > 2)
7 22m 2 20m—8 Delsarte-Goethals (m > 3)
22m—1 _gm=1 _ 1 22m 2 Qk—dm—t Preparata (m > 2)
gm—1 _glm/2) _1 | om _] 2 Qk—2m—t BCH (m > 4)
om=1 _ 1 om 2 | 22" tom Theorem 7.17
9r+l 1 gm 2 | 2Xi=0 (V)= | Reed-Muller (0 < r < m)
2m —1 2m +2 2m 1 Reed—Solomon
gt —1 q;n:ll q gh—m—t Theorem 7.17
t t+1 S A Construction 7.16, all s
t q+1 q 1 Theorem 7.18, ¢ >t

Construction (Zero-Sum) For each of the s’ t-tuples over Zs, form a column vector
of length t + 1 by adjoining in the last row the negative of the sum of the elements in
the first ¢ rows. Use these vectors to form (¢ +1) x s* array; this is an OA; (¢, ¢+ 1, s).
See Example 7.4.

Theorem [1031] Using the link to Hamming codes, when ¢ is a prime power and m
is a positive integer, there is an OAg-m—¢ (t = ¢" * — 1,k = q;n:ll ,q). When ¢ = 2%
there is an OAs:—2(3,2%,2) and an OA,om-1_,, (271 — 1,27 2).

Theorem [401] If s is a prime power and ¢ < s, then an OA;(¢,s + 1,s) exists.

Moreover, if s > 4 is a power of 2, an OA1(3,s + 2, s) exists. (These are essentially
the Reed—Solomon codes.)

Remark Bush’s Theorem 7.20 is a generalization of MacNeish’s Theorem 3.26.

Theorem [400] If OAy, (t, k, s;) exist for 1 <4 < m, then an OApm (8, k, [[i2; i)

exists.
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7.21

7.22

7.23

7.24
7.25

7.26
7.27

7.28

7.29

7.30

7.31

7.32

7.33

Theorem [1879] If ¢ is even, any OA,(¢, k,2) yields an OAx(t + 1,k + 1,2). Hence,
whenever a Hadamard matrix of order 4n exists, so also does an OA,,(3,4n, 2).

Theorem [255, 1643] If s and o are powers of the same prime, then an OA -1 (t, 05+
1, s) exists for all £ > 3 and an OAy+—2/4(t, 05, s) exists for all £ > s.

Theorem [1643] If s and o are powers of the same prime, then if an OA (3, r, s) exists,
so also does an OA 2,2(3,r0s, s).

Theorem [1643] If an OA (3,7, s) exists, so does an OA;x(3,2r, s).

Theorem [280] For any ¢, k with 2 < ¢ < k, there exists a number ey = eg(t, k)
such that for any positive v and any prime power ¢ there is an orthogonal array
OA(t, k,v - q°) for all e > ey.

Theorem [1074, §10.4] For j > 3 an odd integer, there exists an OAg2;s(5,27 11 2).

Remark The OAs from Theorem 7.26 arise from the Kerdock codes. They have the
largest number of rows permitted by the Rao bound. The Rao bound is not met “with
equality,” however; compare Theorem 7.12.

7.4 Mixed Orthogonal Arrays

A mized or (asymmetric) orthogonal array OA(N, sy ---sg,t) is an N X £ array in
which for 1 < ¢ < ¢ the symbols in the ¢th column arise from an alphabet of size
s;, and for every selection of distinct columns i1, ..., 4, the N X ¢ matrix obtained
by restricting to these columns contains each of the possible H;Zl si, rows the same
number of times.

Remark Exponential notation is often used. An OA(N, s} ---s%m . t) has > ;" | um
columns, with u; having an alphabet of size s; for 1 <i < m.

The ith derived orthogonal array is obtained from an OA(N, sy ---se,t) by first
restricting the set of rows to the N/s; that contain a fixed symbol in the ith column,
and then deleting the ith column, to form an OA(N/s;, s1 -+ 8;—18i41 - Se, t — 1).

Theorem (Generalized Rao bound; see [1074]) Let £ > ¢ > 1, and suppose that an
OA(N, sy ---s4,t) exists. Then if ¢ is even, N > Z;/jo orcqt, oy =i Lier(si = 1).
If t is odd and sy is largest among the {s;}s, then

(t—1)/2
N = s ijo Zlc{l,.,.,lfl},m:j Hiel(si - 1).
Theorems (see [344])

1. Trivial designs: If Hle si | N then an OA(N, sy -+ - s¢,t) exists.

2. Juxtaposition: If an OA(N’,s" s - s¢,t) and an OA(N",s"” - s9- - s4,t) both
exist, then an OA(N' + N" s" 4+ s" - s9-- - s¢,t) exists,

3. Splitting: If an OA(N, (0 x s)-82 - - s¢, 1) exists, then an OA(N, o589+ 8¢, 1)
exists.

4. Hadamard: When a Hadamard matrix of order m > 4 exists, an OA(2m, 2™, 3)
and an OA(8m,22m~% . 42 3) exist.

Remarks Mixed orthogonal arrays have been extensively studied for strength ¢ = 2; see
[1772] and references therein for an introduction. Using Theorems 7.32, constructions
from linear codes, computational direct constructions, and nonexistence arguments
applying the generalized Rao bound, the parameters of OA(N, s; - - - s¢,3)s with N <
64 have been completely determined; see Theorem 7.34.
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7.34 Theorem [344] An OA(N, sy ---54,3) with £ > 3 and N < 64 exists if and only if
(N, s1---s¢) is obtained by deleting zero or more columns from one of the following:
(2m, 2™) form = 0 (mod 4); (2mp, 2™ 1. (2p)!) for m =0 (mod 4); (2mp, 2™ - p*) for
m =0 (mod 4); (8m,22™~*.42) for m =0 (mod 4); (27,3%); (36,22 - 32); (40,25 - 5);
(48,22 .4-6); (48,213 -4); (48,29 -3); (54,3%-6); (54,2-3°); (56,27 -7); (60,22-3-5);

(64,2% -4 -8; (64,4°); (64,2%-4°); (64,25 - 4%); or (64,28 - 43).

See Also

6II1.1-6 MOLS and transversal designs arise in the case ¢t = 2.

§V.1 Hadamard matrices correspond to certain OAs.

§VI.15 OAs are useful in derandomization of randomized algorithms.

§VI.21 Orthogonal arrays are used to construct factorial designs.

§VIL.59 (t,m,s)-nets are constructed using orthogonal arrays.

SVII.1 Existence results on codes.

[258] Chapter 15 explores the connection between OAs and codes.

[559] A construction of OAs with a non-prime-power number of sym-
bols, from 3-wise balanced designs.

[1074] A textbook on orthogonal arrays. All OAs in [1074] are given at
http://support.sas.com/techsup/technote/ts723.html.

[1770] An old textbook, valuable for the early results.

[1971] Chapter 10 concerns applications of OAs, and connections with

coding theory.

References Cited: [255, 258, 280, 344, 400, 401, 559, 674, 1031, 1074, 1505, 1643, 1683, 1770, 1772,

1879,1971]
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1 PBDs and GDDs: The Basics

RoNALD C. MULLIN
HANS-DIETRICH O. F. GRONAU

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

1.1 PBDs and GDDs

Let K be a subset of positive integers and let A be a positive integer. A pairwise
balanced design (PBD(v, K, A) or (K, \)-PBD) of order v with block sizes from K is
a pair (V, B), where V is a finite set (the point set) of cardinality v and B is a family
of subsets (blocks) of V that satisfy (1) if B € B, then |B| € K and (2) every pair
of distinct elements of V occurs in exactly A blocks of B. The integer A is the indez
of the PBD. The notations PBD(v, K) and K-PBD of order v are often used when
A=1.

Example A PBD(10, {3,4}). The blocks are listed columnwise.

11 1 2 2 2 3 3 3 4 4 4
2 5 8 5 6 7 5 6 7 5 6 7
36 9 8 9 10 10 8 9 9 10 8
4 7 10

Let K and G be sets of positive integers and let A be a positive integer. A group
divisible design of index X and order v (K, \)-GDD) is a triple (V, G, B), where V is
a finite set of cardinality v, G is a partition of V into parts (groups) whose sizes lie in
G, and B is a family of subsets (blocks) of V that satisfy (1) if B € B then |B| € K,
(2) every pair of distinct elements of V occurs in exactly A blocks or one group, but
not both, and (3) |G| > 1.

If v =a191 + azg92 + ...+ asgs, and if there are a; groups of size g;, : = 1,2,..., s,
then the (K, A)-GDD is of type g7'gs?...g% . This is exponential notation for the
group type. Alternatively, if the GDD has groups Gi, Gos, ..., Gy, then the list
T =[G :i=1,2,...,t] is the type of the GDD when more convenient.

If K = {k}, then the (K, \)-GDD is a (k, \)-GDD. If A = 1, the GDD is a K-GDD.

Furthermore, a ({k},1)-GDD is a k-GDD.

Remark By convention, factors of type 0* can be included in the exponential form of
the type to accommodate null groups when needed.

Example A {3,4}-GDD of type 1133 or type [3,3,3,1] (the groups are in boldface).

1 4 7 10 1 2 3 1 2 3 1 2 3

2 5 8 4 5 6 5 6 4 6 4 5

3 6 9 T 8 9 9 7 8 8 9 7
10 10 10

Example A 4-GDD of type 3°. Let V = Z3. The orbits of {000,020,111,211} and
{000,102,012,110} (writing (z,y, z) € Z3 as xyz) form the blocks. The groups are the
orbit of {000,001,002}. Adding a new symbol oo to each group gives a (28,4,1) design.

A GDD is uniform if all groups have the same size, that is, if it is of type m* for
some positive integer u.
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1.10

1.11

1.12

1.13

1.14

1.15

1.16

1.17

1.18

1.19

A GDD D, is derivable if it can be obtained from another GDD D by replacing a
group G of Dy by the groups and blocks of a third GDD D3 defined on the point-set
of G. A GDD is primitive if it is not derivable.

Theorem [2211] The necessary conditions for the existence of a uniform (k, \)-GDD
of type m* are (1) u >k, (2) AMu —1)m =0 (mod k — 1), and (3) \u(u — 1)m? =
0 (mod k(k —1)).

Remarks

1. A K-GDD of order v with group sizes in a set G can be viewed as a PBD (v, KUG)
by considering the groups of the GDD to be blocks of the PBD also.

2. A K-GDD of order v with group sizes in a set G can be used to create a PBD(v+
1,KU{g+1:g € G}) by adjoining a new point (say co) to each group to form
new blocks. Conversely, a GDD can be obtained from a PBD by deleting a point.

3. A transversal design TD(k,n) is a k-GDD of type n*. A GDD is a transversal
design if and only if each block meets every group in exactly one point. See
6II1.3.

4. A BIBD(v, k, 1) is equivalent to a PBD(v,{k}) and a k-GDD of type 1. See
§IL.1.

Let B be a set of blocks in a PBD, GDD, or BIBD. A parallel class or resolution
class is a collection of blocks that partition the point-set of the design.

A PBD, GDD, or BIBD is resolvable if the blocks of the design can be partitioned
into parallel classes. In the case of a resolvable BIBD(v, k, A), RBIBD(v, k, A) or
RB(v, k, A) is used. A resolvable GDD is denoted by RGDD.

Theorem [2211] The necessary conditions for the existence of a uniform (k, \)-RGDD
of type m* are (1) u >k, (2) um =0 (mod k), and (3) A(u — 1)m =0 (mod k — 1).

Let K be a set of positive integers, and let k& be a positive integer. PBD(v, K U k*)
denotes a PBD containing a block of size k. If k& ¢ K, this indicates that there is
only one block of size k£ in the PBD. On the other hand, if k¥ € K, then there is at
least one block of size k in the PBD.

Theorem Let D be a BIBD(v,k,1). Let r = (v —1)/(k — 1) and suppose n = v/k
is an integer. Suppose that D contains s > 1 mutually block disjoint parallel classes,
and let ¢ be an integer. By adjoining new points, one obtains:
1. For 0 <t < s —1, there exists a {k, k + 1}-GDD of type k"t'.
2. For 0 <t < s, there exists a PBD(nk + ¢, {k, k + 1,t*}).
3. If t = s = r, then there exists a PBD(nk + r,{k + 1,7*}). In this case, the
operation of creating the design is the completion of the (resolvable) BIBD.

Example D is a resolvable PBD(9,{3}), a 3-GDD

Of type 33, a,nd a BIBD(9,3,1) The blOCkS are 147 123 123 123
written as columns with space between parallel D— 958 456 564 645
classes of blocks. If {1,2,3}, {4,5,6}, {7,8,9} are 369 789 978 K97

taken as groups of a GDD, there are three parallel
classes of the remaining blocks.

1.2 PBDs with Mandatory Blocks

Let K be a set of positive integers, and suppose that k € K. A pairwise balanced
design of order v and with block sizes from K has a mandatory block of size k if it
contains a block of size k.
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1.20

1.21

1.22

1.23

1.24

1.25

1.26

1.27

Example A PBD(11, {3,5*}). (The distinguished block is in boldface.)

1 1 1 12 2 2 3 3 3 4 4 4 5 5 5
2 6 8 9 6 7 106 7 8 6 7 9 6 17 8
3 7 1 10 8 9 11 9 11 10 10 8 11 11 10 9
4
5

Theorem [1062, 468] Let N=3 = {n € Z : n > 3}. Then a PBD(v, N=3 U {k*}) with
v > k exists if and only if v > 2k + 1 except when

1. v=2k+1and k =0 (mod 2);

2. v=2k+2and k#4 (mod 6),k > 1;

3. v=2k+3and k=0 (mod 2),k > 6;

4. (v, k) € {(7,2),(8,2),(9,2),(10,2),(11,4), (12,2), (13,2), (17,6) }.

Theorem [550] Let N,qq denote the set of all odd positive integers. Let v and k be
odd positive integers that satisfy v > 2k+ 1. Then there exists a PBD (v, Nogqg U {k*}).

Remark When v = 1 or 3 (mod 6) and w = 1 or 3 (mod 6), Theorem 1.24 is Theorem
11.2.37, the Doyen—Wilson Theorem.

Theorem (see [578]) There exists a PBD(v, {3, w*}) with v > w if and only if v >
2w+ 1, and (1) v =1 or 3 (mod 6) and either w =1 or 3 (mod 6) or w = 0, or (2)
v=w =5 (mod 6).

Theorem [1793] There exists a PBD(v, {4, w*}) with v > w if and only if v > 3w+ 1,
and (1) v=1or 4 (mod 12) and w = 1 or 4 (mod 12) or (2) v = 7 or 10 (mod 12)
and w =7 or 10 (mod 12).

Table Results on some specific families of PBDs with a specified hole size.

Some Families of PBDs with a Given Hole Size

Congruence | Range Known Possible
K U{k*}| Classes |Forw Exceptions Exceptions Ref.
3,4,6* 0,1 (mod 3)(>6 [7,9,10,12,13 [975]

4,5,11* |2,3 (mod 4) | > 11 |14, 15, 18, 19, 22, |38, 42, 43, 46, 50, | [192, 1468
23, 26, 27, 30, 31, | 54, 55, 58, 62, 66,
34 67, 70, 74, 78, 82,
90, 94, 98, 102,
106, 114, 118, 126,
130, 142, 154, 166,
178, 190, 202, 214,
226

Theorem [39, 195] Necessary conditions for a PBD(v, {5} U{w*}) to exist are v,w =1
(mod 4), v > 4w + 1, and either v = w (mod 20) or v + w = 6 (mod 20). These
are sufficient with a few possible exceptions. No exceptions arise when v = 1,5,13
(mod 20). When w = 9 (mod 20), there are at most 26 possible exceptions. All
possible exceptions satisfy either v = 4w + 13 with w < 489 or v # w (mod 20)
with v < 5w and w < 129. When w = 17 (mod 20), there are at most 104 possible
exceptions. All possible exceptions except (v,w) = (197, 37), (529, 37) satisfy either
v =4w+ 9 with w < 1757 or v Z w (mod 20) with v < 5w and w < 257. Possible
exceptions with v < 100 are listed here:



234 PBDs and GDDs: The Basics

v.1

1.28

1.29

1.30

1.31

1.32

1.33

1.34

1.35

w=9 v=w v ZE W w =17 v=w v ZE W
(mod 20) | (mod 20) | (mod 20) || (mod 20) | (mod 20) | (mod 20)
9 49 17 7
37 157,197 | 169, 529
49 209 237 57 237 269
69 289 297, 317 7 317 369
89 369 97 429

A mandatory representation design MRD (v, K) is a PBD(v, K) (V, B) in which for
each k € K, there is a B € B with |B| = k (each block size is represented by at least
one block).

Remark Necessary and sufficient conditions are established for MRD(v, {3, k}) with
4 < k < 50 [991], and for MRD(v, {4,k}) when k& = 1 (mod 3) with ten possible
exceptions [865]. For general results with k = 3, see [1789].

1.3 Flats and Holes

Let D = (V,B) be a PBD(v, K). When F C V and C C B, F = (F,C) is a flat in
D if (F,C) is also a PBD. The order of the flat is |F|. In general, the degenerate
PBDs of orders 0 and 1 are considered to be flats of all PBDs of order v > 1. Such
flats are trivial.

Example A PBD(7, {2, 3}) that contains a flat of order 3. (The point set of the flat is
{1,2,3}, the blocks of the flat are in boldface.)

1 1 2 1
2 3 3 4
)

N O =
O =N
EN G )
N W
S Ot W

Remark In any PBD(v, K), any block can be considered to be a flat. Conversely the
blocks of any flat of order w can be replaced by a block of size w containing these
points to obtain a PBD(v, K U {w}).

(Breaking up blocks). Let D be a K-PBD of order v that contains a flat F of order
f. Suppose that D' is a PBD(f, K’). Then by replacing the blocks of F' by the
blocks of D’ defined on the point-set of F, a K U K’-PBD of order v is obtained. In
particular, if the flat F is a block B of D, then the design D’ is obtained by breaking
up the block B.

Remark This operation is useful for reducing the set of block sizes of a PBD. For
example, let K/ = K \ {k}, where k € K. If there exists a K’-PBD of order k and D
is a K-PBD of order v, then a K’-PBD of order v can be obtained by breaking up the
blocks of size k in D.

Let K be a set of positive integers and let A be a positive integer. An incomplete PBD
of order v and index A with a hole of order h ((v, h; K, A\)-IPBD) is a triple (V, H, B)
where V is a set of cardinality v, H is a subset of V that contains h elements, and B
is a family of subsets (blocks) of V that satisfy the properties:

1. If B € B, then |B| € K;;

2. Every pair of distinct elements {z,y} from V with the exception of those in

which both x and y lie in H occur in precisely A blocks;

3. No pair of distinct elements of H occur in any block.
If A =1, the design is a (v, h; K)-IPBD, or simply a K-IPBD of order v with a hole
of size h.
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Remark An incomplete PBD of order v and index 1 with a hole of size h is equivalent
to a PBD(v, K) from which a block of size h has been removed.

Let K be a set of positive integers, and let A be a positive integer. An incom-
plete group divisible design with block-sizes from K and index A ((K, A\)-IGDD) is a
quadruple (V, G, H, B) where V is a finite set of cardinality v, G = (G1,Ga, . ..,Gy)
is a partition of V, H = {Hy, Ha, ..., Hs} is a collection of subsets of V' with the
property H; C G;,i=1,2,...,s (the G; are groups and the H; are holes), and B is
a family of subsets of V' (blocks) that satisfy the properties:

1. Any pair of distinct elements of V that occurs in a group does not occur in any
block;

2. If a pair of distinct elements from V' comes from distinct groups and each
element occurs in the hole of its respective group, then that pair occurs in no
block of B; otherwise, it occurs in exactly A blocks of B.

An IGDD is of type (g1, h1)* (g2, h2)® ... (gs, he)® if there are a; groups of size g;
that contains a hole of size h;, ¢ = 1,2,...,t. An IGDD is a K-IGDD if \ = 1.
Further, it is a k-IGDD if K = {k}.

Example A {3,4}-IGDD of type (3,1)3(1,1)!. (The groups are printed in boldface;
the holes are overscored.)

14 7 10 1 2 1 2 3 1 2 3

2 5 8 4 5 5 6 4 6 4 5

3 6 9 7T 8 9 7 8 8 9 7
10 10

Theorem [2211] Necessary conditions for the existence of a (k, A\)-IGDD of type (m, h)*
are (1) m > (k— 1h, (2) (v —1) = 0 (mod k& — 1), (3) AM(m — h)(u — 1) =
0 (mod k — 1), and (4) Au(u — 1)(m? — h?) =0 (mod k(k — 1)).

Example Incomplete MOLS with one hole (§I11.4) provide examples of IGDD. In
particular, an ITD(k, m; h) (other notation: a TD(k,m) — TD(k, h)) is a k-IGDD of
type (m, h)".

Let K be a set of positive integers, let v, wi, ws, and A\ be positive integers, and
let w3 be a nonnegative integer. Then a (v; w1, ws; ws; K, \)-O-IPBD (incomplete-
{-PBD) is a quadruple (V, V1, Vs, B) where V is a set of cardinality v; Yy and )s
are subsets of V of cardinalities wy and ws, respectively; |Vy N Vs| = ws; and B is a
collection of subsets (blocks) of V that satisfy the properties:
1. If B € B, then |B| € K;;
2. If {x,y} is a pair of distinct elements of V, then {z,y} occurs in precisely A
blocks of B unless {z,y} C V4 or {z,y} C Vs, in which case the pair occurs in
no block.

If A =1, then the design is a (v; wy, we; ws; K)-O-IPBD.

Remark Completing an RBIBD(v — w1, k — 1,1) having w; parallel classes, and con-
taining an RBIBD (wg — w3, k — 1, 1) subdesign having ws parallel classes where each
of the ws parallel classes lies within one parallel class of the containing design provides
one fruitful way of constructing a (completed) (v; w1, wq;ws; k, 1) — $-IPBD.

A double GDD, a K-DGDD (V, G, H, B) has a point set, }V, which has two partitions,
G and H, with the properties that any pair of points in different parts of G and in
different parts of H occurs in exactly one block in the block set B, and pairs of points
in the same part of G or of H do not occur in any block. All blocks have sizes in K,

and the matrix [|G; N H;|] is the type of the DGDD.
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1.44 Remark DGDDs were introduced by Zhu [2211] and further developed by Miao [1598].
Taking G = H gives a GDD, and if |G| = g and |H| = h = g + 1, taking G; C H; for
1 <i<gand |Hp| >0 gives a nontrivial IGDD.

See Also
8I1.1 BIBDs are PBDs with one block size.
6II1.3 TDs are special classes of GDDs.
6I11.4 ITDs are special classes of IGDDs.
[1042] A large collection of PBDs and GDDs.

References Cited: [39,192, 195,468, 550, 578, 865,975,991, 1042, 1062, 1468, 1598, 1789, 1793, 2211]

2 PBDs: Recursive Constructions

MALcoLM GREIG
RoNALD C. MULLIN

2.1 Some Constructions

2.1 Theorem (singular direct product [2145]) If there exists a PBD(v, K) that contains
a flat of order f, and if there exists a K-GDD of type (v — f)™, then there exists
a PBD(m(v — f) + f, K) that contains flats of orders v and f. (If f = 0, this is a
product construction.)

2.2 Examples The construction of BIBDs.

1. A TD(5,21) is a 5-GDD of type 21°, and a PBD(21, {5}) exists, so there exists
a PBD(105,{5}). This is a (105,5,1) design.

2. A TD(4,21) is a 4-GDD of type 214, and a PBD(25, {4}) having a flat of size
four exists, so a PBD(88,{4}) exists (an (88,4,1) design).

A TD(4,25) and a (25,4,1) design give a (100,4,1) design.

A TD(5,25) and a (25,5,1) design give a (125,5,1) design.

A TD(4,28) and a (28,4,1) design give a (112,4,1) design.

A TD(6,25) and a (31,6,1) design with flats of size 0 and 6 exist. So there are
(156,6,1) and (186,6,1) designs.

S Ot W

2.3  Theorem (singular direct product, generalized from [2145]) Suppose that there exists
a K-GDD of type g7'g5? ... g%.
1. If for each g;,7 = 1,2,...,s, there exists a PBD(g; + f, K) that contains a flat
of order f, then there exists a PBD((};_, a;g;) + f, K) that contains flats of
order g; + f,i =1,2,...,s and a flat of order f.
2. If for some j there exists exactly one group of size g; in the GDD (that is,
a; =1), and if for all ¢ = 1,2,...,s, ¢ # j, there exists a PBD(g; + f, K) that
contains a flat of order f, then there exists a PBD((37_, aigi)+ [, KU{g,;+ [}).

2.4 Remark Theorems 2.1 and 2.3 are examples of constructions known as “filling in
holes.” The groups are considered as “holes” to be replaced by other objects. They
require group divisible designs. The most important recursive construction for group
divisible designs is Wilson’s Fundamental Construction.
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2.5

2.6

2.7

2.8

2.9

2.10

2.11

2.12

2.13

Theorem (Wilson’s Fundamental Construction [2145]) Let (V,G,B) be a GDD (the
master GDD) with groups G1,Gs2...G;. Suppose there exists a function w : V —
Z+ U {0} (a weight function) so that for each block B = {x1,xs,...,z;} € B there
exists a K-GDD of type [w(z1), w(z2) ..., w(zg)] (such a GDD is an ingredient GDD).
Then there exists a K-GDD of type

> w), Y w@),..., Y w)|.

z€G1 z€G2 z€Gy

Remark If the master GDD has index A\; and all the ingredient GDDs have index Ao,
then the constructed GDD has index Aj\s.

Examples Wilson’s Fundamental Construction for BIBDs.

1. As master GDD, start with a TD(5,4), and remove 1 or 2 points from a group
to obtain a {4,5}-GDD of type 4*z! for x € {2,3}. Give every point weight 3,
using {4}-GDDs of types 3* and 3° as ingredient GDDs. The result is a {4}-
GDD of type 124(3z)!. Now duplicate each block and fill the holes with (13,4,2)
and (3z + 1,4,2) designs to produce both a (55,4,2) and a (58,4,2) design.

2. The master GDD is a (16,6,2) design, which is a ({6},2)-GDD of type 1'6.
Give weight 5 to each point, using a {6}-GDD of type 55 (a TD(6,5) as the
ingredient, to form a ({6},2)-GDD of type 5'6. Fill the holes using a (6,6,2)
design to produce an (81,6,2) design.

3. The master GDD is an (11,6,3) design. Proceed as above, filling with (6,6,3)
designs, to produce a (56,6,3) design.

Remarks The block sizes of the master GDD do not necessarily occur among the
block sizes of the constructed GDD. Most recursive constructions for pairwise balanced
designs employ some application or variant of Theorem 2.5, often in imaginative ways.

Examples Wilson’s Fundamental Construction for BIBDs.

1. Use a (41,5,1) design as the master design, and a {5}-GDD of type 4° as the
ingredient GDD to produce a {5}-GDD of type 4*!. Fill the holes using one
additional point, and a (5,5,1) design to get a (165,5,1) design.

2. Start with TD(5,9) and delete four points from a group to get a {4,5}-GDD of
type 945!, Use weight three on each point and ingredient {4}-GDDs of types
4* and 4° to get a {4}-GDD of type 27415, Fill the holes using (28,4,1) and
(16,4,1) designs to get a (124,4,1) design.

Remark In order to apply Wilson’s Fundamental Construction, group divisible designs
are required as both master designs and ingredients. Theorems 2.11, 2.12, 2.13, and
2.14 are used to construct group divisible designs. Often the results are treated as
pairwise balanced designs.

Theorem If there exists a BIBD(v, k, 1), then there exists a k-GDD of type (k —1)",
where r = (v —1)/(k — 1).

Theorem Suppose that there exists a BIBD(v, k, 1) that contains u mutually disjoint
parallel classes. Then there exists a {k, k + 1}-GDD of type k"w! for 0 < w < u —1,
where n = v/k. Further if u = (v—1)/(k—1) (that is, if the BIBD(v, k, 1) is resolvable),
then there exists a (k + 1)-GDD of type k" (u — 1)*.

Theorem (The grouplet construction [19]) Suppose (V, BUG) is a PBD (v, {BUG}, \),
G forms a A-resolution set (§IV.5.1), and u,n > 1, w > 0. If there is a (k, u)-GDD of
type (un)® for every b € B, and there is a (k, u)-GDD of type u™w! for every g € G,
then there is a (k, Au)-GDD of type u™w?.
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2.14

2.15

2.16

2,17

2.18

2.19

2.20

2.21

2.22

2.23

2.2 PBDs Obtained by Truncation of TDs

Theorem (truncation of groups of a transversal design [1042]) Let k be an integer,
k>2 Let K={k,k+1,...,k+ s}. Suppose that there exists a TD(k + s, m). Let
g1, 92, --.,gs be integers satisfying 0 < g; < m, ¢ = 1,2,...,s. Then there exists a
K-GDD of type m*g1gs ... gs.

Remark The GDD in Theorem 2.14 is obtained by deleting points from a transver-
sal design. Because of this, it is possible to see how the blocks of the GDD relate
to its groups, a necessary requirement for the application of Wilson’s Fundamental
Construction. An example of a typical application is given in Example 2.16.

Example An application of Wilson’s Fundamental Construction. There are {3,4}-
GDDs of type 3° and 3°5'; these are to be used as ingredient GDDs. Suppose that
there exists a TD(6, m). Let its groups be G1, Ga, .. ., Gs. Let t be an integer satisfying
0 <t < m, and delete all but ¢ points from group Gg to obtain a master {5,6}-
GDD of type 5™t!. Now assign a weight of 5 to each point of the group of size t
obtained from Gg, and assign a weight of 3 to all other points of the master GDD. Let
B = {x1,x2,...,25} be a block of size 5 of the master GDD. It meets only the groups
G1,Gs,...G5. So the corresponding list of weights on the points of B is [3, 3,3, 3, 3],
and there is an ingredient {3,4}-GDD of this type. Similarly, a block of size 6 of the
master GDD meets all groups and, therefore, has a list of weights [3, 3, 3, 3,3, 5], and
again there is an ingredient {3,4}-GDD of this type. Thus, the conditions required
to apply Wilson’s Fundamental Construction are satisfied. It yields a {3,4}-GDD of
type (3m)?(5t)! in this case.

Theorem (spike construction) Let k be an integer, k > 2. Let K ={k,k+1,...,k+
s+ 1}. Suppose there exists a TD(k + s +mn, m) where n is a nonnegative integer. Let
g1,92,-..,9gs be integers satisfying 1 < ¢; < m, ¢ = 1,2,...,s. Then there exists a
K U{k + s +n}-GDD of type m*gigs...gs1".

Remarks Theorem 2.17 is similar to Theorem 2.14, except that certain points on a
particular block are not deleted, resulting in the name “spike.” Some of these points
remain as groups of size one. Theorem 2.17 is usually applied with s = 0 or 1. For s =
1, this yields the statement: If there exists a TD(k+14n,m) where n is a nonnegative
integer and if g satisfies 1 < g < m, then there exists a {k,k+ 1,k + 2,k +n+ 1}-
GDD of type m*g'1™. For s = 0, if there exists a TD(k + n,m), then there exists a
{k,k +1,k+n}-GDD of type mF1™.

Example The spike construction for s = 1. There exists a TD(8,9). Take k = 6. Then
there exist {6,7,8}-GDDs of type 9%¢'1! for 1 < g < 9.

Theorem [959] Let k be an integer, k > 3, and let K ={k—1,k,k+1,...,k+s+1}.
Suppose that there exists a TD(k + s + n,m), where n is a positive integer. Let
g1, 92, - - ., gs be integers satisfying 0 < g; <m—1,7=1,2,...,s. Then there exists a
K-GDD of type (m — 1)kglgs---glnt.

Remark Theorem 2.20 is usually applied in the case s = 0. In this case the result states
that there exists a {k—1,k, k4 1}-GDD of type (m —1)*n'. Further if k4+n = m+1,
then there exists a {k — 1,k + 1}-GDD of type (m — 1)kn!.

Theorem [959] Suppose that there exists a TD(m,m). Let k be an integer satisfying
1 <k <m—1. Then there exists an {m—1,k—1,k+1}-GDD of type k™ *(m —k)*.

Theorem [959] Let k be a positive integer and let s be an integer satisfying 0 < s <
k — 1. Suppose that there exists a TD(k + n,m). Then there exists a {k — 1,k, k +
1,m — 1,m}-GDD of type k™ 1(n + s)!.
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2.24 Example Application of Theorem 2.20 with n + %k = m + 1, and s = 0. Type is the

group type (m — 1)¥(m — k + 1)L
k

m | {k—1,k+ 1} | Type k| m | {k—1k+1} | Type
51 5 4,67 AT 717 16,87 6717
7 6°31 8 7721
8 7541 9 8731
9 8551 11 10751
1 10571 818 7,97 71
617 5.7 6027 9 gsa!
8 7631 11 10841
9 8641 919 18,10} 81T
11 10%6! 11 1023¢

2.25 Example Application of Theorem 2.22.

2.26

2.27

2.28

2.29

2.30

k

m | {m—1,k—1,k+1} | Group Types k" 1(m — k)*
51 7 {6,4,6} 5021
8 {7,4,6} 573!
9 {8,4,6} 5841
11 {10, 4,6} 51061
6|7 {6,5,7} 6911
8 {7,5,7} 672!
9 {8,5,7} 6531
11 {10,5,7} 61951
7| 8 {7,6,8} 771t
9 {8,6,8} 7821
11 {10, 6,8} 71041
819 {8,7,9} 8811
11 {10,7,9} 81031

2.3 Constructions from Projective Planes and Geometries

Let A be a set of nonnegative integers, and let D be a PBD. Then a {w; A} arc, (or
A-arc of order w) in a PBD(v, K), say D, is a set of w points S of D such that if B
is a block, then [BN S| € A.

Remarks Many PBDs and GDDs can be obtained by deleting judiciously chosen sets
of points from other PBDs. Most frequently these are sets of points in projective or
affine spaces (see §VII.2). Where the results are obtained from deletion of points from
desarguesian geometries, the results are stated in terms of ¢ for ¢ a prime or prime
power.

Suppose that a projective plane of order n contains a {w; A} arc. Then it also
contains a complementary {n? +n + 1 — w;n+ 1 — A} arc, where n +1 — A =
{n+1—a:a€ A}

Example Let ™ be PG(2,n) where n = 2*. Then 7 contains a set A of n 4 2 points,
no two collinear (an oval or hyperoval). A is a {0, 2}-arc of order n + 2 in 7.

Example Let © be PG(2, ¢) where ¢ is odd. Then 7 contains a set A on n + 1 points,
no two collinear (an oval or conic). A is a {0, 1, 2}-arc of order n + 1 in 7.

Remark Let A be a set of positive integers, and let k be a positive integer. As in
the case of PBDs, {w, AU k*} arc is used to designate the case of an arc that has
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2.31

2.32

2.33

2.34

2.35

2.36

2.37

2.38

2.39

the property that at least one block of the PBD meets the arc in exactly & points. If
k & A, then there is exactly one block with this property. In the case in which the
set is displayed explicitly, if the displayed set contains entries k and k*, this indicates
that at least one block meets the arc in exactly k£ points. If the symbol k* appears
without k, there is exactly one such block.

Theorem [959] Let ¢ be an odd prime power. Then

1. there exists a {(qg +1)/2, (g — 1)/2}-GDD of type ((¢ — 1)/2)9,
2. there exists a {(¢ 4 1)/2, (¢ + 3)/2}-GDD of type ((q +1)/2).

Theorem (subfield subplanes) Let ¢ be a prime power. Let a and b be positive integers
such that b divides a. Then PG(2, ¢%) contains a subplane PG(2,¢). (If a = 2b, then
the subplane is a Baer subplane; see §VIL.2.5).

Remarks Subfield subplanes give rise to {¢?* +¢” 4+ 1;{0, 1, ¢* + 1}} arcs in PG(2, ¢%)
when b | a. When a = 2b, the arc has no lines of size zero. These Baer subplanes are
the source of several constructions, including Theorems 2.34 and 2.35.

Theorem (Wallis, see [2105]) If ¢ is a prime power, then there exists a ¢-GDD of
type (¢% — ¢)9™! that is both a frame and an RGDD. Completing the RGDD gives a
(¢ +1)-GDD of type (¢° — q)"" (¢°)".

Theorem (Brouwer construction [336]) Let ¢ be a prime power, and let ¢ be an integer
satisfying 0 < ¢ < ¢2 — ¢+ 1. Then there exists a {t, g+ ¢}-GDD of type t4° t7+1: that
is, there exists a PBD(t(¢? + ¢ + 1), {t,t + ¢}).

Remark In the PBD constructed in Theorem 2.35, the blocks of size ¢ can be parti-
tioned into ¢ — ¢ + 1 — t parallel classes. By adjoining new points to these classes,
Theorem 2.35 extends to Theorem 2.37.

Theorem (extended Brouwer construction [336]) Let ¢ be a prime power, and ¢ be an
integer satisfying 0 < t < ¢ — ¢ + 1. If u is an integer satisfying 0 < u < ¢ — ¢ — ¢,
then there exists a {t,t+ 1,q+ t}-GDD of type t¢°T9+1 4! Therefore, for 0 < u <
q®> — q+ 1 —t, there exists an incomplete PBD of order #(¢? + ¢ + 1) + u and blocks
from the set {t,t+ 1,t+ ¢} having a hole of size u. If u = ¢> — ¢+ 1 — ¢, then no
block of size t occurs in the incomplete PBD. If u = ¢ — ¢ — ¢, then no block of size ¢
occurs in the GDD.

Cogollary If ¢ is a prime power, then there exists a {¢?, ¢> — ¢}-GDD of type (¢* —
q)? t9t1. This corresponds to the case of t = ¢ — ¢ (and u = 0) in Theorem 2.37.

Example Applications of the extended Brouwer construction of a {¢,t+1, ¢+t}-GDD
of type e+l ol with o = ¢> —q—t.

q|@—ql| t |?—q—t]|{t+1,q+t} | GDD Type
31T 6 |6 0 7,97 673
3| 6 |5 1 (6,8} 51311
3| 6 |4 2 (5,7} 41391
3| 6 |3 3 (4,6} 31331
3| 6 |2 4 (3,5) 91341
31 6 |1 5 (2,4) 11351
1] 12 |12 0 113,16} 1271
4 12 11 1 {12,15} 11211
4 12 10 2 {11, 14} 102121
4] 12 |9 3 (10,13} 92131
4] 12 |8 1 19,12} 82141
4l 12 |7 5 (8,11} 72151
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q|@—q|] t |?—q—t]{t+1,q+t} | GDD Type
4 12 6 6 {7,10} 6216!

4 12 5 7 {6,9} 52171

40 12 | 4 8 {5,8} 42181

4 12 3 9 {4,7} 32191

4l 12 |2 10 {3,6} 221101
4l 12 |1 11 {2,5) 121111
5 20 20 0 {21,25} 2031

50 20 |19 1 {20, 24} 193111
50 20 |18 2 (19,23} 183121
5 20 17 3 {18,22} 173131
50 20 |16 4 (17,21} 163141
5 20 15 5 {16,20} 153151
50 20 |14 6 {15,19} 143161
5 20 13 7 {14, 18} 13347t
50 20 |12 8 {13,17} 123181
50 20 |11 9 {12,16} 11319t
50 20 |10 10 {11,15} 1031101
50 20 |9 11 {10,14} 931111
5 20 8 12 {9,13} 831121
5 20 7 13 {8,12} 731131
50 20 |6 14 {7,11} 631141
5 20 5 15 {6,10} 531151
5 20 4 16 {5,9} 43116!
5 20 3 17 {4,8} 33117t
5 20 2 18 {3,7} 231181
50 20 |1 19 (2,6} 13119t

2.40 Theorem (Brouwer’s Singer set construction [336]) Let D be a Singer difference set for

2.41

2.42

2.43

2.44

2.45

a projective plane 7 of order ¢ (see §VI.18.4). Let v = ¢*4+¢+1, and let S = {0,1,-- -,
v — 1} be the representatives of Z, used to represent and develop the difference set.
Let u be a proper divisor of v and write v = um. Let X = {0,m,2m,---,v — m}, so
that |X| = u. Then X is a {m; A} arc in 7 for some A, where A contains no more
than m distinct integers.

Remarks Theorem 2.40 has been extended by Greig [959] to multiple divisors of v.
Theorem 2.42 is a specific application of Theorem 2.40.

Theorem (Brouwer’s 1 mod 3 construction [336]) Let ¢ = 1 (mod 3) be a prime power.
Let uw = (¢*> + ¢+ 1)/3. Then there exists a PBD(u, {ko, k1, k2}) where ko, k1, and ko
are a solution of ko + k1 + ke = ¢+ 1 and k3 + k3 + k3 = q + u.

Example PBD(u, {ko, k1, k2}) via applications of Brouwer’s 1 mod 3 construction.

q 7 13 16 19 25 31 37
u 19 61 91 127 217 331 469
{ko, k1, k2} {1, 3,4} {3,4,7} {3,7,7} {4,7,9} {7, 7,12} {7,12,13} {9,13,16}

Remark The line flip method, in which the points of a block transverse to an arc in a
projective plane or other design are replaced by the complementary set, or vice versa,
is a powerful technique for creating new PBDs.

Theorem [959] If a projective plane of order ¢ contains a (v; K Uk*) arc, and if ¢ is an
integer satisfying 0 < ¢ < g+1—k, then the plane contains a {v+t; KU(K+1)U(k+t)*}
arc, where K +1={k+1:k € K}.
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2.46

2.47

2.48

2.49

2.50

2.51

2.52

2.53

2.54

Theorem [959] If a projective plane of order ¢ contains a {v; K U k*} arc, then the
plane contains a {v +¢+1—2k; (K — 1)U (K +1)U (¢ + 1 — k)*} arc, where
K+1={k+1:keK},and K—-1={k—-1:ke K, k>0}.
Theorem [959] Suppose that a projective plane of order ¢ contains a {0, a} arc of order
w. Let s =w/a. Then

1. (secant line flip) there exists a {a — 1,a + 1}-GDD of type a*~!(q — a)*,

2. (external line flip) there exists an (a + 1)-GDD of type a®q'.

Theorem (Denniston, see [959]) There exists a {0,2"} arc of order w = 22"+tm —
2ntm 4 27 in PG(2,2"*+™). The {0,2"} arc contains a {0, 2‘} Denniston arc for all
{<n.
Corollary [959] Let m and n be positive integers.

1. There exists a (2" — 1,2" 4 1)-GDD of type (27)2" ("1 (2m+n _on)1,

2. There exists a (2" + 1)-GDD of type (27)2" " —2"+1(gm+n)1,

Theorem (the ¢ — x construction [959]) If there is a projective plane of order ¢, and if
x is an integer satisfying 0 < z < ¢ — 1, then there exists a {g—x —1,¢q— 2z + 1}-GDD
of type (¢ — 1)47%(z + 1)L,

Example Applications of the ¢ — 2 construction. K ={¢q—xz —1,9q—x + 1}.

q|x K Type || ¢ | K Type || ¢ |x K Type
711 {57} | 6% ||7]2] {4,6} | 6°3!

811] {6,8 | 72t [[8|2] {5,7} | 73 || 8|3]| {4,6} | 74!
911 {7,9y | 8% [[9|2] {6,8 | 8™3F [[9 3] {5, 7} | 8%4!
914 {4,6} | 85!

11 1] {9,11} [10%02L[[11| 2 | {8,10} | 1093 [[11]3| {7,9} | 10%4!
114 {6,8 | 1075 ||11| 5| {5,7} | 1056 ||[11|6| {4,6} | 10°7"
1311 [{11,13} [ 121221 ][13] 2 [{10,12} [ 121131 [[13] 3] {9, 11} [ 121041
13| 4| {8,10} | 1295 ||13| 5| {7,9} | 128! ||13|6| {6,8} | 1277!
13| 7| {57} | 1268 ||13| 8 | {4,6} | 12°9!

16| 1 [{14,16} [ 15552 [[16] 2 [{13,15}| 151131 [[16] 3] {12, 14} ] 151341
16| 4 |{11,13} 15251 ||16| 5 [{10,12} | 15161 ||16]|6 | {9,11} | 15107L
16| 7 | {8,10} | 1598 ||16| 8 | {7,9} | 15%9' ||16|9| {6,8} [15710"
16[10| {5,7} [15811t||16|11| {4,6} |15°12!

Let p be a prime. Then a (p,a,b)-Baer configuration in m1 = PG(2,p*) is a set X of
p® +p® 41 points that has the properties that, restricting the lines of 7 to the points
of X,
1. one point of X, the focus, lies on p®~? + 1 lines each of size p® + 1, and
2. the remaining points each lie on one line of size p® + 1 and p® lines each of size
pa—b + 1.

Remark By removing the focus, a TD(p®~° + 1, p®) is obtained. This is of itself not
remarkable, because p is prime. However the embedding of the configuration into
PG(2,p*) (and in particular, an associated transversal design) is remarkable. This is
partly due to the fact that every line of PG(2, p*) meets the Baer configuration in at
least one point, so the configuration is a {1, p® 4+ 1,p? %4 1} arc in the plane.

Theorem (Ostrom, see [545]) The plane PG(2, p®) contains a (p, a, b)-Baer configura-
tion if p is prime and a — b is a divisor of a.
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2.55

2.56

2.57

2.58

2.59

Let k and = be nonnegative integers, and let Z = {i1,i2,...,is} be a set of integers
satisfying 0 < 43 < 49 < -+ < i3 < x. Further suppose that there are integers
s; satisfying 0 < 517 < 89 < -+ < s, < n. Let (X,G,B) be a TD(k + z,n) with
G ={G1,Ga, -+ ,Gy,Hy,Hy,--- ,H;}. Then an (x,Z, s1, S2, . . ., Sz)-thwart is a set
S = Uj_,S;, where S; C Hj; with [Sj| = s; for 1 < j <z, such that for every B € B,
|IBNS| e

Theorem [545] Let p be a prime, and let a and b be integers satisfying a > b > 1 and
(a — b)|a. Then there is a TD(p* + 1, p%)

1. containing a (p®~° + 1, {1,p*~* 4+ 1}, p°,...p")-thwart and

2. a (p» b +1,{0,p* %}, p® — p°, ..., p* — p®)-thwart.
(These arise by deleting the focus of the Baer configuration from the plane.)

Example A PBD(53,{9,8,7,5}) can be obtained from part 1 of Theorem 2.56 as follows:
Take a = 3, b = 2, and p = 2 to obtain a TD(9, 8) containing (3, {1,3}, 4,4,4)-thwart.
Delete a group that does not meet the thwart to obtain a TD(8,8) containing a
(3,{1,3},4,4,4)-thwart, then delete the points of the thwart to obtain a {8,7,5}-GDD
of type 8°43. Now adjoin a new point co to the groups of this GDD to obtain the
PBD(53,{9,8,7,5}).

Example An application of thwarts employing Wilson’s Fundamental Construction.
Let D be the TD(9, 8) containing a (3,{1,3},4,4,4)-thwart, and let S denote the points
of the thwart. Let the groups of D be G;,7 = 1,2,...,9, and let G1,Go,...,Gg be
the groups that do not meet S. Let G; = N; UT;, ¢ = 7,8,9 where T; = G; N S, so
|T;| = 4,i=7,8,9. For ingredient GDDs, by the table of 4-GDDs, there exist 4-GDDs
of type 380! and 3°. There exists a resolvable BIBD (15,3,1) and BIBD (21,3,1),
respectively. By completing the former by adjoining 7 new points, then deleting one
of the old points, a {4,7}-GDD of type 3702 is obtained, whereas by adjoining 9 new
points to the latter, a 4-GDD of type 379'0! is obtained. Further by deleting a point
from a TD(4,7), a {4,7}-GDD of type 376'0" is obtained, and by adjoining a new
point to the groups of a TD(4,7) then deleting another point, a {4,8}-GDD of type
37710 is obtained.

Now assign weights to the points of D as follows: To each point in G;, i =
1,2,...,6, assign a weight of 3. To each point of N;,7 = 7,8, also assign a weight
of 3 and assign a weight of 0 to each point T;,7 = 7, 8. To each point of Ty also assign
a weight of 3. Let z1,z9,x3, and x4 be nonnegative integers. To x1,x2,x3, and x4
points of Ny, assign weights of 0, 3, 7, and 9, respectively.

A block of D is a tangent if it meets the thwart in one point, and a transversal if
it meets the thwart in three points. Each transversal has 2 points of weight 0 and 7
points of weight 3, (that is, it has type 3702). If the block is a tangent meeting Ty it is
of type 3%, otherwise it is of type 37w'0', where w is the weight of the point in which
it meets Ny, that is, w € {0,6,7,9}. Because there is a {4,7,8}-GDD of each of these
types, one can apply Wilson’s Fundamental Construction to obtain a {4,7,8}-GDD of
type 24°122(12 4+ 6x5 + 723 + 924) where 0 < x5 + 23+ 24 < 4. Because there exists a
BIBD(v,4,1) for v =1,4 (mod 12), there exists a PBD(v+ f, {4}) with a flat of order
f, forv e {12,24} and f € {1,4}. Thus, by applying the generalized singular product,
one obtains PBD(180 + 62 + Txg + 9z4 + f,{4,7,8, (12 + 62 + Txs + 924 + f)*})
for any collection of xa, x3, x4 satisfying 0 < xo + a3 + 24 < 4 and f € {1,4}. If, in
addition, w = 12 + 62 + Tx3 + 924 + f, and if there exists a PBD(w, {4,7,8}), then
there exists a PBD(168 4+ w, {4,7,8}).

Remark A (p,a,b)-Baer configuration induces an arc in the dual plane. The corre-
sponding PBD is noted in Theorem 2.60.
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2.60

2.61

2.62

2.63

2.64

2.65

2.66

2.67

Theorem [545] Let p be a prime, and let a and b be integers satisfying a > b > 1 and
(a — b)|a. Then PG(2,p®) contains a {p®, p® — p2>=2 + 1}-GDD of type (p® — p®)?" +7’
(p* —p* )"

Remark Interesting thwarts also arise from other structures in planes such as ovals,

hyperovals, and Denniston arcs. See [545, 548]. The idea of a thwart extends naturally
to configurations of GDDs.

2.4 Constructions Involving Incomplete Objects

Theorem [1026] Let K and L be sets of positive integers and let there exist an L-
IGDD of type (g1, h1)* (g2, h2)*? ... (gs, hs)%. For some positive integer n and for
each ¢ € L, suppose that there exists a K-GDD of type n’. Then there exists a

K-IGDD of type (ng1,nhi)® (nga, nh)®? ... (ngs, nhs)%.

Theorem [1026] Let (V, G, B) be a GDD (the master GDD) with groups G1,Gs. .. G;.
Suppose there exists a function biweight w = (w1, ws) with w; : V' — Z* U {0} and
wi(x) > wa(z). If, for each block B = {1, x9,...,zr} € B, there exists an ingredi-
ent K-IGDD of type [(w1(z1), wa(x1)), (wi(x2), wa(x2)), ..., (wi(zk), wa(zk))], then
there exists a K-IGDD of type [ercl (w1(2), wa(x)), Y peq, (Wi(x), w2(x)), ...

Yeea, (i), wa(x)) ].

Remarks Theorem 2.62 can be generalized to use arbitrary weights on the master
IGDD. However the form given appears to be the most useful. Theorems 2.65 and
2.66 are further examples of “filling in holes.” When the K-IGDD is an I'TD, Theorem
2.62 is the singular indirect product construction. A host of variations is possible.

Theorem [1962] Let K be a set of positive integers and suppose that there exists a
K-IGDD of type (g1, h1)* (g2, h2)® ... (gs, hs)%. Let ¢ be a positive integer. Suppose
that for ¢ = 1,2,...,s, there exists a K-IPBD of order g; + g with a hole of h; + q.
Then there exists a K-IPBD of order v = (>;_, a;g;) + ¢ with a hole of order h =
(37—, ashi) + ¢, that is, a PBD(v, K U {h*}).

Theorem (Stinson’s diamond construction) [2211] Let K be a set of positive integers.
Let a and b be integers satisfying b > a > 0. Suppose that there exist

1. a K-IGDD of type (t1,u1)(t2, u2), ..., (tn, un),

2. a(t; +b;u; +a,b;a; K) — O-IPBD for 1 < i <n-—1; (§IV.1.3), and

3. a (tn + b, u, + a; K)-IPBD.
Then there exists a (¢ + b, u+ a; K)-IPBD, where t ="  t; and u =Y | u;.

2.5 Designs with Higher Index

Remarks

1. A PBD(v, K; M A2) ((v, h; K, A\1A2)-IPBD) is obtained from a PBD(v, K; A1)
((v, h; K, A\1)-IPBD, respectively) by replicating the blocks of the design Ay times.

2. A (K, A\ \2)-GDD (or (K, A1A2)-IGDD) of type T is obtained from a (K, A;)-
GDD (or (K, \1)-IGDD) by replicating its blocks Az times.

3. In view of this, a rich source of PBDs, IPBDs, GDDs, and IGDDs of index A > 1
is the class of equivalent objects of index 1.

4. GDDs and IGDDs of higher index are frequently obtained from transversal de-
signs and incomplete transversal designs of general index. See §III.6.
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2.68

2.69

2.70

5. The notion of filling in holes applies to GDDs and IGDDs of higher index. For

example, the following BIBDs can be obtained:

GDD: Fill the Hole with: Resulting BIBD:
TDy(5,11) (11,5,2) design (55,5,2) design
TDs3(4,9) 9,4,3) design 36,4,3) design

( ( (
T D (10, 10) (10,10,2) design (100,10,2) design
TD5(12,12) (12,12,2) design (144,12,2) design
T Ds(10,10) (10,10,3) design (100,10,3) design
TDs(11,10) (11,11,3) design (111,11,3) design
T D (18,18) (18,18,2) design (324,18,2) design
TDs5(12,12) (12,12,3) design (144,12,3) design
TDs5(13,12) (13,13,3) design (157,13,3) design

Remarks When A\ > 1, there are opportunities for new constructions that are unavail-
able when A = 1. Examples 2.69 and 2.70 give some instances used in establishing
BIBD existence results for k € {7,8} (see [19, 42, 1042, 1044, 2182, 2194]).

Examples Many standard direct constructions offer structure that can sometimes be
exploited. If ¢ = (k — 1)t + 1 is a prime power, then there is a BIBD(q, k, k) given
by a difference family over F, consisting of the cosets of (k — 1)st roots plus zero.
Naturally, this design is k-resolvable, so completing the resolution sets by adding an
infinite point to each base block gives a (¢ +¢,t;k+ 1,1)-IPBD. If ¢ > 1, this gives a
TD(k+2, q), where one can truncate one group to size s, then use the trivial (k+1, k)-
GDDs of types 1¥+1 and 1%+2 as ingredients to get a (k + 1, k)-GDD of type ¢"+1s!.
Then one may fill the groups using the IPBD with ¢ extra points to get a (k + 1, k)-
GDD of type 1++19(s 4 #)'. Hence, if a BIBD(s + t, k + 1, k) exists, then so does a
BIBD((k+1)g+ s+t k+1,k).

Hanani [1042, 1044] gives difference families for (7, \)-GDDs of type 77 over Z7 xF,.
Let By = ((0,0),(1,a),(1,—a),(2,b),(2,—b),(4,¢),(4,—c)) (where the second ele-
ments of these 7 points are distinct), then the difference families have the form
B; = (1,m%) * By for i = 0,1,...,(¢ — 1)\/6 — 1. If ¢ is odd, then suitable val-
ues of a, b, ¢, m can always be found for A = 3 and 6; if ¢ = 1 (mod 12), then suitable
values can usually be found for A = 1 or 2. The same pure and mixed differences
found in B; are also found in (—1,1) % By, so if B; is replaced by (—1,1) % B; when 7 is
odd, one also gets a difference family. Now look at a pair of consecutive base blocks
in this new family: developing the pair over [, gives a 2-resolution set, which is then
later developed over Z7. A 2-resolvable design results when the number of base blocks
is even, so if one has a difference family with A\ = 2, then there is also a family of
({7,8},2)-GDDs of type 79s'.

If the point (0,0) is replaced by the two points (0,1) and (0,—1) in By above,
(where the second elements of these 8 points in By are distinct), then the difference
family B; = (1,2")x By fori = 0,1,. .., (¢—3)/2 with z a primitive element of F, gives
an (8,4) GDD of type 77 when ¢ is an odd prime power. Because z*+{a, —a} = F,\{0},
developing these base blocks over Z7 gives a holey 4-resolution set missing the group
Z7 x {0}. Similarly, taking a and b as squares and ¢ and d as nonsquares, developing
the set {B; : i odd} over Z; gives a holey 2-resolution set when ¢ = 1 (mod 4), so
in fact there are some (8, a;4)-frames of type 79, which in turn yield a-resolvable
BIBD(7q + 1, 8,4)s.

Examples Contracting ¢ old points in the same group onto 1 new point in that group
provides a way of generating new designs from old. If this is done for two groups in a
(k,\) GDD, the new points from different groups occur together A\t? times. However,
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2.711

2.72

2.73

2,74

if the GDD is given by a difference family over GG, and the contraction is of a normal
subgroup of G, then the index increases only to At.

Using Bose’s construction [302], one can take F72 as an extension of Fr, set u =1
and compute D = {log(ap + 1) : a € F7}, where p is a root of the primitive equation
u? = 6p+4, to get D = (0,31,28,22,43,18,29). Then D generates a 7-GDD of type 6°
over Z,g, which is also a frame. Reduction modulo 24 gives D1 = (0,7,4,22,19, 18, 5)
which generates a (7,2)-GDD of type 3% over Zas. Reduction modulo 16 gives Dy =
(0,15,12,6,11,2,13) which generates a (7,3)-GDD of type 2% over Z;s. Here, both
the new GDDs are also frames, but contraction does not necessarily preserve holey
resolution sets in general; that depends on how these sets are structured over the
blocks of the original design.

Sometimes one doesn’t want to contract all groups: remove a block of PG(2,7)
to get an 8-GDD of type 198! and then truncate the 8-group to get a {7,8}-GDD
of type 14931, Next, give all points weight 6 in Wilson’s fundamental construction
and use a 7-GDD of type 6% or (7,2)-GDDs of types 67 and 6% as ingredients to get
a 7-GDD of type 64948' and a (7,2)-GDD of type 647181, Now, contract 30 points of
the 48-group in the first design onto 10 new points. Adjoining these two designs gives
a (7,3)-GDD of type 6%928!. The groups can then be filled with (v,7,3) BIBDs for
v = 7,29 using an extra point to get a BIBD(323,7, 3).

Examples Points can be contracted to form IPBDs, which are useful in pair-packing
and pair-covering problems [1615]. Using 5-GDDs of types 12%m! for m = 1, 5 and
13, one can combine two of these GDDs and contract the extra points in the larger
design to get a (5,2) GDD of type 12%'n! for n = 3 when t > 1 and n = 7 and 9 when
t > 2. These GDDs are (20t + n,n; {5}, 2)-IPBDs.

Although (v, k; {k}, A\)-IPBDs often arise from filling in the groups of (k, A)-GDDs,
other direct constructions for k& > 6 seem rare. The only known examples are
(v,7;{7},2)-IPBDs for v = 64 and 106, and a (57,7; {7}, 3)-IPBD [42].

Theorem Let N be the v by b incidence matrix of a balanced n-ary design (see VI.2) (so
its entries are in the range 0 through n — 1 and the blocks of the design are multisets).
Assume that NJ =r.J, JN = kJ, and NNT = ¢ + \J (this last condition is slightly
weaker than, but implied by, requiring a constant replication pattern over the points).
If v\ = r(k— 1) and ¢ is a prime power with ¢ > k, then a (k, A\)-GDD of type v?
exists.

Remark In Theorem 2.72, if the initial design is a ternary design, and every block
containing a doubleton element contains at most one singleton element, and if all pure
singleton blocks occur in identical pairs, then the index of the constructed GDD may
be halved if ¢ is odd.

Remark In Theorem 2.72, if the initial design is a ternary design, and every block is
either pure doubleton or pure singleton, and the singleton blocks occur in identical
pairs, and there is a 2-parallelism of the doubleton blocks, and there is a parallelism
of the singleton blocks, then this ternary design is equivalent to an example of Baker’s
uniform base factorization UBF /5(k, v) with the singleton blocks repeated [144].

See Also
6.1 BIBDs are PBDs with one block size.
6III.3 TDs are special classes of GDDs.
6III.4 ITDs are special classes of IGDDs.

References Cited: [19,42,144,302,336, 545, 548,959, 1026, 1042, 1044, 1615, 1962, 2105, 2145, 2182,

2194,2211]
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3 PBD-Closure

R. JuLiaAN R. ABEL
FrRANK E. BENNETT
MALcoLM GREIG

3.1 Necessary Conditions

3.1 Theorem (Drake and Larson [749]) Let K be a set of positive integers and let m denote
the smallest integer in K. Suppose that there exists a PBD(v, K) that contains blocks
By, and By, of sizes h and k, respectively. Then
1. v>(m—1)k+h—m+ 1; hence
2. v > (m—1)k+1, with equality if and only if there exists a resolvable BIBD (k(m—
2)4+1,m—1,1); and
3. if By, and By do not intersect, then v > (m — 1)k + h.

3.2 | A set S of positive integers is PBD-closed if the existence of a PBD(v,.S) implies
that v belongs to S.

3.3 |Let K be a set of positive integers and let B(K) = {v : IPBD(v, K)}. Then B(K)
is the PBD-closure of K. If K = {k}, the notation B(k) is used.

3.4 |Let K be a set of positive integers. Define a(K) = ged{k — 1 : k € K} and
B(K) =ged{k(k—1): k € K}.

3.5 Lemma [2146] Necessary conditions for the existence of a PBD(v, K) are
v—1=0 (mod a(K)), and  v(v—1)=0 (mod B(K)).

3.6 Theorem [2146] The necessary conditions for the existence of a PBD(v, K) are asymp-
totically sufficient. More precisely, let K be a PBD-closed set. Then there exists a
constant vg = vo(K) such that if v > vy and v satisfies the necessary conditions of
Lemma 3.5, then there exists a PBD(v, K).

3.7 Theorem [2151] The necessary conditions for the existence of a PBD(v, K, A), that
A(v—1) =0 (mod a(K)) and Av(v—1) =0 (mod B(K)), are asymptotically sufficient.

3.2 Closures

3.8 Theorem [2151] The asymptotic sufficiency of the necessary conditions for the ex-
istence of PBD(v, K) can be restated in terms of PBD-closed sets as follows. Let
K be a PBD-closed set. Then K is eventually periodic with period G(K); that
is, there exists a constant C'(K) such that for every k& € K, (including £ = 1)
{v:v>C(K),v=k (mod 8(K))} C K.

3.9 Remark Theorem 3.8 makes the theory of PBD-closure useful. A few examples of a
certain set of objects can prove sufficient to establish the existence of an entire set of
objects, as is illustrated in Example 3.10.

3.10 Example By breaking up blocks, the set S = {v : 3 a BIBD(v,4,2)} is PBD-closed.
A necessary condition for the existence of a BIBD(v,4,2) is v = 1 (mod 3). A
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3.11

3.12
3.13

3.14
3.15

3.16

3.17

BIBD(4,4,2) can be obtained by taking the block {1,2,3,4} twice. (It is degenerate be-
cause v = k, but it is sufficient here.) A BIBD(7,4,2) is obtained by developing the set
{0,1,2,4} modulo 7. Now ged(7-6,4-3) = 6, so 5(S)|6. Also {4,7} C S. Therefore, S
is eventually periodic, with period 3; so for sufficiently large v = 1 (mod 3), there ex-
ists a BIBD(v, 4, 2), simply by the closure theorem. However, B({4,7}) ={v:v =1
(mod 3),v # 10,19}, so there exists a BIBD(v,4,2) for all positive v = 1 (mod 3)
with the possible exception of v = 10 or v = 19. (It is for this reason that the study
of closures is important.) Because there exists a BIBD(v, 4, 2) for v = 10 and v = 19,
S={v:v=1 (mod 3)}.

Theorem [2146] The primitive (or minimal) eventual period of a PBD-closed set is
cither B(K) or $8(K), and the latter is possible only if 3(K) = 2 (mod 4).

Remark Every PBD-closed set K # {1} is infinite.
Examples Examples of PBD-closed sets.

B(k,\) ={v:3 aBIBD(v, k,\)}.

R(k) = {r : 3 a BIBD(v, k, 1) with replication number r}.

R*(k) = {r : 3 a resolvable BIBD(v, k, 1) with replication number r}.

U(K,u) = {t: 3a K-GDD of type u'}, where K is a set of positive integers,
and wu is a fixed integer such that there exists a K-GDD of type u* for all k € K.
S = {s: 3 a Room square of side s}. (See §VI.50.)

e S = {s:3 a self-orthogonal latin square of order s}. (See §IIL5.)

Example A set that is not PBD-closed: RB(k) = {v : 3 a resolvable BIBD(v, k, 1)}.

Theorem [950] Let n be an integer, n > 3. Let Pi, = {s: s =1 (mod n), s = p'
for some prime p and positive integer ¢t}. Then B(P; ) is eventually periodic with
minimum period n; that is, there exists a constant C, such that if v > C, and
v =1 (mod n), then v € B(Py ).

Example [950] The use of Theorem 3.15. A Hering configuration of type n and order
v = sn + 1 is a decomposition of the complete directed graph DKy, 11 into a family
H = {Hy, Hs,...,Hg,11} of spanning directed subgraphs, each consisting of s directed
n-cycles and an isolated vertex, which has the property that any pair H;, Hj, i # j
share precisely one edge in common when viewed as undirected graphs, but that the
edge is oriented in opposite directions in H; and H;. Let S, = {v : 3 a Hering
configuration of type n and order v}. A necessary condition for v € S, is that
v =1 (mod n). It is known that S, is PBD-closed. It is also known that if ¢ = sn+1
is a prime power, then there exists a Hering configuration of type n and of order ¢. In
view of Dirichlet’s theorem, which guarantees the existence of a prime p = 1 (mod n),
and Theorem 3.15, it follows that for all fixed n and sufficiently large v = 1 (mod n),
there exists a Hering configuration of type n and order v. In fact, as shown in Table
3.23, B({4,7}) = {v: v =1 (mod 3),v # 10,19}. Because 19 is a prime, there is a
Hering configuration of type 3 and order 19. Further, it can be shown that there is no
Hering configuration of type 3 and order 10. Hence, there is a Hering configuration of
type 3 and order v =1 (mod 3) if and only if v > 4 and v # 10. Similarly it is shown
in Table 3.23 that B({5,9,13,17,29,33}) = {n : n > 5, n = 1 (mod 4)}. Because
{5,9,13,17,29} is a set of prime powers and a Hering configuration of type 4 and order
33 can be constructed, there is a Hering configuration for all v = 1 (mod 4), v > 5.

Let K be a PBD-closed set. Let G be a set of positive integers such that K = B(G).
Then G is a generating set for K.
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3.18

3.19

3.20

3.21

3.22

3.23

Let K be a PBD-closed set. An element x € K is essential in K if and only if
x & B(K\{x}); that is, if and only if there does not exist a PBD(z, K\{z}).

Theorem [2146] Let Ex denote the set of all essential elements in a PBD-closed set
K. Then FEf is the unique minimal generating set for K. Moreover, E is finite.

Theorem [2146] Let K be a PBD-closed set. Suppose that G C K. Then G is a
generating set for K if and only if Ex C G.

Remark There is some confusion in the usage of these terms. Some authors refer to
any generating set for a set K as a basis and speak of Ex as the minimal basis. Others
speak of Fx as being the minimal generating set. Still others refer to the minimal set
FEx as a basis. Here, basis refers to the set Fi.

Remark There are two approaches to PBD-closed sets. One approach is to be given
a set of positive integers K and to determine B(K) as accurately as possible. Alter-
natively one can select a PBD-closed set and determine as small a generating set as
possible. Tables 3.23, 3.24, and 3.26 reflect both approaches.

Table Closures of subsets. In the exceptions for the closure of K, nonnegative integers
smaller than min(K') are omitted, because 0 and 1 are always present and the remain-
ing integers are always absent. Braces and commas are omitted from sets. When large
sequences of exceptions occur, (a—b) means all values in the relevant residue classes
from a to b (inclusive). IN is used when the closure contains all sufficiently large in-
tegers. The precise closure of all subsets of {3,4,...,10} that contain the element 3
are exhibited first [975]. Because {7,9} C B(3), it is not necessary to include 7 or 9
in the list of sets whose closures are given. Similarly because 10 € B({3,4}), it is not
necessary to include 10 when 3 and 4 are both present.

[ Subset ]| Closure | Genuine Exceptions

| 3 [ 13mod6 | -

[ 34 ][ 0ilmod3 ] 6

35 [ Tmod2 | -

| 36 [ 0lmod3 | 41012 22

| 38 I N | 45610111214 16 17 18 20 23 26 28 29 30 34
35 36 38

[ 310 |[ O0Olmod3 | 461216 18 22 24 34 36 42

[ 345 N | 68

[ 346 ][ 0lmod3 | -

[ 348 || N | 56111417

[ 356 | N | 481012 14 20 22

[ 358 || N | 461012 14 16 18 20 26 28 30 34

[ 3510 || N | 468121416 18 20 22 24 26 32 34 36 38 42 44

| 368 |l N | 4510111214 17 20 23

| 3610 |[ 01mod3 | 41222

[ 3810 || N | 45611121416 17 18 20 23 26 29 35 36

[ 3456 || N | 8

[ 3458 || N | 6
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3468 | N | 5111417
3568 || N | 410121420
35610 || N | 481214 2022
35810 ]| N | 461214 16 18 20 26
36810 || N | 4511121417 2023
34568 ] N | -
356810 ] N | 41214 20
Subset [ Closure | Ref(s) Genuine and Possible Exceptions
4 |[[ 14 mod12 | [1042] -
45 [[ 01mod4 ] [225] 8912
416 [[ 01 mod3 ] [882, 1652] 791012 15 18 19 22 24 27 33 34
39 45 46 51 87
47 [[[ 1mod3 ] [335] 10 19
48 [ 01mod4 | [23, 1652] 5912 17 20 21 24 33 41 44 45 48
53 60 65 69 77 89
49 [[0149 mod12] [866, 1652] 12 21 24 48 60 69 84 93 96
456 i N | [1426] 7891011121415 18 19 23
457 i N | [1426, 1652] 6 8910 11 12 14 15 18 19 23 26
27 30 39 42 51 54
458 [[ 01mod4 ] [225] 912
459 [[ 01mod4 ] [225] 8 12
4511 || N | [192] 6789101214 15 18 19 22 23 26
27 30 31 34 38 42 43 46 50 54 58 62 66 67 70 74 78 82 90 94 98 102 106 114 118 126
130 142 154
467 [[ 01mod3 ] [1652] 910 12 15 18 19 24 27 33 45 87
4638 i N | (882, 1652] 5791011 12 14 15 17 18 19 20
22 23 24 26 27 33 34 35 39 41 47 50 51 53 59 62 65 71 77 87 95 110 131 170
469 [ 01mod3 ] [882,1652] 7 10 12 15 18 19 22 24 27 34
478 i N | 23, 1652] 56910 11 12 14 15 17 18 19 20

21 23 24 26 27 30 33 35 38 39 41 42 44 45 47 48 51 54 59 62 65 66 69 74 75 77
78 83 87 89 90 102 110 114 126 131 138 143 150 162 167 174 186

479 [ 01mod3 ] [960, 1652] 610 12 15 18 19 21 24 27 30 39 42
48 51 54 60 66 69 75 78 84 87 93 96 102 111 114 138 147 150 159 174 183 195 210
489 [ 01mod4 | [866, 1652] 512 17 20 21 24 41 44 48 53 60 69
77

4912 [[0149mod12] [871] 21 24

4567 ]| N | [1426] 8910111214 1518 19 23
4568 ]| N | [1426] 79101112 14 15 18 19 23
4569 ]| N | [1426] 7810 11 12 14 15 18 19 23
4578 N | [959, 1426] 691011 12 14 15 18 19 23 26 27

30 42 51
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[ 4579 ]| N | [959, 1426] 6810 11 12 14 15 18 19 23 26 27
30 51 54

[ 45711 ] N | 192, 1652] 6 8910 12 14 15 18 19 23 26 27
30 42 54

[ 4589 [ 01mod4 | [225] 12

[ 4678 ]| N | [1652] 591011 12 14 15 17 18 19 20 23
24 26 27 33 35 41 65 77 131

[ 4679 [[ 01 mod3 ] [882, 1652] 10 12 15 18 19 24 27

[ 4689 | N | [882, 1652] 571011 12 14 15 17 18 19 20 22
23 24 26 27 34 35 41 47 50 53 59 62 71 77 95 131 170

[ 4789 ]| N | [23, 1652] 561011 1214 15 17 18 19 20 21
23 24 26 27 30 35 38 39 41 42 44 47 48 51 54 59 62 110 143 150 167 174

[ 45678 ]| N | [959] 910 11 12 14 15 18 19 23

[ 45679 ]| N | [959)] 8 10 11 12 14 15 18 19 23

[ 45689 ]| N | [959] 710 11 12 14 15 18 19 23

[ 45789 ] N | [1426, 1652] 6101112 14 15 18 19 23 26 27 30
51

[ 46789 ] N | [1652] 510111214 1517 18 19 20 23 24
26 27 35 41

[ 456789 ]| N | [959] 10 11 12 14 15 18 19 23

[45791011 ] N | [1426, 1652 6812 14 15 18 19 23 26 27 30

[4591119 31 ] N | [192] 67810 12 14 15 18 22 23 26 27

30 34 38 42 43 46 50 54 62 66 74 78 90 98 102 114 126

| 5 |[ 15 mod20 | [1042] .
| 56 [ 0imodb | [196] 10 11 15 16 20 35 40 50 51 80
| 57 [ Tmod2 | [11, 196] 911 13 15 17 19 23 27 29 31 33 37

39 43 47 51 53 55 57 59 63 69 71 73 75 77 79 83 87 89 93 95 97 99 107 109 111 113
115 119 133 135 137 139 153 157 159 173 177 179 191 193 195 199 211 219 231 233
235 237 239 253 255 263 279 291 299 303 347 351 353 355 359 363 383 399 407 413
419 423 431 435 439 443 447 453 459 471 473 475 479 483 503 507 519 531 533 535
559 639

| 58 [ 01mod4 | [L1,196] 912 13 16 17 20 24 28 29 32 33 37
44 49 52 53 60 68 69 72 73 76 77 84 89 92 93 96 97 100 104 108 109 112 113 116 124
129 132 140 149 152 153 156 164 169 172 189 192 209 244 300 508 524 532 564 572
580 588 628 644 724 732 772 812

| 59 [ Tmodd | [11, 196] 13 17 29 33 113

| 567 N | [1473] (8-20) (22-24) (27-29) (32-34) 68
69 93 94 98 99 104 108 109 114 124

| 568 I N | [196] 7 (9-20) (22-24) (27-29) (32-35)

(37-39) 42 44 47 (50-53) 58 59 62 63 (67-69) 72 74 (77-T9) (82-84) 87 89 92 94
(97-99) 103 104 107 109 112 114 118 119 122 123 124 129 139 142 149 152 154 159
169 172 174 179 182 189 194 199 202 214 219 239 242 244 247 259 262 267

| 569 I N | [11, 196] 7 8 (10-20) (22-24) (27-29) (32—
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35) 38 39 40 42 43 44 47 48 52 58 59 62 64 67 68 72 79 80 82 83 84 87 88 92 98 99
102 103 104 107 108 112 113 118 119 122 123 124 127 128 132 138 142 147 148 152
158 162 167 172 178 179 182 188 198 199 207 208 218 219 227 238 248 288

| 578 i N | [11, 196] 6 (9—20) (22—24) (26-34) (37-39)
(42-44) 46 47 (51-53) (58-60) 62 66 (68-79) (82-84) 86 87 89 90 (93-100) 102 104
106 (107-111) (114-116) 118 122 124 126 130 132 134 135 138 140 142 146 150 153
154 156 158 162 164 166 170 172 174 178 186 190 191 194 195 198 202 206 210 211
214 226 230 234 244 258 262 274 278 282 298 300 338 359 422 443 471 478 562

| 579 [[[ 1mod2 ] [11, 196] (11-19) 23 (27-33) 39 43 51 59 71
75 83 87 95 99 107 111 113 115 119 139 179

| 589 [[ 01mod4 | [11, 196] (12-20) 24 (28-33) 44 52 60 68 84
92 96 100 104 108 112 113 116 124 132 140 156 172 244 300

| 5913 [[[ 1Tmod4 ] [1026] 17 29 33

[ 5678 ] N | [1473] (9—20) (22-24) (27-29) (32-34) 94
124

[ 5679 ] N | [1473] 8 (10-20) (22—24) (27-29) (32-34)
68 98 99 104 108 124

| 5689 || N | [11, 196] 7 (10-20) (22—24) (27-29) (32-35)
38 39 42 47 52 67 79 82 83 84 87 92 98 99 103 107 118 119 122 123 124 142 172 182

[ 5789 ] N | [1473] 6 (10-20) (22—24) (26-34) 38 39

(42-44) 46 51 52 60 (94-96) 98 99 100 102 104 (106-108) 110 111 116 138 140 142 146
150 154 156 158 162 166 170 172 174 206

[ 56789 || N | [1473] (10-20) (22-24) (27-29) (32-34)
| 6 [ 16 mod 15 | Table I1.3.4
[ 678 | N | 960, 1473] (9-30) (32-41) 45 46 47 65 (68-71)

(73-75) 77 (93-95) (98-101) (122-125) (128-131) 135 (137-140) (142-150) (152-155)
(159-161) (165-167) 172 173 (177-179) 184 185 233 (235-240) (242-245)

[ 6789 N | [560, 1473] (10-30) (32-41) 45 46 47 (93-95)
(98-101) (137-139) (142-150) (152-155) 160 161 166 167 185

| 7 [ 17 mod42 | Tables 11.3.5, 11.3.6

[ 789 | N | [560, 1473] (10-48) (51-55) (59-62) (93-111)
(116-118) 132 (138-168) (170-174) (180-216) (219-223) (228-230) (242-258) (261~
279) (283-286) (298-300) (303-307) (311-335) (339-342)

| 8 [ 18 mod56 | Tables 11.3.8, I1.3.9

| 89 [ 01 mods ] [11, 44] (16-56) (88-113) (144-225) (248-281)
(304-337) (360-393) 416 417 448 (472-497) (528-560) (600-616) 624 (308-840) (888
896) 952 1064 (1384-1408) (1456-1465) (1496-1505) (1528-1624) (1664-1680)

[ 8910 || N | [1471] (11-56) (58-63) (66-71) (75-79)
(101-109) (111-113) (115-119) 126 127 (133-135) (155-160) 166 167 (173-231) 239
(247-249) (250-287) (290-295) (290-295) (299-343) (346-351) (355-399) (403-407)
(411-423) (426-431) (435-439) (443-448) (452-455) (472-497) (499-503) (507-511)
(580582

—_ -
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3.24 Table More Closures. Let n > 3 be an integer.

Q>n = {v:vis aprime power; v > n}
0OQ>, = {v:vis a prime power; v > n, v is odd}
Q1 mod n = {v : v is a prime power, v =1 mod n}
Q0,1 modn = {v:vis a prime power, v = 0,1 mod n}
(Unless n is prime power, Qo1 mod » 1S identical to Q1 mod n-)

| Subset [ Closure | Ref(s) Genuine and Possible Exceptions

| 0Q>3 [ 1mod2 | -

| 0Q>5 [[[ ITmod2 | [11,192] 15 33 39 51 75 87

| OW>r [ 1mod2 ] [959] 15 21 33 35 39 45 51 55 65 69 75 87

93 95 105 111 115 123 129 135 141 155 159 183 195 213 215 219 231 235 237 245 255
267 285 291 303 305 309 315 321 327 335 339 345 365 375 395 415 445 447 453 455
465 471 483 485 501 507 519 525 543 573 597 605 615 651 699 717 735 843 861 1047

| Q>3 || N | 6

| Q>4 || N | [959, 960] 6 10 12 14 15 18 26 30

| @>5 i N | [208] 6 10 12 14 15 18 20 22 24 26 28 30
33 34 38 39 42 44 46 51 52 60

| @>7 i N | [189] 10 12 14 15 18 20 21 22 24 26 28
30 33 34 35 36 38 39 40 42 44 45 46 48 51 52 54 55 60 62

| @>s i N | [11, 208, 960] 10 12 14 15 18 20 21 22 24 26 28

30 33 34 35 36 38 39 40 42 44 45 46 48 50 51 52 54 55 56 58 60 62 63 66 68
69 70 74 75 76 77 78 82 84 85 86 87 90 92 93 94 95 98 100 102 106 108 110 111
114 116 118 119 122 124 126 130 132 134 138 140 142 146 148 150 154 159 162 164
166 170 172 174 175 178 180 182 183 186 188 190 194 196 198 202 204 206 210 212
214 218 220 222 226 228 230 234 236 238 242 244 246 250 252 258 260 262 266 268
270 274 276 278 282 284 286 290 292 294 298 300 302 303 306 308 310 314 318 322
324 326 330 332 334 335 338 340 346 348 350 354 356 358 362 364 366 370 372 374
378 380 382 386 388 390 394 396 398 402 406 410 412 414 418 420 422 426 428 430
434 436 438 442 444 446 450 452 454 458 460 462 466 468 470 474 476 478 482 484
486 490 492 494 498 500 502 506 508 510 514 516 518 526 530 532 534 542 546 548
550 554 556 558 562 564 566 570 572 578 580 582 586 588 594 596 598 602 604 606
610 612 614 618 620 622 626 628 630 634 636 638 642 644 646 650 652 654 658 660
662 666 668 670 674 676 678 682 684 686 690 692 694 698 700 702 706 708 710 716
718 722 724 726 730 732 734 738 740 742 746 748 750 754 756 758 762 764 766 770
772 774 778 780 786 788 794 796 798 802 804 806 810 812 818 820 822 826 828 830
834 836 842 844 846 850 852 854 858 860 862 866 868 874 876 878 882 884 886 890
892 894 898 902 906 908 910 914 916 918 922 926 930 934 938 940 942 946 948 950
954 956 958 964 966 982 994 996 998 1002 1004 1006 1010 1012 1014 1018 1020 1022
1026 1030 1034 1036 1038 1042 1044 1046 1050 1052 1054 1058 1060 1062 1066 1068
1070 1074 1076 1078 1082 1084 1086 1090 1092 1094 1098 1100 1106 1108 1110 1114
1116 1118 1122 1124 1126 1130 1132 1138 1140 1146 1150 1154 1162 1186 1188 1190
1194 1206 1210 1218 1226 1234 1242 1250 1252 1258 1266 1274 1306 1314 1322 1330
1354 1378 1386 1394 1402 1410 1418 1426 1434 1442 1450 1490 1506 1514 1522 1554
1570 1578 1586 1594 1602 1610 1618 1626 1650 1658 1682 1698 1714 1722 1730 1754
1762 1786 1802

Qimod3z [ 1mod3 [335] 10

|
Qimoda [ 1mod4 ] [1026] 33
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|Q1mod5u{6}||

Imod5 | [18,41,1599] 21 26 36 46 51 56 86 116 146 221 226

286 386 411 416 441 446 471 476 501 536 566 596 626 651 686 716 746 771 776 801
806 866 896 926 986

[ Qimods ][ 1mod6 | [959] 55 115 145 205 235 265 319 355 391 415
445 451 493 649 667 685 697 745 781 799 805 1315
[ Qimoas ][ 1mod8 ] [960] 33 57 65 105 129 161 177 185 201 209

249 265 297 305 321 345 377 385 417 465 473 481 489 497 505 537 545 553 561 609
633 681 705 713 737 745 753 785 825 849 897 913 921 945 985 993 1001 1041 1057
1065 1073 1113 1121 1137 1145 1185 1209 1257 1281 1329 1401 1425 1473 1497 1529
1537 1561 1569 1577 1593 1617 1625 1633 1641 1665 1673 1689 1705 1713 1745 1761
1769 1785 1793 1809 1817 1833 1857 1905 1977 2001 2049 2073 2121 2145 2913 2937
2945 2985 3009 3057 3081 3129 3201 3393 3417 3505 3705 4857 4985 5025 5097 5145
5169 5361 6585 6657 8193 8313 8385 8673

Qo1mod7 ]

01mod?7 | [205,960] 14 15 21 22 28 35 36 42 70 77 78 84

85 98 99 105 106 126 133 134 140 141 147 148 154 155 161 162 168 182 183 189 190
196 238 245 246 252 253 266 267 273 274 294 315 316 322 329 364 371 378 420 574
581 588 623 630 1078 1085 1092 1106 1107 1113 1114 1120 1127 1134 1162 1169 1170
1218 1260 1372 1407

Qoimods [ 01mod8 | [11,44] 10 24 33 40 48 56 88 96 104 105 112

160 161 168 176 177 184 185 192 224 312 368 377 384 448 888 896

3.25

3.26

Theorem [11, 44] Let Qo15mod 8 be the set of prime powers = 0,1, or 5 (mod 8).
Necessary conditions for a (v, Q015 mod 8)-PBD to exist are v = 0,1 mod 4. These are
sufficient in the following cases:
1. v=0,1, or 5mod 8 and v ¢ {21,24,33,40,45,48,56,69, 77,85, 88,93, 96, 160,
161, 165,168,176,177, 184,185,192, 224, 368, 384}.
2. v = 4mod 8 and either v > 2612 or v € {316, 404, 900, 924, 932, 1028, 1340,
1348, 1652, 1660, 1668, 1964, 2060, 2068, 2292, 2332, 2388, 2492, 2556, 2564,
2580, 2588, 2596}.

Table Generating sets. Here the opposite view is taken: A PBD-closed set is specified,
and a generating set is presented for it. Here K, = {v:v > n}, Hyqn) = {v:v >
a, v=1 (mod a)}, and Hy1(q) = {v:v >a, v=0,1 (mod a)}. Essential elements
are in bold, and elements not known to be essential are in normal typeface.

Closed Set | Generating Set Ref.
K3 34568 [1042]
Ky 4567891011 12141518 19 23 1042, 1470
Ks (5—20) 22 23 24 27 28 29 32 33 34 1042, 1470
K (6—-30) (32—41) (45—47) [1042, 1470]
K7 (7-48) (51-55) (59-62) [1470]
Kg (8-56) (58-63) (66—71) (75—79) 1470
Hy2) 35 2149
Hy3) 471019 2149
Hoy 1(3) 346 2149
Hoi3\ {3} |[4679101215 1819 24 27 1650
Hy 13\ {3,4} | (6-30) (33-40) 45 46 51 52 69 93 94 1651
Hyy) 5913 17 29 33 [1026]
Ho 14 458912 [225]
Ho 1)\ {4,5} | (8-61) 68 69 76 77 84 85 88 92 93 101 [19]
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Closed Set

Generating Set

Ref.

H (5

6 11 16 21 26 36 41 46 51 56 61 71 86 101 116

[18, 41, 959]

Hoy 1(5)

56 10 11 15 16 20 35 40

960, 2149

Hy 6)

713 19 25 31 37 43 55 61 67 73 79 97 103 109 115
121 127 139 145 157 163 181 193 199 205 211 229 235
241 265 271 277 283 289 313 319 331 349 355 373 391
397 409 415 445 451 457 487 493 499 643 649 661 667
685 691 697 709 733 739 745 751 781 787 811 1315
1321 1327

[959, 967]

Hy ()

8 15 22 29 36 43 50 71 78 85 92 99 106 113 127
134 141 148 155 162 169 176 183 190 197 204 211 218
225 239 246 253 260 267 274 281 295 302 309 316 323
330 337 351 358 365 372 379 386 414 421 428 442 575
582 589 596 603 610 701 708 715 722 827 834 1205
1212 1219 1226 1261 1268 1275 1282

[959]

Hys)

9 17 25 33 41 49 57 65 89 97 105 113 121 129
161 169 177 185 193 201 209 233 241 249 257 281 305
313 321 337 345 353 377 385 401 409 417 449 465 473
481 489 497 537 553 569 601 609 617 633 737 745 753
761 769 785 897 913 921 929 1049 1065 1073 1113
1121 1129 1145 1529 1537 1553 1561 1569 1577 1625
1633 1641

[960]

Ho 1(8)

8916 17 24 25 32 33 40 41 48 49 56 88 89 96
97 104 105 112 113 160 161 168 169 176 177 184 185
192 224 312 368 377 384 448 560 888 896 944 952

[11, 44]

See Also

§IL.1
§I1.7

§VL50

Orders of BIBD(v, k, A) form PBD-closed sets.

Replication numbers of resolvable BIBDs with index one form

PBD-closed sets.
The set of sides of Room squares is PBD-closed.

References Cited:

[11,18,19,23,41, 44,189,192, 196, 205, 208, 225, 335, 560, 749, 866, 871, 882, 950,

959,960,967,975,1026,1042,1426,1470,1471,1473,1599, 1650, 1651, 1652, 2146, 2149, 2151]

4 Group Divisible Designs

GENNIAN GE

4.1 Some Families of Group Divisible Designs

4.1 Theorem [2211] The necessary and sufficient conditions for the existence of a (3, A)-
GDD of type m* are (1) u > 3, (2) A(u—1)m =0 (mod 2), and (3) Au(u —1)m? =

(mod 6).

4.2 Theorem [555] Let g, u, and m be nonnegative integers. There exists a 3-GDD of the
type g“m? if and only if the following conditions are all satisfied:

1. ifg>0,thenu >3, oru=2and m=g,oru=1and m =0, or u = 0;
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4.3

4.4

4.5

4.6

4.7

4.8

4.9

m < g(u—1) or gu = 0;
glu—1)+m =0 (mod 2) or gu = 0;
gu =0 (mod 2) or m = 0; and

5. 29%u(u—1) 4+ gum =0 (mod 3).

- N

Table All possible group-types for 3-GDDs on at most 60 points are determined [525].
Every primitive 3-GDD on at most 30 points has one of the following types. (The
number of points is given in boldface.)

3: 13 6: 2° 7: 3114 8: 24 9: 33 10: 4!23
11: 516 12: 26,43 13: 341! 14: 432' 624 15: 3°, 53, 7118
16: 4%, 6'4'2% 17: 5'3*  18: 6'43, 63, 8125 19: 361!, 533111, 7134, 91110

20: 6'432!, 6321, 8126, 8143 21: 5332, 713412, 73, 9134

22: 6144, 6341, 81614122, 1026

23: 5431, 71513312 72513111, 915133, 111112

24: 456243, 64, 814322, 816222, 83, 1014223

25: 715331 723312 733111 913511 915311, 917133

26: 4521 624321, 612!, 816143, 8163, 826122, 832!, 10'61422!, 1227

27: 71533112, 723411, 7332, 915331 91713312, 917214, 93, 111523113, 131114

28: 6244, 644!, 81422 81624122, 8%26'4'2!, 834!, 10'6'43, 10'63, 108127, 1214126
12144

29: 715412, 735131 9154 9171513212 91725111, 925132 11136, 1115331, 111713312

30: 6°, 81614322, 816322, 82432', 82622, 836!, 10'4°, 106242, 10'8'4%22, 103,
126143, 12163, 14128

Theorem [542] Let w,r, and ¢t be positive integers. Then there exists a 3-GDD of
type u"1% if and only if u = 1 (mod 2); r +¢t = 1 (mod 2); if r = 1,¢t > u + 1; if
r=2,t>u;and (%) +rut+ (})u® =0 (mod 3).

Theorem [542] Let u and v be positive integers with v < u. Then a 3-GDD of type
ulv1¥ exists if and only if (u,v) = (1,1),(3,1),(3,3),(3,5), (5,1) modulo (6,6).

Theorem [2211] The necessary and sufficient conditions for the existence of a (4, A)-
GDD of type m* are (1) u > 3, (2) A(u—1)m =0 (mod 4), and (3) Au(u —1)m? =
(mod 12), with the exception of (m,u, A) € {(2,4,1),(6,4,1)}, in which case no such
GDD exists.

Theorem The necessary conditions for a 4-GDD of type g“m! with g,m > 0 and
u > 4 are that m < g(u — 1)/2,9u = 0 (mod 3),g(u — 1) + m = 0 (mod 3) and

(") = u(f) ~ (3) =0 (mod 6)

Theorems 4-GDDs with all but one group of the same size s € {1, 3}.
1. A 4-GDD of type 1“m! exists if and only if u > 2m + 1 and either m,u+m =1
or 4 (mod 12) or m,u+m =7 or 10 (mod 12).
2. A 4-GDD of type 3“m! exists if and only if either u = 0 (mod 4) and m = 0
(mod 3),0<m < (Bu—6)/2; or u =1 (mod 4) and m =0 (mod 6),0 < m <
(3u —3)/2; or u=3 (mod 4) and m = 3 (mod 6), 0 <m < (3u — 3)/2.

Theorems 4-GDDs with all but one group of the same size s € {2,4,5,6,12,15}.

1. There exists a 4-GDD of type 2“m! for each u > 6, u = 0 (mod 3) and m = 2
(mod 3) with 2 < m < u — 1 except for (u,m) = (6,5) and possibly excepting
(u,m) € {(21,17), (33, 23), (33,29), (39, 35), (57,44) }.

2. A 4-GDD of type 4%m! exists if and only if either « = 3 and m = 4, or u > 6,
u=0 (mod 3) and m =1 (mod 3) with 1 <m <2(u—1).
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A 4-GDD of type 5“m! exists if and only if either v = 3 (mod 12) and m = 5
(mod 6),5<m < (bu—5)/2; or u =9 (mod 12) and m =2 (mod 6), 2 <m <
(5u —5)/2; or u=0 (mod 12) and m =2 (mod 3),2 <m < (5u — 8)/2.

There exists a 4-GDD of type 6“m! for every u > 4 and m = 0 (mod 3) with
0 < m < 3u — 3 except for (u,m) = (4,0) and except possibly for (u,m) €
{(7,15), (11,21), (11,24), (11,27), (13,27), (13,33), (17,39), (17,42), (19,45),
(19,48), (19,51), (23,60), (23,63)}.

A 4-GDD of type 12¥m! exists if and only if either v = 3 and m = 12, or u > 4
and m =0 (mod 3) with 0 <m < 6(u — 1).

A 4-GDD of type 15%m! exists if and only if either v = 0 (mod 4) and m = 0
(mod 3),0 <m < (15u—18)/2; or u =1 (mod 4) and m =0 (mod 6),0 < m <
(15w —15)/2; or u = 3 (mod 4) and m = 3 (mod 6), 0 < m < (15u — 15)/2.

4.10 Table Existence of 4-GDDs of small order [1359).

v | Group Type | Exist v | Group Type | Exist v | Group Type | Exist
4 1% YES 24 38 YES 28 12942 YES
8 24 NO 3462 YES 11643 YES
12 34 YES 6* NO 11244 YES
13 113 YES 25 125 YES 1845 YES
1941 YES 12141 YES 1446 YES
14 27 YES 11742 YES 47 YES
15 3° YES 11343 YES 11472 YES
16 116 YES 1944 YES 194172 | YES
11241 YES 1545 YES 164272 | YES
1842 YES 1146 YES 124372 | YES
1443 YES 26 213 YES 74 YES
44 YES 2354 ? 29 21251 YES

17 20651 NO 2981 YES 2255 ?
20 210 YES 27 39 YES 285181 YES
54 YES 3°62 ? 30 386! YES
21 356! YES 3164 YES 3463 YES
22 11571 YES 28 128 YES 6° YES
23 2951 YES 12441 YES 379! YES

4.11 Theorem More results on 4-GDDs with all but one group of the same size.

1.

Let g = 0 (mod 6) and v > 4. Then there exist 4-GDDs of types ¢g“0! and
g“(g(u—1)/2)!, except that there is no 4-GDD of type 6*0'. There is a 4-GDD
of type 6431.

. Let g=3 (mod 6) and u > 4, u £ 2 (mod 4). If w =0 (mod 4) then there exist
4-GDDs of types ¢g“0' and ¢g“((g(u — 1) — 3)/2)"; if u = 1 (mod 4) then there
exist 4-GDDs of types ¢g“0' and g“(g(u — 1)/2); if u = 3 (mod 4) then there

1

exist 4-GDDs of types ¢g“3' and g*(g(u —1)/2)*.
Let g =1 (mod 6) and v = 0 (mod 3), w > 9 and v #Z 6 (mod 12). If u =0
(mod 12) then there exist 4-GDDs of types g“1' and g“((g(u — 1) — 3)/2)%; if
u =3 (mod 12) then there exist 4-GDDs of types g“1* and g“(g(u — 1)/2)!; if
u =19 (mod 12) then there exist 4-GDDs of types g“4! and g“(g(u — 1)/2).
Let g = 4 (mod 6) and u = 0 (mod 3), u > 6. Then there exist 4-GDDs of
types g“1! and g“(g(u — 1)/2)%.

Let g = 2 (mod 6) and v = 0 (mod 3), u > 6. Then there exist 4-GDDs of
types g“2! and g“(g(u — 1)/2)!, except that there is no 4-GDD of type 265
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4.12

4.13

4.14

4.15

4.16

4.17

4.18

6. Let g =5 (mod 6) and u =0 (mod 3), v > 9 and u # 6 (mod 12). If u =0
(mod 12) then there exist 4-GDDs of types g“2* and g“((g(u—1)—3)/2)*, except
possibly for type ¢g'22! when g € {11,17}; if u = 3 (mod 12) then there exist
4-GDDs of types ¢g“5' and g“(g(u — 1)/2)*, except possibly for type 11275%; if
u = 9 (mod 12) then there exist 4-GDDs of types ¢g“2! and g%(g(u — 1)/2)%,
except possibly for type 11212,

Theorem There exists a 4-GDD of type g*m! with m > 0 if and only if g = m = 0
(mod 3) and 0 < m < 379.

Theorem
1. Let ¢ = 0 (mod 6) and v = 0 (mod 4), where u = 4 or w > 12. Then there
exists a 4-GDD of type g“m! for every m = 0 (mod 3) with 0 < m < g(u—1)/2,
except possibly when v = 12 and either g =6 or 0 <m < g.
2. Let g =2 or 4 (mod 6) and u = 0 (mod 12). Then there exists a 4-GDD of
type g¥m?! for every m = g (mod 3) with 0 < m < g(u — 1)/2, except possibly
when v =12 and 0 < m < g.

Remark For the references to Theorems 4.7-4.13 on 4-GDDs of type g“m!, see [878]
and the references therein.

Proposition There exist 4-GDDs of types

9561, 3692, 3792, 3862, 3894 31592 (4122 3861121, 396112!, 31161151, 6491121,
65121151, 94121181, 68181241, 68211241, 62121271, 6691181, 61491421, 124151241,
125151301, 126151361, 128158481, 1211151661, 1212151721, 125211301, 126211361,
1211271661, 184301361, 613241391, 31491211 615241451, 31691241 32091301,
611121331, 614181421, 61618148, 617121511, 322211331, 32691391 9l139! 330211451
99121, 99301, 32421136', 3289142! and 336211541,

Theorem [881] The necessary conditions for the existence of 5-GDDs of type g* (Theo-
rem IV.1.11) are also sufficient, except when g* € {2° 21135 6°}, and possibly where
1. gu — 345, 365;
2. g =2,6,14,18 (mod 20) and
(a) g =2 and u € {15,35,71, 75,95, 111,115, 195, 215};
(b) g =6 and u € {15,35, 75, 95):
(¢) g=18 and u € {11,15,71,111,115};
(d) g € {14,22,26,34,38,46,58, 62} and u € {11,15,71,75, 111, 115};
(e) g € {42,54} or g = 2a with a = 1,3,7,9 (mod 10) and 33 < o < 2443,
and u = 15;
3. g =10 (mod 20) and

@

(a) g =10 and u € {5,7,15,23, 27, 33, 35, 30, 47}

(b) g =30 and u € {9,15};

(¢) g =50 and u € {15,23,27};

(d) g =90 and u = 23,;

(e) g=10a, « =1 (mod 6), 7 < o < 319, and u € {15, 23};
(f) =108, B=5 (mod 6), 11 < 3 < 443, and u € {15, 23};
(g) g =107, v=1 (mod 6), 325 < v < 487, and u = 15;

(h) g =100, 0 =5 (mod 6), 449 < § <485, and u = 15.

Theorem [39] A 5-GDD of type g°m! exists if g = 0 (mod 4), m = 0 (mod 4), and
m < 4¢/3, with the possible exceptions of (g,m) = (12,4) and (12, 8).

Remark The existence of a PBD(v, {5, w*}) is equivalent to that of a 5-GDD of types
1v=%w! or 47 (w — 1)*. See Theorem 1.27.
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4.19

4.20

4.21

4.22

4.23

4.24

4.25

4.26

4.27

Remark There exist 5-GDDs of types 4783, 81541 819281 823121 12741 121081
1210161, 121241, 121381, 167121, 12881, 16841, 12741, and 607 (4a)" for 0 < a < 19.

Theorem [117] Let A > 2. The necessary conditions for the existence of (5, A)-GDDs
of type g* (Theorem IV.1.11) are also sufficient, except possibly when A =2, u =15
and either g =9 or ged(g, 15) = 1.

Remark The divisible (or elliptic) semiplanes in Examples VII.3.9 and 3.10 give a
7-GDD of type 3'°, a 12-GDD of type 3%°, and a 9-RGDD of type 333.

Remark [793] An optimal (g + 1)-ary (v, k,d) constant weight code over Zgyyq1 can
be constructed from a k-GDD of type ¢g¥, (I, x Iy, {{i} x Iy | i € I,}, B), where
I, ={1,2, --- ,m} and d is the minimum Hamming distance of the resulting code.
For each block {(i1, a1), (i2, az2), -+, (ix, ar)}€ B, form a codeword of length v by
putting a; in position i;, 1 < j < k, and zeros elsewhere. Then k—1 < d < 2(k—2)+1.
A k-GDD of type ¢ forming a code with minimum Hamming distance 2(k — 2) + 1
is a generalized Steiner system GS(2,k,v, g). For the existence of generalized Steiner
system and related designs, see [1197] and references therein.

4.2 GDDs with Holes

Theorem Let (k—1)h =n. A TD(k,n) — TD(k, h) exists if and only if a (k —1)-GDD
of type (n — h)* exists. This GDD is necessarily a frame.

Example By Theorem I11.4.5, there is a TD(6,10) — TD(6,2). Hence, there exists a
5-GDD of type 8°. Another construction follows: The point set is (Iz X Z3) X (Zz X Z4)
where Ir = {0,1}. Let the groups be g X (Zg x Z4) for g € I x Zs. For blocks take

{(0,0,0,0), (0,1,0,2), (0,2,1,0), (1,0,1,1), (1,1,1,2)},
{(0,0,0,0), (0,1,0,0), (0,2,1,1), (1,0,0,0), (1,1,0,3)},
{(0,0,0,0), (0,1,0,1), (1,0,0,2), (1,1,0,2), (1,2,1,1)},
{(

0707070)’ (0717073)’ (1707]‘73)’ (171717 )7 (1727073)}7
Theorem [2211] Necessary and sufficient conditions for the existence of a (3, A)-IGDD
of type (m, h)* are m > 2h, dm(u — 1) =0 (mod 2), A(m — h)(u — 1) =0 (mod 2),
and \u(u — 1)(m? — h%) =0 (mod 6).

Theorem [2112] The necessary conditions for the existence of a 4-IGDD of type (m, h)*
(Theorem IV.1.39) are also sufficient, except for (u, m, h) € {(4,2,0), (4,6,0), (4,6,1)}
and except possibly for (u,m,h) € {(14,15,3), (14,21,3), (14,93,27), (18,15, 3),
(18,21,3), (18,93, 27)}.

Let X be a set of tmn points partitioned into m-subsets X;;, for 0 < ¢ < n — 1,
and 0 < j <t—1. Let B be a collection of subsets of X (blocks) that satisfies the
following conditions:
1. |b| = k for all blocks b € B,
2. let z and y be points with x € X;,;, and y € Xj,;,, then
(a) if 41 # io and j; # jo, then z and y are contained in exactly A blocks
together,
(b) if 41 = is or j; = jo, then = and y are together in no block.
Then (X, B) is a holey group divisible design (denoted (k, \)-HGDD(n,m?)). The
subsets U;;%)Xij where 0 < ¢ < n—1 are the groups and the subsets U?:_01Xij, where
0<j<t—1, are the holes.

all mod (-,3,2,4).
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4.28

4.29

4.30

4.31

4.32

4.33
4.34

4.35

4.36

4.37

4.38

4.39

Remark HGDDs can be considered as a generalization of holey mutually orthogo-
nal latin squares (HMOLS) (§II1.4.4), since a k-HGDD(k, m') is equivalent to k — 2
orthogonal HMOLS of type m?.

Theorem The necessary conditions for the existence of a (k, \)-HGDD(n,m') are
that t > k,n > k,A(t —1)(n — 1)m = 0 (mod k — 1), and M(t — )n(n — 1)m? =
(mod k(k — 1)).
Theorem [2126] There exists a (3, \)-HGDD(n, m!) if and only if t,n > 3, A\(t—1)(n—
)m =0 (mod 2), and A\t(t — 1)n(n — 1)m? =0 (mod 3).
Theorem [2114] Let u, ¢, g and w be nonnegative integers. The necessary and suffi-
cient conditions for the existence of a 3-HGDD(u, g'w!) are that

1. u>3, t=2and g =w; or

22u>3,t>3, 0<w<gt—-1), gt(fu—1) =0 (mod 2), (u—1)(w—g) =0

(mod 2), and gtu(u —1)(g(t — 1) —w) =0 (mod 3).

Theorem [884] There exists a (4, \)-HGDD of type (n, m') if and only if ¢,n > 4 and
At—1)(n—1)m =0 (mod 3) except for (m,n,t) = (1,4,6), A = 1 and except possibly
for m = 3,A = 1 and (n,t) € {(6,14), (6, 15), (6,18), (6, 23)}.

‘A modified group divisible design (MGDD) is a (k, \)-HGDD(n, 1%). ‘

Corollary From Theorems 4.30 and 4.32 it follows that the necessary existence con-
ditions for MGDDs are sufficient when k = 3, and when k = 4 except for (\,n,t) =
(1,6,4).

Remark For the existence of MGDDs with block size 5, see [8] and references therein.

4.3 Large Set of GDDs

Two k-GDDs with the same group set, say (X,G,A) and (X, G, B), are disjoint if
ANB=10. A large set of disjoint k-GDDs is a collection (X, G, B;.),cr of k-GDDs,
all having the same set of groups, such that for every k-subset B of X satisfying
|[BNG| <1 for all G € G, there is exactly one r € R with B € B,..

Remark It is not difficult to see that the maximum number of disjoint 3-GDDs of type
tst is t(u—1) for s > t. Such a collection of disjoint 3-GDDs is denoted by LS(t%s')
or LS(tv*1) for t = s.

Theorem [1422] There exists an LS(t") if and only if n(n — 1)t> = 0 (mod 6) and
(n—=1)t=0 (mod 2) and (¢t,n) # (1,7).

Theorem [1194] There exists an LS(2"41) if and only if n = 0 (mod 3) with the
possible exceptions of n € {12, 30, 36, 48, 144}.

See Also

6III.3 TDs are special classes of GDDs.

6I11.4 ITDs are special classes of IGDDs or HGDDs.
§IV.5 GDDs with resolvability.

[2211] A broad survey of PBD and GDD constructions.

References Cited: [8,39,117,525,542,555,793,878,881,884,1194,1197,1359,1422,2112,2114,2126,

2211]
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|
5 PBDs, Frames, and Resolvability
GENNIAN GE
YING M1iao
5.1 Frames and Resolvability
5.1 Remark While the set R(k) = {r : 3 an RBIBD(v, k, 1) with replication number

5.2

5.3

5.4

5.5

5.6

5.7

r} is PBD-closed for fixed k, the set of replication numbers of an RBIBD(v, k, \)
is not in general PBD-closed for A > 2. To overcome this difficulty, Hanani [1042]
introduced resolvable frames (or briefly, frames). However, resolvable frames were
explicitly defined by Stinson [1967].

Let B be the collection of blocks of a PBD, GDD, or BIBD of index A. Then an a-
resolution class (or a-parallel class) is a sub-collection of blocks of B, which together
contain every point of the design exactly a times.

A PBD, GDD, or BIBD of index A is a-resolvable if the collection of blocks of
the design can be partitioned into a-resolution classes. Furthermore, a design
is A-resolvable if its collection of blocks B admits a partition into sub-collections
B1,Bs, ..., Bs where for each i = 1,2,..., s there is an «; € A such that B; forms an
a;-resolution class. An RGDD (resolvable GDD) is a 1-resolvable GDD.

Example A 2-resolvable BIBD(10, 4, 6) with point set ZgU{oo}. 2-resolution classes are
obtained by developing [{0,1,2,3}, {0,2,5,6}, {1,4,5,7}, {3,7,8,00}, {4,6,8,00}] mod 9.

Theorem Let D be a PBD(v, K, A) that is A-resolvable. Let n denote the number of
A-resolution classes of D. Then for any m < n, there exists a PBD(v + m, K U (K +
1)u{m},A), where K +1={k+1:k € K}. When m = n, the set of block sizes is
in fact (K + 1) U {n}. In particular, if there exists a A-resolvable BIBD(v, k, \), with
v # k2, then there exists a PBD(v + n, {k + 1,n'}, \), where the symbol n' indicates
that there are A identical blocks of size n in the design, and no other blocks of size
n. If v = k2, then one obtains a PBD(k? + k + 1, {k + 1}, ) (a design that has the
parameters of a A-fold copy of a (perhaps nonexistent) projective plane of order k).

Let v, k, and a be positive integers and let V' be a set of cardinality v. Let any
subset of size k of V' be a block. Then an a-partial resolution class is a collection
C of blocks such that every element of V' occurs in either exactly a or exactly zero
blocks of C. The elements of V' not occurring in the partial resolution class form the
complement of the class.

Let k, «, and X be positive integers. A (k, o; \)-frameis a triple (V, G, B) where V is
a set of cardinality v, G is a partition of V into parts (groups), and B is a collection
of blocks of size k that can be partitioned into a collection P of a-partial resolution
classes of V' that satisfies the conditions:
1. The complement of each a-partial resolution class P of P is a group G € G.
2. Each unordered pair {z,y} C V that does not lie in some group G of G lies in
precisely A blocks of B.
3. No unordered pair {z,y} C V that lies in some group G of G also lies in a
block of B.
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5.8

5.9

5.10

5.11

5.12

5.13

5.14

5.15

5.16

5.17

The type of the (k,a; A)-frame is the multiset T = [|G| : G € G]. If G contains a;
groups of size g1, az groups of size g2, and so on, where v = a191 + azgs + . . . + asgs,
then the exponential notation g7'g5?...g2% is also used. By convention, factors of
the type 0% can be included in the exponential form of the type to accommodate

null groups when necessary.

Example A (3,1; 1)-frame of type 2* with point set {1,2,3,4,5,6,7,8}.
groups | {1,5} | {24} | {36} | {7.8}
blocks | {2,6,71 | {L,6,81 | {L47} | {1,2,3]
{3.4,8} | {3,5,7} | {2,5,8} | {4,5,6}

Remark A (k, a; \)-frame is simply a (k, \)-GDD with an additional property on the
collection of blocks of the design.

Theorem Let k, o and A\ be positive integers. Suppose that there exists a (k, a; \)-
frame of type ¢g7'g5? ...g%, and that for ¢ = 1,2,...,s, there exists an a-resolvable
BIBD(g; + 1,k, ). Then there exists an a-resolvable BIBD((3"7_; a;g;) + 1.k, \).

Theorem Let (V,G,B) be a GDD of index A; (the master GDD) and let w be a
mapping V — ZT U {0}. Suppose that for each B € B, there exists a (k, a; \2)-
frame of type [w(z) : x € B]. Then there exists a (k, Aja; AjAg)-frame of type T =
> eqw(z): Gegl.

Corollary Let F(k,a;9,\) = {u: 3 a (k, a; \)-frame of type g*}. Then F(k,«;g, A) is
PBD-closed. (Apply Theorem 5.12 with A; = 1).

Remark Theorem 5.12 has been used to construct classes of a-resolvable GDD of in-
dex A and a-resolvable BIBD(v, k, \). However, the main application lies in the area
of 1-resolvability, that is, the case of resolvable designs. Within that area, the main
emphasis has been on (k, 1; 1)-frames, both because of the importance of the construc-
tion of RBIBD(v, k, 1), and due to the fact that a (k, 1; A)-frame can be obtained from
a (k, 1; 1)-frame by replicating the collection of blocks A times, maintaining the frame
structure.

A (k,\)-frame of type T is a (k, 1; \)-frame of type T. A k-frame of type T is a
(k, 1; 1)-frame of type T

Theorem The following relationships between frames and other combinatorial objects
are known.

1. A k-frame of type (k — 1)(*=1/(=1) i5 equivalent to an RBIBD(v, k, 1).

2. A (k,k — 1)-frame of type 1" is equivalent to an NRB(v, k, k — 1).

3. If there exists a (k, k — 1)-frame of type T, then there exists a (k+1, k+1)-GDD
of type T. Conversely if there exists a (k + 1,1)-GDD of type T, then there
exists a (k, k — 1)-frame of type T.

4. If there exists a TD(k+1, kw) —TD(k+1, w), then there exists a k-frame of type
(w(k — 1))k*+L. Conversely, if there exists a k-frame of type t*+1, then (k — 1)
divides ¢; writing t = w(k — 1), there exists a TD(k + 1, kw) — TD(k + 1, w).

5. [31] If a complementary pair of Golay sequences exists, then a (k, k — 1)-frame
of type 2FF! exists.

Remark Although deleting the blocks through a given point of an RBIBD(v, k, A) does
not give a frame when A > 1, it does give a structure that can be used in Wilson’s
fundamental construction; for example, if an RTD,(k,n) and an RBIBD((k — 1)n +
1, k, ) also exist, then so does an RBIBD((v — 1)n + 1, k, Ap).
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5.20
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5.2 Frames

Theorem The necessary conditions for the existence of a (k, A)-frame of type h* are
(Du>k+1,(2) h(u—1)=0 (mod k), and (3) Ah =0 (mod k —1).
Theorem Let (V, G, B) be a (k, \)-frame. Let F' be a new set of points, that is, FNV =
(). Suppose that for each G € G, there exists a (k, \)-frame (GU F, Hg U{F}, Bg).
Then there exists a (k, \)-frame (V',G’, B') where

V'=VUF, ¢ =(UsegHa) U{F}, B =BU(UgegBo)-

Theorem If there exist a (k, A;)-frame of type g* and an RTD,,(k, m), then there
exists a (k, A1 Az)-frame of type (mg)™.

A (k, \) incomplete frame of type T is a (k, A\)-IGDD (V, G, H, B) of type T such that
(1) the collection of blocks B can be partitioned into a collection P of partial
resolution classes, and
(2) each P € P contains either
(a) every point of V' \ G exactly once for some G € G or
(b) every point of V' \ (GU{H : H € H}) exactly once for some G € G.

Theorem [458] Suppose that there exists an RTD(u + 1,t). If there exists a (k, A)
incomplete frame of type (m + e;, e;)* for any i, 1 < i < ¢, then there exists a (k, \)
incomplete frame of type (mt+e,e)* withe =3, ., ,e;. Furthermore, if there exists
a (k, A)-frame of type e", then there exists a (k, A)-frame of type (mt + e)™.

Remark Theorem 5.12 with Ay = o« = 1, Theorem 5.19 and Theorem 5.20 are standard
frame constructions due to Stinson [1967]. Double frames were introduced to derive
a general construction for frames that unifies these standard frame constructions and
Theorem 5.22. See [458].

Theorem [24, 848] Let p and g be odd prime powers with p < ¢ and at least one of
p,q =3 (mod 4). Then there exists a (p, p— 1)-frame of type p?, except possibly when
g=p+2,¢q="7,11,15 (mod 16), and ¢ > 27.

Remark In [848], the existence of (p,p — 1)-frames of type p? for p, ¢ both odd prime
powers with p < ¢ was investigated. Extensive results were obtained although the
proof for p < g < 2p with ¢ = 3 (mod 4) was not correct. Since then more extensive
results have been found [24]. Theorem 5.24 summarizes the most important of these.

Theorem [864] If there exists an ordered whist tournament frame of type h”, then
there exists a 4-frame of type (3h)".

Theorem [144, 848] If there exist (k — 2)/2 SOLSSOM(n) with n odd and a basic
factorization BFy(k, m) (§11.7.2), then there exists a (k, A)-frame of type m".

Theorem (Miao [864]) If there exist an RBIBD (2t +2,¢+1,¢) and ¢t HSOLSSOM(h™)
with (n—1)h = 0 (mod 2), then there exists a (2t+2, 2t+1)-frame of type (2(t+1)h)"™

Theorem There exists a (2, A)-frame of type A" if and only if u > 3 and h(u — 1) =0
(mod 2).

Theorem There exists a (3, \)-frame of type h* if and only if u > 4, Ah =0 (mod 2)
and h(u —1) =0 (mod 3).
Theorem [881, 2201] There exists a 4-frame of type h* if and only if u > 5, h =0
(mod 3) and h(u — 1) =0 (mod 4), except possibly where

1. h=236 and v = 12, and

2. h =6 (mod 12) and
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5.33

5.34
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(a) h=6and u € {7,23,27,35,39,47};
(b) h=300r he {n:66<n <2190} and u € {7,23,27,39,47};
() h e {42,54} U{n: 2202 < n < 11238} and u € {23,27};

(d) h =18 and u € {15,23,27}.

Theorem [875] There exists a (4, 3)-frame of type h* if and only if u > 5 and h(u—1) =
0 (mod 4), except possibly where h = 2 (mod 4) and

1. he {2} U{n:10 <n <3746} and u € {23,27}, and

2. h=6 and u € {7,23,27,39,47}.

Theorems [883]

1. There exists a 3-frame of type 2“m! if and only if u = 0 (mod 3) and m = 2
(mod 6) with 2 <m < u —1.

2. There exists a 3-frame of type 4%m! if and only if u = 0 (mod 3) and m = 4
(mod 6) with 4 < m < 2u — 2, except possibly for (u,m) € {(21,34), (33,46),
(33,58), (39,70)}.

3. There exists a 3-frame of type 6“m! if and only if either (u,m) = (3,6) or
u >4 and m = 0 (mod 6) with 0 < m < 3u — 3, except possibly for (u,m) €
{(26,54), (46, 120), (46, 126)}.

4. There exists a 3-frame of type 8“m! if and only if either (u,m) = (3,8) or u =0
(mod 4), v > 6 and m =2 (mod 6) with 2 <m < 4u — 4.

5. There exists a 3-frame of type 12“m! if and only if either (u, m) = (3,12) or u
and m = 0 (mod 6) with 0 < m < 6u — 6, except possibly for (u, m) e {(7,
(11,42), (11,54), (13,54), (13,66), (19, 102), (23, 126)}.

u> 4
30),

5.3 Resolvable Group Divisible Designs

Example A 3-RGDD of type 45 with point set Zig x {0,1} U {oo; : i = 1,2,3,4} and
groups {(¢,0), (i +5,0), (4,1), 4+ 5,1)}, i =0,1,2,3,4; {o0;:i=1,2,3,4}. Parallel
classes are obtained by developing the following mod (10, —):

[{(1,0),(7,0),(8,1)}, {(3,0),(4,0),(6,0)}, {(0,0),(2,1),001}, {(2,0),(0,1), 002},
{(1,1),(7,1),(8,0)}, {(3a1)a(4a1)a(6a1)}a {(5a0)a(9a1)aoo3}a {(9,0),(5,1),004}]

Theorem The necessary conditions for the existence of a (k, \)-RGDD of type h* are
(1) u>k, (2) hu =0 (mod k), and (3) Mr(u —1) =0 (mod k — 1).

Theorem If there exist a (k, \)-RGDD of type h* and an RTD(k, m), then there exists
a (k, A\)-RGDD of type (mh)™.

Theorem Suppose that there is a (k, \)-frame of type T'=[¢; : i = 1,2,...,n].
Suppose also that t|t; and that there exists a (k, \)-RGDD of type t'*%/t for i =
1,2,...,n. Then there exists a (k, \)-RGDD of type t“ where u =14 . t;/t.

Theorem [1794] Suppose that there exist a (k, A\)-RGDD of type g*, a (k, A)-frame of
type (mg)? where u > m + 1, and an RTD(k, mv). Then there exists a (k, \)-RGDD
of type (mg)""

Theorem (Rees [1788]) Let (V,G,B) be an A-resolvable (k,\)-GDD of type ¢g* in
which for each «; € A there are r; a;-resolution classes of blocks. Suppose that there
is a TD(u, h) admitting H as a group of automorphisms acting sharply transitively on
the points of each group. Let H; be a collection of subsets of H, there being r; such
subsets of size «; for each o; € A, and suppose that the collection {H; ¢ :0 € H,j =
1,2,---,>, 1} is resolvable on H. Then there is a (k, \)-RGDD of type (hg)".
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5.41
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5.44

5.45

5.46

5.47

Theorem (Rees [1788]) If there exist an a-resolvable (k, A)-GDD of type g* and a
TD(u, «), then there exists a (k, \)-RGDD of type (ag)™.

Theorem [144, 848] If there exist (k — 2)/2 SOLSSOM(n) with n even where the
symmetric mate is unipotent and a BF(k, m) (see §I1.7.2), then there exists a (k, A)-
RGDD of type m™.

Theorem A (2, A\)-RGDD of type h* exists if and only if hu is even.

Theorem [1788] A (3, A)-RGDD of type h* exists if and only if uw > 3, Ar(u — 1) is
even, hu =0 (mod 3), and (\, h,u) & {(1,2,6),(1,6,3)}U{(25+1,2,3),(45+2,1,6) :
Jj =0}

Theorem [881] The necessary conditions for the existence of a 4-RGDD of type
h*, namely, u > 4, hu = 0 (mod 4) and h(u — 1) = 0 (mod 3), are also suffi-
cient except for (h,u) € {(2,4), (2,10),(3,4),(6,4)} and possibly excepting: h = 2
and u € {34,46,52,70,82,94,100, 118, 130, 142, 178, 184, 202, 214, 238, 250, 334, 346 };
h =10 and u € {4,34,52,94}; h € [14,454] U {478,502, 514,526,614, 626,686} and
u € {10,70,82}; h = 6 and u € {6,54,68}; h = 18 and u € {18,38,62}; h = 9 and
u=44;h=12and u = 27; h = 24 and u = 23; and h = 36 and u € {11, 14, 15, 18, 23}.

Theorem [868] The necessary conditions for the existence of a (4, 3)-RGDD of type h*,
namely, u > 4 and hu = 0 (mod 4), are also sufficient except for (h,u) € {(2,4),(2,6)}
and possibly excepting (h, u) = (2, 54).

Remark [2207] An a-resolvable (3, A)-GDD of type h* exists if and only if v > 3,
Mi(u—1) =0 (mod 2), Mh?u(u—1) =0 (mod 6), | 228=1 3|ahu, and (a, A, h, u) &
{(1,1,2,6),(1,1,6,3)}U{(1,2j+ 1,2,3),(1,4j+ 2,1,6) : j =0}.

Remark A class-uniformly resolvable group divisible structure is a (K, A\)-GDD with
its collection of blocks partitioned into (partial) resolution classes each having the same

number of blocks of each size. Existence, constructions, and fundamental properties
of class-uniformly resolvable group divisible structures can be found in [629, 630].

See Also

§I1.7 More on frames and resolvable designs.

§IIIL.5 SOLSSOMs can be utilized in constructions of frames and
RGDDs via Theorems 5.27 and 5.41.

§VI.16 Block disjoint difference families can be utilized to construct
frames, RBIBDs and RGDDs. See [1247].

§VI.64 Ordered whist tournament frames can be utilized in constructions
of frames via Theorem 5.26.

[458] Contains a general construction for double frames that can unify
many known recursive constructions for frames.

[582] Partitionable skew Room frames can be employed to construct
4-frames, and 4-frames can be used to construct HSOLSSOMs.

[848] Survey of frames and resolvable structures. Also contains new
techniques and results.

References Cited: [24,31, 144, 458, 582,629, 630, 848, 864, 868,875, 881, 883,1042, 1247, 1788, 1794,

1967, 2201, 2207]
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6 Pairwise Balanced Designs as Linear Spaces

ANTON BETTEN

6.1

6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10
6.11

6.12

6.13

6.1 Definitions and Examples

A linear space of order v is a PBD on v points with A = 1 whose blocks have size at
least 2. A linear space is nontrivial if it contains more than one block.

Remark It is customary to refer to elements as points and to blocks as lines when
dealing with linear spaces, and theorems are often stated in this geometric language.
In geometric terms, a linear space is a pair (P, B) where P is a set of points and B is
a collection of subsets of P (the lines) for which every pair of points is contained on
exactly one line and every line contains at least two points.

Let L be a finite linear space. The length of a line is the number of points on it, and
the degree of a point is the number of lines that pass through it.

Remark A linear space of order v whose lines have the same length k is a Steiner
system S(2, k, v).

A finite linear space with n > 3 points is a near pencil if it contains one line consisting
of n — 1 points, and the remaining lines contain two points.

Example The lines of a near pencil on the 5 points {1,2,3,4,5} are
{1,2,3,4},{1,5},{2,5},{3,5},{4,5}.

Theorem (de Bruijn and Erdds) [639] Let L be a nontrivial finite linear space with

v points and b lines. Then b > v, with equality if and only if L is a finite projective

plane, or L is a near-pencil.

Remark Every linear space is determined by its lines of size at least three. Simply
add sufficiently many lines of size two to have all points connected.

If B is the set of lines of a linear space, B# denotes the set of lines of B that are of
size at least three. B# is the reduced line set.

Example The near pencil of Example 6.6 has reduced line set B7# = {{1,2,3,4}}.

A proper linear space is a linear space whose blocks have size at least 3. A regular
linear space is a linear space such that for any k, the number of blocks of size k
containing a point is constant for all points. A proper reqular linear space is a proper
linear space that is regular.

Remark A linear space is regular if and only if the lines of size k form a configuration
for all k (see VI.7). In particular, for a regular linear space on v points with by lines
of length k there are kb /v lines of length k through any point.

Let L be a finite linear space. Then L is embeddable in a projective plane of order
n if there exists a projective plane m of order n with the property that L can be
obtained by deleting points (and any resulting lines of length 0 and 1) from 7.
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6.14

6.15

6.16

6.17

6.18
6.19

6.20

6.21
6.22

6.23

6.24

6.25

6.2 Constructions

Let L be a finite linear space with v points and k; blocks of size i for 2 < k < s;
then L has type (v | 22,37, ... s*+), where if k; = 0, then i*i is omitted.

Construction If v = ab, then there is a regular linear space of type (v ’ a’,2¢), where
c=(3) = b(3)-

Example Because 12 = 3-4 = 4.3, there are regular linear spaces of type (12 | 43,2%%)
and (12 | 3%,25%).

Construction Let 2 < a < b. An a x b grid is defined on the pointset {0,1,...,ab—1}
with the set B of lines {0+ib, 1+ib, ..., b—14ib} and {047, b+7, 2b+4,. .., (a—1)b+75}
for0 <i<aand 0 <j <b. It is the reduced line set of a regular linear space of

type (ab ’ a®, b®,2¢), with ¢ = (‘;b) — b(;) — a(g).

Example A 3 x 4 grid is a regular linear space of type (12 | 43,34, 236).

Construction A configuration v,.by (VI.7) with & > 2 gives rise to a regular linear
space of type (v ’ kb, 2%) where a = (;) — b(g) The blocks of the configuration are
just the elements of the set B of the linear space. Conversely, a regular linear space
with these parameters defines a configuration v,.by where r = bk/r. This one-to-one

correspondence induces a bijection of the corresponding isomorphism types.

Construction The dual of a configuration v,.by is a configuration byv,., with exchanged
roles of v and b and of r and k. Thus, a configuration v, by also gives rise to a regular

linear space of type (b ’ r?,2¢), where ¢ = (g) —v(}).

An r-regular graph on v points, denoted as R(v, ), is a configuration v,.b.

Construction By Construction 6.20, an r-regular graph on n vertices gives rise to a

regular linear space of type (nr/2 ’ ™, 2¢), where ¢ = &7 (r(n—4)+2), and conversely.
In particular, a cubic graph on n vertices (n even) corresponds to a regular linear

space of type (3n/2 ’ 3",2°), where ¢ = 3n(3n — 10)/8, and conversely.

Remark Let K, denote the complete graph on n vertices (which is regular of degree
n—1). Then Constructions 6.19 and 6.22 give regular linear spaces of type (n ’ 2(;))
and ((3) | (n — 1)7,2¢), where ¢ = ((3)) —n("}") = 221 ((n = 1)(n — 4) + 2).
Construction Let L be a latin square of side n > 3 (abbreviated LS(n)) with symbol
set {0,...,n — 1}. Define a regular linear space of type (3n ’ n3, 3"2) as follows. The
three lines of length n are the sets {1,2,...,n}, {n+1,...,2n}, and {2n+1,...,3n}.
For any pair 4,7 with 1 <4, j <n, define a line {i,n+ j, 2n+ 1+ L(i, j)}. Conversely,
a regular linear space of type (3n ’ n3, 3"2) determines a latin square of side n. The

isomorphism types of linear spaces of this line type correspond in a one-to-one manner
to the main classes of latin squares of side n.

Example The two main classes of latin squares of side 4 (from Table ITI.1.18) give rise
to the linear spaces of type (12 | 43,3'2) with block sets:

{{1,2,3,4}, {5,6,7,8}, {9,10, 11,12}, {1,5,9}, {1,6, 10}, {1,7,11}, {1,8,12},
{2,5,10}, {2,6,9}, {2,7,12}, {2,8,11}, {3,5,11}, {3,6,12}, {3,7,9}, {3, 8,10},
{4,5,12}, {4,6,11}, {4,7,10}, {4,8,9}} and {{1,2, 3,4}, {5,6,7,8},{9,10,11,12},
{1,5,9}, {1,6, 10}, {1,7,11}, {1,8,12}, {2,5,10}, {2,6,9}, {2,7,12}, {2,8, 11},
{3,5,11}, {3,6,12}, {3,7,10}, {3,8,9}, {4,5,12}, {4,6,11}, {4,7,9}, {4,8,10}}.
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6.26 | For ¢ and n integers, 6, (q) = &~ i = 1+q+@®+--+q" = ["]"], where (41
denotes the gaussian coefficient (see Proposition VII.2.34).

6.27 Construction Let P and B be the set of points and lines of PG(n, q). The incidence
structure (P, B) forms a configuration of type v,by where v = 0,(q), 7 = 0,_1(q),
b=0,(¢)0n-1(q)/(¢+1), and k = g+ 1. By Construction 6.19, this is a regular linear
space of type (v ’ kb)) = (Gn(q) ’ (¢ + 1)9"@)9"*1(4)/(4“)), but not every regular
linear space of this type is obtained by this construction. If ¢ = 2, an STS(6,,(2))
results. If ¢ = 3, an SQS(6,,(3)) results. By Construction 6.20, the dual configuration
yields a regular linear space of type (b ’ r?,2¢), where ¢ = (g) — v(;) If n = 2, both
constructions yield isomorphic linear spaces.

6.28 Examples Linear spaces from projective geometries.

PG(n, q) | Points vs. Lines Lines vs. Points
PG(2,2) | (7]37) ~ STS(7) (7 ] 37)

PG(3,2) (15 3%) ~ STS(15) | (35 7'5,2%80)
PG(4,2) | (31 3'5%) ~ STS(31) | (155 | 1531 , 28680)
PG(2,3) | (13 ]4') ~SQS(13) | (13]4")
PG(3,3) | (40 | 43%) ~ SQS(40) | (130 | 1340, 25265
PG(2,4) | (21|52 (21| 521)
PG(3,4) (85 5357) (357 | 2185, 245696)
PG(2,5) | (31]6%) (31]6%)

6.29 Remark Construction 6.27 may be applied to arbitrary projective planes of order n,
2-(n?+n+1,n+1,1) designs. In this case, the resulting regular linear spaces obtained
from the plane and its dual always have the same parameters but may or may not be
isomorphic. They are isomorphic precisely if the plane is self-dual. The smallest non
self-dual projective plane has order n = 9 (see VIIL.2).

6.30 Construction Let P and B be the set of points and lines of AG(n,q). The incidence
structure (P, B) forms a configuration of type v,.by where v = ¢", r = 6,_1(q), b =
@ 10,_1(q), and k = q. By Construction 6.19, it is a regular linear space of type
(v ’ kb) = (q" ’ qqn%(’"*l(q)), but not every regular linear space of this type is
obtained by this construction. If ¢ = 2, a complete graph on 2™ vertices results.
By Construction 6.20, the dual configuration yields a regular linear space of type
(b ’ r?,2¢), where ¢ = (g) —v(}).

6.31 Examples Linear spaces from affine geometries.

AG(n,q) | Points vs. Lines | Lines vs. Points
(2,2) | (4125 ~K, (6] 371,2%)
(3,2) | (8]2%) ~ Ky (28 | 78,2210
(4,2) | (16]2'2%) ~ Ky | (120 ] 15'6,2120)

G(2,3) | (93" (12 | 49,212

(3,3) | (27 ] 3117 (117 | 1327, 24680)
(2,4) | (16 | 429 (20 | 516,230)
(3’ 4) ( 4336) (336 ’ 2164’ 242840)
(2,5) | (25 5%) (30 | 6%°,250)

6.3 Enumeration

6.32 Table [227, 232] The number of nonisomorphic linear spaces of order v.

LIN(v),
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PLIN(v), RLIN(v), and PRLIN(v) denote the number of order v nonisomorphic linear
spaces, proper linear spaces, regular linear spaces, and proper regular linear spaces,

respectively.

v LIN(v) PLIN(v) RLIN(v) | PRLIN(v)
2 1 0 1 0

3 2 0 2 0

4 3 0 2 0

5 5 0 2 0

6 10 0 4 0

7 24 1 3 1

8 69 0 4 0

9 384 [744] 1 9 1

10 5250 [911] 1 14 0

11 232929 [243, 1744] 1 33 0

12| 28872973 [228] 3 839 3

13 ? 7 2041 3

14 ? 1 22192 0

15 ? 119 [337, 1276] | > 245773 84

16 ? 398 [1069] > 3306477 25

17 ? 161925 [229] ? 0

18 ? 2412890 [231] ? 12

19 ? ? ? 11084874886

6.33 Table The regular linear spaces on < 19 points. R,, ; denotes k-regular graphs on n
vertices, dually; RP,, i denotes the duals of k-regular graphs with a parallel class on
n vertices, dually. Dual mesh is abbreviated dm; derived is abbreviated der; and pc
indicates ‘with a parallel class’.

Parameters | # [Comment Parameters | # |Comment

(2]1) 1 |one line

(3]2) 1 |one line (3]2%) 1 |Ks

(4]4) 1 |one line (4]2%) 1 |K4

(5]5) 1 |one line (5]2"°) 1 |Ks

(6]6) 1 |one line (6]2%3%) 1 |[K4 dually
(6]2732) 1 |2 disjoint 3-lines |(6]2'%) 1 |Ks

(77) 1 |one line (7137) 1 [PG(2,2) or 73
(7]221) 1 |K;

(8]8) 1 |one line (8]2%3%) 1 [der AG(2,3) or 83
(8]2'642) 1 |2 disjoint 4-lines |(8]2%%) 1 |Ks

(9]9) 1 |one line (93" 1 [AG(2,3)
(9]2°3°%) 3 19; (9]2"835) 2 |Re.3 or der LS(4)
(9]2273%) 1 |3 disjoint 3-lines |(9]2%°) 1 |Ky

(10]10) 1 |one line (10]27°4%) 1 |K5 dually
(10[2*°31%) | 10 |105 [244] (10[2%55%) 1 |2 disjoint 5-lines
(10/2%9) 1 Ko

(11]11) 1 |one line (11]2223™) | 31 115

(11]2%%) 1 |Ku

(12[12) 1 |one line (12|3%4%) 1 [der PG(2,3)
(12]3643) 2 |LS(4) (12]263%45) | 1

(12[2°3%°) | 5 |der STS(13) (12]2*24°%) 1 |AG(2,3), dually
(122*23'243)| 4 |123 pc; der LS(5) |(12[2183%4%)| 1

(12]2'%3'°) |574|12416; (12]2213%4%)| 8 |RPsz
(12]23045) 1 [Reus (12]2%03%2) | 229 |12;

(12|2%¢62) 1 |2 disjoint 6-lines |(12[2263%43)| 1 |3 x 4 grid
(12]2*238) 6 |Rs,s (12]2*843%) 1 |3 disjoint 4-lines
(122°43%) 1 |4 disjoint 3-lines |(12]2°%) 1 |Kio

(13]13) 1 |one line (13[4 1 [PG(2,4) or 134
(13|3§6) 2 |STS(13) (13]2%9313) 12036(133[979)

(13]2%) 1 |Ki3
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Parameters 7# Comment Parameters 7# Comment
(14]14) 1 one line (14]274™) 1 144 [230]
(14]273%%) 787 der STS(15) (14]2%97%) 1 2 disjoint 7-lines
(1421°47) 2 (14]24931) 21399 |143
(14]2°%) 1 Kis
(15]15) 1 one line (15|3°4™) 1 der AG(2,4)
(15]3%°55) 1 (V)+15  parallel | (15]3°°5%) 2 LS(5)
classes 24242
(dually)
(15]3%) 80 STS(15) (15]2%5415) 4 154 [230]
(15|21%3059) 1 (15/2'3%05%)| 40  |153 pc; der LS(6)
(15]2%5330) 10177328 |156303 (15]230355%) 1
(15)23931553) 251 (15)2393%5) >1 |155253
(15]2*555) 1 K¢ dually (15]2*53195%)| 23
(15]2*5320) >1 154203 (15]2503553) 1 3 x 5 grid
(15]260315) 245342 153 (15]2755%) 1 3 disjoint 5-lines
(15|275310) 21 Rio,3 (15)2903%) 1 5 disjoint 3-lines
(15[2'%%) 1 Kis
(16]16) 1 one line (16]4°%) 1 AG(2,4)
(16]304'2) 1 (16]3%24%) 23 [see [828]
(16]224416) 19 164 [230] (16]2%431°4%)| 300880
(16|22332) >1 166323 (16|2184'2) 574  |163124
(16]283164%) 88 163 pc (16]2648%2) 1 2 disjoint 8-lines
(16|27248) 6 Rs.a (16/2723'6) | 3004881 |163 [233]
(16|2964%) 1 4 disjoint 4-lines |(16/2'%°) 1 Kis
(17]17) 1 one line (17]23%4™7) 1972 [174 [230]
(17|234331) >1 (17|2%%3'7) 138904499 173 [233]
( 2136) 1 K17
(18]18) 1 one line (18]3%%69) 12 [dm(36, 6, 3) [242]
(18]29324'8) 77 (18]2°3%°4%) | >1
(18]293%%) 210611385743 |der STS(19); see|(18]2'83%06%)| 4260 |dm(30,5,3)
Table VI.7.18
(18]2%7354'8) >1 (18|22732449) >1
(18]2%73%2) >1 (182%63%463%)| >1 |dm(24,4,3)
(18]2%54'8) 971171  |184 [230] (182*53184%)|  >1
(1821°3%6) >1 (18|2°43'86%)| 568 |dm(18,3,3)
(18|26’31249) >1 (18]263330) >1
(182723%6%) 157 dm(12,2, 3) (18]2819%) 1
(18|2813649) 150373 (18281 3%1) >1
(18|2°°3%6%) 1 3 x 6 grid (18]2994°) 16 |Roa
(18]2%93'8) 530425205 |183 [233] (18]2%%86°) 1 3 disjoint 6-lines
(18]21732) 94 Riz,3 (18]2%3°3%) 1 6 disjoint 3-lines
(18]2'%3) 1 Kig
(19]19) 1 one line (19|3™94%) 56
(19]3°7) 11084874829 |STS(19) [1268] | (19|2°741%) >1 194
(19]2°73%8) >1 (19]2*143) >1 |195
(19]2*™) 1 Kig
See Also
8I1.1 BIBDs of index one give linear spaces.
SVIL.7 Regular linear spaces give configurations for each block size.
§VII.2 Linear spaces are simple finite geometries.
[164] A text dedicated to finite linear spaces.
[1597] Treats the question of embeddability in projective spaces.

References Cited:
1069, 1268, 1276, 1597, 1744]

[164, 227, 228, 229, 230, 231, 232, 233, 242, 243, 244, 337, 639, 744, 828, 911, 979,
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1 Hadamard Matrices and Hadamard Designs

ROBERT CRAIGEN
HADI KHARAGHANI

1.1

1.2

1.3

1.4

1.5

1.6

1.7

1.8

1.9

1.1 Definitions and Examples

An n x n (£1)-matrix H is a Hadamard matriz if HHT = nI (that is, its rows are
pairwise orthogonal). H(n) denotes a Hadamard matrix of order n.

Examples H(n) for n € {2,4,8}. (“—” represents —1 in arrays in this entire part).
11111111

1 - - 11—
1 -1 -1

11 - —
111 -
1 - —— -1
1 - -1
111 -

=

(1) s

— = |

e ol
|
—_
|

I T T G

Two Hadamard matrices are equivalent if one can be transformed into the other
by a series of row or column permutations or negations. A Hadamard matrix is

normalized if all entries in its first row and first column are 1.

Remark Every Hadamard matrix is equivalent to a normalized one. 1 - l i
This H(4) is equivalent to the normalized Hadamard matrix B in 1
1

Examples 1.2. 11

A Hadamard design is a symmetric (4n—1,2n —1,n—1) block design. A Hadamard
3-design (see §11.6) is a 3-(4n, 2n,2n—1). The core of a normalized Hadamard matrix
is the submatrix obtained by deleting its first row and column.

Proposition The core of a normalized H(4n), n > 1, is the (+1)-incidence matrix of a
Hadamard design. Conversely, given the (£1)-incidence matrix of a Hadamard design,
a Hadamard matrix is obtained by adding a row and a column of all +1s.

Construction A Hadamard 3-design can be constructed from a normalized H(4n).
Write H'(4n) for the 4nx (4n—1) submatrix by deleting the first column of H(4n). The
augmented matrix (H (4n)| — H'(4n)) is the (£1)-incidence matrix of the Hadamard 3-
design. Conversely, the derived design of a Hadamard 3-design is a Hadamard design.

1.2 Special Types of Hadamard Matrices

A Hadamard matrix H is skew-type if H = A + I, where AT = —A and I is the
identity matrix. H is graphical if it is symmetric and has constant diagonal.

Remark A + [ is a skew-type Hadamard matrix if and only if A is a skew conference
matrix (see §V.2).
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1.10

1.11

1.12

1.13

1.14

1.15

1.16

1.17
1.18
1.19

1.20
1.21

A Hadamard matrix H is regular if its row and column sums are constant. A Menon
design is a symmetric (4u?, 2u? £ u, u? 4 u) block design.

Examples P is a skew-type H(12); Q is a graphical H(16):

11111--11-1-11--—

1111-11-—-1-111--—

l1--———- 1111-11-1-1-—-—--11
1171-111—-—--1— 11111--1-1-1--11
1-11-111---1 1--1111111—-—-1-1-—
11-11-111—-—-— -11-111111---1-1
1-1-11-111—--— -11-1111--111-1-—
p_ 1--1-11-111- 0= 1--11111--11-1-1
l1-——1-11-111 1-1-11--11111--1
11—-——-—-—1-11-11 -1-111--1111-11-
111——-1-11-1 1-1---111111-11-—
11711 —-——-1-11— -1-1--1111111--1
1-111---1-11 117--1-1-1—--11111
11-111—-—--1-1 117-—--1-1-11-1111
--111-1--11-1111

--11-1-11—--11111

Proposition There is a Menon design on n points if and only if there is a regular H(n).
If H is a regular H(n), where n = 4u?, then one of H, —H is the incidence matrix of
a Menon design with parameters (4u?,2u? + u, u? + u) and the other is the incidence
matrix of its dual, which has parameters (4u?,2u? — u, u? — u).

A Hadamard matrix of order n? is Bush-type if it is partitioned into n? blocks of size
n X n, all row and column sums of every nondiagonal block are 0, and for diagonal
blocks, these sums are equal to n.

Construction From a normalized H(n) with rows hq, he, ..., h,, a graphical Bush-type
Hadamard matrix of order n? is obtained by arranging blocks h{ hy, hlho, ..., hTh,
in an n x n symmetric latin square with constant diagonal (which is where h¥ hy goes).

Remark Bush-type Hadamard matrices are regular. The matrix @ in Examples 1.11
is a Bush-type matrix obtained by Construction 1.14 from B in Examples 1.2.

Example Circulant Hadamard matrices are also regular. The only known nontrivial
circulant Hadamard matrix is the H(4) generated by first row (—,1,1,1).

1.3 Necessary Conditions

Theorem If there is an H(n), then n = 1, 2, or 4k, where k is a positive integer.
Theorem If there is a regular or graphical H(n), then n is a square.

Remarks Theorem 1.17 follows for n > 3, by considering any three rows. The first case
of Theorem 1.18 follows from Proposition 1.12, the second case because the eigenvalues
must be ++/n.

1.4 Some Conjectures

Conjecture (Hadamard [1003]) H(n) exists if and only if n =1, 2, or 4k.
Conjecture (Seberry) A skew-type H(n) exists if and only if n =1, 2, or 4k.
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1.22
1.23

1.24

1.25

1.26

1.27
1.28

1.29

1.30

1.31

1.32

Conjecture (Ryser) If n > 4, then there is no circulant H(n).

Conjecture For any order 4k2, there exists

1. a regular Hadamard matrix,

a graphical Hadamard matrix,

a regular Hadamard matrix equivalent to a graphical Hadamard matrix,
a regular graphical Hadamard matrix, and

a Bush-type Hadamard matrix.

CUR D

Conjecture (Wallis, Lin) If an H(n) exists, then so do

1. a symmetric H(n) and
2. a skew-type H(n) equivalent to a symmetric H(n).

Remarks Conjecture 1.20 is confirmed for n < 668; Conjecture 1.21 for n < 188;
Conjecture 1.22 for n < 548964900(= 4 - 11715%) [1430]; Conjecture 1.23 for k < 47
(case 1), k < 45 (cases 2-4), k < 7 (case 5); case 1 of Conjecture 1.24 for n < 92,
and case 2 for n < 36. There is a regular H(36) that is not equivalent to a graphical
one; there is an H(28) that is skew-type but not equivalent to a symmetric one and
an H(28) that is symmetric but not equivalent to a skew-type one. There exists an
H(24) that is equivalent to its transpose, but not to a symmetric matrix.

1.5 Existence

If M = (m;;) is an a X b matrix and N = (n;;) is a ¢ X d matrix, then the Kronecker
product M ® N is the ac x bd matrix given by

my N mipa2N - mypIN

mo1 N  mgaN - maop N
M® N =

malN ma2N o mabN

Proposition [1997] If H is an H(m) and K is an H(n), then H ® K is an H(mn).

Remarks In Examples 1.2, C = A ® B. Observe that H(n) implies H(2'n) for all
t € Z*. For this reason the key question of existence for Hadamard matrices is
considered to be the minimum value of ¢, for each odd p > 1, such that H(2!p) exists.

Theorem [65, 615] Given H(n) for n = 4a, 4b, 4c, 4d, there exists an H(8ab) and an
H(16abcd).

Remark The first part of Theorem 1.29 does not imply the second part. It is stronger
than Proposition 1.27.

Theorem Suppose there is a conference matrix (see §V.2.1) of order n, and k € Z™.
1. If n =0 (mod 4), then there is an H(n(n — 1)*);
2. If n =0 (mod 4) and k is odd, there is a skew-type H((n — 1)* + 1);
3. If n =2 (mod 4), then there is an H(2n(n — 1)¥);
4. If n =2 (mod 4) or k is even, then there is a graphical H(2((n — 1)¥ 4 1)).

Remark Parts 2 and 4 of Theorem 1.31 give H(¢ + 1) or H(2(¢ + 1)) when ¢ is a
prime power = 3 or 1 (mod 4), respectively. In Example 1.2, B is obtained from a
conference matrix of order 3 in this fashion.
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1.33

1.34

1.35

1.36

1.37

1.38

1.39

1.40

Examples The Williamson and Goethals—Seidel arrays:

A —-B —-C -D A —-BR —-CR -DR
w-l| B A -D C a_| BE A -DTR CTR
| ¢ D A —-B |’ ~ | CR DTR A —-BTR
D -C B A DR —-CTR BTR A

A matrix is type I or type II (relative to group G) if it has the same form as the
division table of G or, respectively, the multiplication table of G. (Elsewhere type
I/II matrices are known as group developed, group-invariant, group matrices and
various other things.) When used together, all type I/II matrices are relative to the
same group G.

Examples Circulant matrices are type I, and back-circulant matrices are type II,
relative to a cyclic group. If the group is abelian, then all type I matrices commute
with each other and are amicable to type IT matrices. If A is type I and R is type II,
then AR is type II:

abc 001 cba

A= | cabd R=(010]; AR=[{bac

bca 100 acb
circulant (type I) back circulant (type II)

n x n (£1)-matrices A, B, C, D such that AAT + BBT + CCT + DD” = 4nI are
1. Williamson matrices if they are symmetric and circulant,
2. Williamson-type matrices if they are pairwise amicable (see §2.1), or
3. Goethals—Seidel type matrices if they are type L.

Construction Replacing variables of W (from Examples 1.33) with Williamson matri-
ces A, B,C, D of order n gives an H(4n).

Remark Williamson matrices are known for all orders n < 63, except when n €
{35, 47,53}, for which orders the array does not exist, and n = 59, which is unresolved.
Williamson matrices are both Williamson-type and Goethals—Seidel type.

Examples The first rows of Williamson matrices A, B, C, D of orders n = 5,7,...,19.

5 7 9 11
l————|1l-————— 11—————— Hl-11--——-—11-
l————|l1————1fj1l-1-———1-11-11--11-1
11——1{l—-1-——1-f1——1-—1—-——|i1-1-11-1-1
-1 1-|1l—-—11-—|1———11—-——|11—-——————— 1

13 15
1-1-—-1111-—-1-|11-11-1--1-11-1
l-——111111—-——|11—-1111--1111-1

11-1—-——11—-—1-1|11-11-—-———— 11-1

l-———1-——-1-———|1-1-=--1111---1-

17 19
1-11-111--111-11-|11-=-1-11111111-1--1
l-—1-11111111-1—--|1-1-——11111111---1-
11-1--——-1--1—-———1-1|t1-11-=-1-11-1--11-1
l-——111--———111—-——|11-=111-1--1-111--1

Construction Replacing variables of an OD(4n; n,n,n,n) (see §V.2) with Williamson-
type matrices A, B, C, D of order m gives an H(4mn).
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1.41

1.42

1.43

1.44

1.45

1.46
1.47
1.48

1.49

1.50

1.51

1.52

Construction [919] Replacing variables of G (from Examples 1.33) with Goethals—
Seidel type matrices A, B,C, D, and R with any type II monomial matrix, gives an
H(4n). If A=T+ S, ST = —S, then the H(4n) is skew-type.

Remark Turyn type sequences (see §V.8.4) of lengths 56, 56, 56, 55 would give
Goethals—Seidel type matrices of order 167 and so H(668), the first unresolved or-
der. This may be the currently most promising approach to this order, see [1287].

Theorem Let n be an odd positive integer whose binary expansion has N nonzero
digits. There exists a Hadamard matrix of order 2!n when:

1. n=1 (mod 4) and ¢t > 2N; or
2. n=3 (mod4) and t > 2N — 1; or

3. t>6r°g272J+2

Theorem [1906] If there is a BIBD(u(2u — 1),4u? — 1,2u + 1,u, 1), then there is a

regular graphical Hadamard matrix of order u?.

Theorem [2172] If ¢ is a prime power, ¢ Z 7 (mod 8), then there exists a regular
H(4q?).

Theorem [1660] If ¢ € Z* is odd, then there exists a graphical Bush-type H(4¢%).
Remark A Bush-type H(4¢?) with odd nonsquare ¢ is known only for ¢ = 3 and 5.

Theorem If n+1 and n — 1 are both odd prime powers, then there exists a symmetric
regular H(n?).
Table The number of equivalence classes of Hadamard matrices of order n, 4 < n < 40.

n|4 8 12 16 20 24 28 32 36 40
#(1 1 1 5 3 60 487 > 3600000 > 15000000 > 366000000000

Table n < 300 for which Williamson-type matrices of order n are not known.

47, 59, 65, 67, 77, 103, 105, 107, 111, 119, 133, 143, 151, 155, 151, 155, 161, 163,
167, 171, 179, 183, 185, 191, 203, 207, 209, 215, 219, 221, 223, 227, 237, 245, 247,
249, 251, 253, 259, 267, 273, 275, 283, 287, 291, 299

Table Odd n < 500 for which a skew-type Hadamard matrix of order 4n is not known
(t in brackets, when provided, indicates that one of order 2'n is known).

47(4), 63(3), 89(4), 97(9), 101(10), 107(10), 109(9), 119(4), 145(5), 149(4), 153(3),
167(4), 177(12), 179(8), 191, 193(3), 201(3), 205(3), 209(4), 213(4), 223(3), 225(4),
229(3), 233(4), 235(3), 230(4), 245(4), 247(6), 249(4), 251(6), 253(4), 257(4), 259(5),
261(3), 265(4), 269(8), 275(4), 277(5), 283(11), 285(3), 287(4), 289(3), 295(5),
299(4), 301(3), 303(3), 305(4), 309(3), 311(26), 317(6), 319(3), 325(5), 329(6),
331(3), 335(7), 337(18), 341(4), 343(6), 345(4), 347(18), 349(3), 353(4), 359(4),
361(3), 369(4), 373(7), 377(6), 385(3), 389(15), 391(4), 397(5), 401(10), 403(5),
409(3), 413(4), 419(4), 423(4), 429(3), 433(3), 435(4), 441(3), 443(6), 445(3), 449,
451(3), 455(4), 457(9), 459(3), 461(17), 465(3), 469(3), 473(5), 475(4), 479(12),

481(3), 485(4), 487(5), 489(3), 491(46), 493(3)

Table Odd n < 200 for which a symmetric Hadamard matrix of order 4n is not known
(t in brackets, when provided, indicates that one of order 2!n is known).

23(4), 29(4), 39(3), 43(3), 47(4), 59(12), 65(3), 67(5), 73(7), 81(3), 89(4), 93(3),
101(10), 103(3), 107(10), 109(9), 113(8), 119(3), 127(25), 133(3), 149(4), 151(5),
153(3), 163(3), 167(4), 179(8), 183(3), 189(3), 191, 193(3)
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1.53 Table Values of ¢ such that a Hadamard matrix of order 2¢n is known, for odd n < 9999
(n is obtained by adding the three indices of the entry). “.” indicates ¢t = 2.

000 100 200 300 400 500 600 700 800 900
L0 o 1 I Y R I
0 O Y I | PO P ... 33
200, ..o TS T I B T S A T
0 P B 1 | Pt 1 D S
400 . oo R T O Y S T O I R I
510 D . | O RN 1S Y P | I S
60]. . . .. B S O Y R | D T T
70]. ... P | o3B3 5. ...
80[. . ... ... T T P S Y R 15 | N
90]. . . .. R I R+ 1 P O 3.,
1000 1100 1200 1300 1400 1500 1600 1700 1800 1900
00f. . ... T T T T R | P T T R I
10{. . . .3]. .3 ... .. .. B S L R | D A | L3
200. . ... B T s T P O O T I O R
3013. . .3.3. ..o ] P D K
L | N Y N T Y 3..3.....4
510 1< S I L334 316 A R I
60].3. ... ... 4..... P S Lo 683303 .3..4
£ R O T 33. .5 0.8 3...3....4
80. . .3 ... 3. . 3. . ... 30303003, .3[.6.3 3. 4 7
9[. . . ... S D I D PP P | - X I
2000 | 2100 2200 2300 | 2400 2500 2600 | 2700 2800 2900
00f. . .. ... .. B T S I B T I L34
10(. . . .. PR I N R T U O O 2 T 3.0 3.3.3. ..
200, . .3 ... T S O | . | D 3.0 3.3,
30 . .5 B S K 33. ... ... ....6
40[. . . .. T T P S L6303 33. ...
50]. . . .. R 1 1 T R | P . | D o4 3
60.3 .. ... ... P | P K Y e T I R I
70]. ... 4.0 0000 4.0 0000 3,037 4 30 T34
80[.3.3.|..... PR T O I | AP < T P RS T P
90|. . 3.3|.. ... B TP P | PR I I PO 3. .4f..6.8
3000 | 3100 3200 3300 | 3400 3500 3600 | 3700 3800 3900
00f. . ... 4.3 .3 006440 U3 P Y I
10(. 3.3 ... .47..3..|..... P 1 5 2 L.3.6 04000003
2013 . oo B T L3 6.
0 O P I S 11 T | I 3.3 ...
40[. . . .. R | PO 2 R O T o83 3]0 331333 .4
510 D L3 7.3 .3 4 3 3 3.4
60]. . . .. 3.4.0.4..3..... 3.3.. .. .. 3.6 O T
70]. 3(.43 63..3|7 3 6 4 3.3 ...
80|. 3 . e P I P
90{.6 .3 3 5. 4. . ... 3.0..3 3 4 3.
4000 | 4100 | 4200 | 4300 | 4400 | 4500 | 4600 | 4700 | 4800 | 4900
00]. . .3.3 3. ... B T P 3[. 3 3.3. ... 3
1013 . 4. .4 .3 33.5 N Y . 4. 4 e 8
200. . ... 6.[.3.3.]...8 3133 o033 3.
300, . ... 8 R .33 .4 3 B I 3
40|. 4 K 8. .. .33 3 3 4300303 3
50[.3 .. .. .. .. 8|. 6 83 316 35 3.3, .. ..
60133 .. .|..... o34 L84 T T O | I
70]. . 338|... .. 2 e | O 115 T T < 1 I SO I S D
80].3...3....0.33...3..3..... L4333 .. 37.6 (... .. 33..4
90]. . . 38|.6 Jo.40 .3 Jo03 030 . 8. 8 8. . ... 8

[ [13579[13579[13579[13579[13579[13579[13579[13579[13579[13579]




V.1.5 Existence 279

5000 5100 5200 | 5300 5400 5500 | 5600 5700 5800 | 5900
oo4..3....33
10{. . .3 .. ...8
200 ... 3. ... 4
301.4..83...4 . . .3 R
400. . . .. P L3580 31303 .4 .8 ... S T
50133 . . 3. .8. ... .. 38..43....3..... 3. . 3430
60]. .3....3..6...443...3....0.8.3.|...3.4..3.]...3.18.3.3
7. ... 66...38..43...33....]..... Lo 4103008003 .4 .03
80]. ... ... L3438 L84 ... 33
90|. .3.84.4.3|. ... ... ... 6..3.]..... 33. ... .4f...33

007 . .37.3...0.8..8.....]. .... ... .5 .88.]...8.6.8..]3.48.
10(. 7. ... .84 .. .... o8 44834 | 43, .588).3..485. ..
200, .. .. R | P PO R - 1 I I . | 38
3013....6......... 38. . ..8...5.8.4..... 6......... 6....
40568 .6 .. . . .. o388 L8 .8.6.
50|. .. . 4f. .454]. .. .. 8. .. .8...5.|..... 76. .4 .4.8[..... .8..8
60]. .48 .[.3...34..8[...83..3. .. .... R T T T
7014 . .4 .. ...5]. .8, ... 4. ... B < 1 O | Y
80]. .. .. 5. .. 83 . .8 .o A3 63...]738.8
90]. . . .. LT 88 384 . .. .5 .8[.7...18..4..8..8..4..

00f. ... 3. .... L33 34 3 3 8 83
10{. . . . 4|. 544 ... ... o334 .3 L33 s 8 .34 .4
20.3.3.0.3.3.0.3...[.33..].4.3.|..... ...3343.33].3..8]...8.
30, ..33].44. .0.38..8...3]....3..... 33.3...... P A
40(.33 . .. .. .3].3.63|. .. .. 43 .. ..3. .83 |... .. R | D
50]. .. .. B T N R O R T Y .65 . . 3. ..
60]. . .4 .. .34 ... o 3oL 34.43 00 .3 ..
70].4. .8, ...3.4.3.[.3...3....37........ R 1 1 A S
80|13 ... .[.3.8...... P T B I O 43..3
90133 . . ... 4. 38440047 b0 6

00[.3. ... .... B S S I Y I | U S 1 PR S Nt U R | PR
10(. . . . ). . ... 4. .83.4. .]44.48|. .. .. 3.33.....5[....8.473.
200, .. .. ¢ | P B e o O < O O 8.
301.3..85...3|8. .8 .. 4.3].....] .... L3438, .3. . ]..3.3
400. . . .. P | O L I A (- | L3033 3.
50|. . .38]. .3. .|4. . 43....4..... 3.....334.3. .. .4...3... ..
6018 . .3 .. .... 43.3..8.3.]..33. 73 .. ...3. .. .... 8. .4.... ..
70, .. 3133, 8. .. A4 PR 0 I A | S TN 51 1 S | I
80]. . .8.[.4.33. ... .. .... R S | D | 44 ... . .84, .. ..
90]. . . .. L0338 L3 P S | D R | 4 3. ..88

9000 9100 9200 | 9300 9400 9500 | 9600 9700 9800 | 9900

00f. .3..}43.3.].83..13..3..3.3.|..... P | O O R
106 .. .43....03....4..... oS8T 334 833
200, .. .. 43 ... ..3.0.63.4|...3.]...33.8.3.|..... R T O
30, . .4 ... R | I < T | O ... 38[..443
400. . . .. o34 b 34 8348 L4 3.
501343 .8]. .4. .|.4.. ... 4.3..... 63.3.]....3[.3.3333...].3..3
60]. .3.3]...33..... o3 3430400300003 ..3..3.38.
0183, T T PR <] I Z - S 3.......43
80|.3.3 .. ..3. ... .3[.3...]..3.4|...84..... Lo.3.3338.. .. .4
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See Also

6I1.6 Hadamard matrices are equivalent to Hadamard designs. Regular
Hadamard matrices are equivalent to Menon designs. Bush-type
Hadamard matrices are used to construct twin symmetric designs
and siamese twin symmetric designs.

§I11.6 Hadamard matrices are equivalent to certain orthogonal arrays
and transversal designs of higher index; see Theorem III.6.11.

§V.2 Orthogonal designs provide some of the most important construc-
tions for Hadamard matrices.

§V.3 Hadamard matrices realize the maximum determinant among
(1, —1)-matrices of order n.

§V.5 Generalized Hadamard matrices.

§VI.18.6 Some difference sets correspond to Hadamard matrices.

SVII.1 A Hadamard matrix of order n gives an optimal error-correcting
code of length n.

SVIIL.11 Regular Hadamard matrices are used to construct strongly regu-
lar graphs; Bush type are used to construct twin strongly regular
graphs, twin siamese strongly regular graphs and doubly regular
graphs.

§VIIL.13 Hadamard matrices are used to construct regular two-graphs (Re-
mark VII.13.50).

[616] Concise survey examining topics connected to Hadamard matri-
ces.

[891] Constructing Hadamard matrices from orthogonal designs.

[1271] Contains the Hadamard matrices up to order 28 in electronic
form.

[1866] More detailed information about Williamson and Williamson-
type matrices, skew Hadamard matrices, and so on.

[1660,2172] TImportant constructions of Hadamard matrices.

[1850] Powerful new results about the nonexistence of circulant
Hadamard matrices.

[780] A survey of modular Hadamard matrices.

[656, 658] New constructions and concept of cocyclic Hadamard matrices.

References Cited: [65,615,616,656,658,780,891,919, 1003, 1271,1287, 1430, 1660, 1850, 1866, 1906,
1997,2172]

2 Orthogonal Designs

ROBERT CRAIGEN
HADI KHARAGHANI

2.1 Definitions

21 Let n and w be positive integers. A weighing matriz W, of weight w and order n,
is an n x n (0,41)-matrix satisfying WW? = wl. Such a matrix is denoted by
W (n,w). (w= 0 is generally not permitted.)
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2.2

2.3

2.4

2.5

2.6
2.7

2.8

2.9

Remark The term weighing matrix comes from the fact that these matrices arise as
solutions in certain weighing experiments.

Examples A is a W(4,3); B is a W(6,5); C is a circulant W(7,4); D is a W (10,9);

E is a W(12,10). Every signed permutation matrix is a W(n, 1); a Hadamard matrix
H(n) (see §V.1) is the same as a W(n, n).

011111 ~ 110100
0-11010
0——— 101 ——1

101 1101 —— 001101

A= B= c=|100-110
1-01 | 1-101- |- )

0100-11

11-0 1-—-101 00t

11--10 -

110100—
0111-10-11-—
0111111——— 10111--0—11-
10111 ———11 ~10111--0-11
1101-1-1-1 1-10111--0-1
1110--111- 11-10111--0-—
p_|11--011-11 p_|111-10-11--0
=l1-1-1011-1| =lo--11-0-1-——
1-—111011- —0--11-0-1-—
——11-11011 1-0——-1-—-0-1—
~1-11-1101 11-0————— 0-1
~11-11-110 “11-0-1-—-0-
——11-0-1---0

Two n X n matrices X and Y are disjoint if there is no position in which they are
both nonzero. They are amicable if XY™ = Y X7 or antiamicableif XYT = ~Y XT.
A circulant matriz, A = [a;;], is an n X n matrix such that, for all 1 < ¢,j < n,
a;j = aj—i+1 (index reduced modulo n). A matrix is regular if its row and column
sums are equal.

Examples Matrices A, B, D, and F in Example 2.3 are disjoint from the identity
matrix. C is circulant. C and D are regular. H; below, being symmetric, is amicable
to Iy, but it is antiamicable to Hs.

m=() ) m=(7 ).

‘A conference matriz of order n is a W(n,n — 1). ‘

Examples A, B, and D in Examples 2.3 are conference matrices of orders 4, 6, and
10, respectively. More examples and information on conference matrices is in §V.6.1.

An orthogonal design of order n and type (s1, .. ., Sy) (or with parameters s1, .. ., Sy),
is a matrix of the form D = x1W; + xasWs + - - - + 2, W, where zq,...,x, are
distinct commuting indeterminates, W; = W(n,s;), ¢ = 1,...,u, and W; and W;

are disjoint and antiamicable, for all 1 < ¢ < j < u. Such a design is denoted
OD(n; s1, 82, - .., 8y). It is full if 37" | s; = n (equivalently, if it has no zeros).

Remarks

1. D has s; entries £x; in each row.

2. DDT = sI,,, where s = slx% + -4 su:cz

3. DT is also an OD(n; s1,. . ., 5¢).

4. A one parameter orthogonal design is essentially the same as a weighing matrix.
More generally, replacing each of the variables of an OD(n; s1, ..., $,) with 0, 1
gives a W(n,w) where w is the sum of the s;s such that x; is replaced by +1.
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2.10

2.11

2.12
2.13

2.14
2.15

2.16

2,17

2.18

2.19
2.20

2.21

Examples The Williamson array (see §V.1.5) is an OD(4;1,1,1,1). Below, D; and
Dy are OD(2;1,1); D3 and D4 are OD(4;1,1,1); and D5 is an OD(4;1)

- a b - Ty
p=(5a) 2= (5 )

0 a b c 0 =z y =z d 0 0 0

| —a 0 ¢ —-b | 0 -z y B 0 d 00
D3 = b —c 0 a Dy = -y z 0 -z Ds = 0 0 d O
—c b —a 0 -z -y z 0 0 0 0 d

2.2 Necessary Conditions

Theorem Suppose W (n,w) exists.
1. If n > 1 is odd, then w is a perfect square and n > w + /w + 1 (equivalently,
(1) w < n— 4223 or (2) (n—w)? — (n —w) +1 > n). The case of equality,
W (k? + k + 1,k?), implies the existence of a projective plane (see §VIL.2.1) of
order k.
2. If n =2 (mod 4), then w is a sum of two squares; and if n > 2, then w < n.

‘A matrix A is skew if AT = —A. ‘

Theorem Suppose that there is a skew W(n,w). Then n = 0 (mod 2); if n = 2
(mod 4), then w is a square, and w < n — 1 unless n = 2; and if n =4 (mod 8), then
w is a sum of 3 squares. If, further, w = n — 2, then it is a sum of 2 squares.

Theorem If W is a regular W (n, w) with row sum k, then w = k2.

The Radon function p is defined by p(n) := 8¢+ 2" when n = 2¥ - p, where p € Z7
isodd, k=4q+r,and 0 <r < 4.

Remark For odd p, p(2¥p) depends only on k. The first few values of p(2%):

k [|0|1]2]|3[4|5|6 |7 |8|9(10/11|12|13|14|15]|16
pM)Y[[1]2]4]8]9]10]12]16]17]18]20[24|25|26[2832]33

Theorem If there exists an OD(n;ayq,...,as), then s < p(n).
Remark Theorem 2.17 gives a necessary, but not sufficient, condition for existence.

Theorem [891, 1286] There is an OD(n;1,1,1,1,1,n— 5) if and only if n < 40.

Let p be a prime and let @ = p®u and b = p®v where (p,u) = (p,v) = 1. The Hilbert
norm residue, (a,b),, can be computed as

B «
_1aB(p-1)/2) (u v i
@by, =4 TOG) G ifp72
_1(w=1)(v—1)/4+a(v?~1)/8+B(u*~1)/8 ifp=2

where (%) is the Legendre symbol (see §VIIL.8.2).

Theorem (see [891]) For odd values of n, and all primes p:

1. if there is an OD(2n;a,b), then each of a, b and a + b is a sum of two squares
and a + b < 2n unless n = 1;

2. if there is an OD(4n;a,b), then (-1, ab),(a, b), = 1;

3. if there is an OD(4n;a, b, ¢), then (—1, abc)y(a, b)y(a, c)p(b, ¢)p = 1;

4. if there is an OD(4n;a,b, ¢, d), then a+ b+ c+d #4n — 1, abed is a square, and
(av b)P(av C)P(av d)P(bv C)P(ba d)P(Cv d)P =1
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2.22

2.23

2.24

2.25

2.26

2.27

2.28

Remarks

1. For n =1,3,5, and 7 the necessary condition given by Part 1 of Theorem 2.21
is sufficient for the existence of an OD(2n;a,b). There is no OD(18;1,16) and
no OD(26; 5, 20).

2. Compare Part 1 of Theorem 2.21 with Theorem 2.83.

3. For large p(n), the closer s is to p(n), the less likely an OD(n;aq,...,as) is to
exist, even if the algebraic conditions are satisfied. But when s < min(6, p(n)),
it is very likely that such a design exists. For example, all 3-parameter designs
exist for orders 2, ¢t > 0, and for n € {24, 40,48}, while Theorem 2.19 shows
that some 6 parameter designs do not exist in cases satisfying Theorem 2.17.

4. Further algebraic and number theoretic conditions on the parameters of orthog-
onal designs are given in [891].

2.3 Amicable Orthogonal Designs and Product Designs

Orthogonal designs A = >"7 | z;4; (an OD(n;ay,...,as)) and B = Z;:l y;Bj (an
OD(n; b1, . ..,b)) are amicable if A; is amicable to B; for all 4,j. The pair (4; B)
is denoted AOD(n; (aq,-..,as); (b1,...,b:)). (Internal parentheses may be omitted.)
A and B are antiamicable if A; and B; are antiamicable for all 4, j.

Examples D; and D5 in Example 2.10 form an AOD(2;(1,1);(1,1)); Ds and D, form
an AOD(4;(1,1,1);(1,1,1)); D5 is antiamicable to both D3 and Dy

Construction If X = 25:1 x;P; is an orthogonal design of order m and Aj,..., A;
are pairwise amicable orthogonal designs of order n, then ) P; ® A; is an orthogonal
design of order mn (its parameters may be inferred from those of X and the A;s).

In particular, if (A4; B) is an AOD(n; (a1, ..., as); (b1, ..., b)), then ( g _ﬁ ) is an

OD(2n;a1,...,a5,b1,...,bp).

Example Refer to Examples 2.10. Write D3 = aP; + bPs + cP3. Let A1 = Dq; let Ag
be the OD(2;2)s obtained by replacing both variables of Do with w; and let As be
similarly obtained with variable z. Construction 2.25 gives an OD(8;1,1,2,2):

0 0 a b 2z 2z w w

0 0 -b a z —2z w-w

—a b 0 0 w w-z —z

b —a 0 0 w-w-2z =z

Prodi+ P @Ay + P @A = —z —z—-—w—-w 0 0 a b
—z z-—w w 0 0-b a

—w —w 2z 2z-a —b 0 0

—w w z —z b —a 0 0

Construction Suppose H is a Hadamard matrix of order 2¢. In Examples 2.10,
let Dl = CLAl + bA2 and D2 = CBl + dBQ, an AOD(TL, (1,1),(1,1)) Let Pl =
(Al X It)H, P2 = (AQ X It)H, Ql = (Bl X It)H and QQ = (BQ X It)H Then A =
3 (@1(Py + P)422(Py — Py))and B= 3 (1(Q1 + Q2) +12(Q1 — Q2)) form an
AOD(2t; (t,t); (t,t)). Construction 2.25 now gives OD(4¢;t,t,t,t).

Theorem [2165] If there is an AOD(n; (a1, ...,as); (b1,...,b:)) and n = 2Pq, ¢ odd,
then s +¢ <2(p+1).
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2.29 Construction If A (= 2zA; 4+ C) and B form an AOD(n; (a1, ..., as); (b1, ..., b)), then
x1 @ 01 01 x5 0
(2, )ome (Vo)oc ma (Vg )oms (55 )on
form an AOD(2n; (a1, a1, a9, ..., as); (a1,b1,...,by)).
2.30 Example The AOD(2%; (1,...,1);(1,...,1)) obtained by iterating Construction 2.29,
starting with AOD(1;(1); (1)), achieves equality in Theorem 2.28 for all p.

2.31 | A product design of order n and type (ai,...,as;b1,...,bs;c1,...,¢,) is a triple
(4; B; C), where
1. A, B,C are orthogonal designs of order n and types (a1, ...,as), (b1,...,bt),
(c1,. .., cu), respectively;
2. A and B are amicable; and
3. A+ C and B + C are orthogonal designs.

2.32 Example In Examples 2.10, (Ds; Dy; D5) is a product design of order 4 and type

(1,1,1;1,1,1;1).
2.33 Theorem If there is an AOD(n; (u1, ..., ug); (v1,v2)), then there is a product design
of order 2n and type (v1,u1, ..., uk; v1, V1, U2; Ua).

2.34 Example An AOD(4; (1,1,2);(1,3)):

a b ¢ ¢ d e e
-b a ¢ —c e —d e —e
X = c ¢ —a —b |’ Y= —e — e d
c —c b —a —e e d —e

Product designs of order 8 and types (1,1,1,2;1,1,3;3) and (1,1,2,3;1,3,3;1) are
then given by Theorem 2.33.

2.35 Construction [1808] Suppose (A;x1B1 + x2Bs; C) is a product design of order n and
type (a1, ...,as;b1,b2;¢1,...,¢). Then

U)Bl A . ZCBl ZCBl + ZBQ . ’UBQ + C C
A —wBy J’'\ —xB; + 2By B ’ —C —vBy +C
is a product design of order 2n and type (b1, a1, ..., as; 2b1, be; ba, 2¢1, 2¢, . . ., 2¢¢).

2.36 Construction If (A; B; C) is a product design of type (a1, ...,as;b1,...,b5c1,. .., Cy)

A+C B+C \.
and order n, then (B—C —A—i—C) isan OD(2n; aq,...,as,b1,...,b,2¢1,. .., 2¢,).

2.37 Example Equating two variables of D4 in Example 2.32 gives a product design of order
4 and type (1,1,1;1,2;1). Iterating Construction 2.35 and applying Construction 2.36
give the full orthogonal designs in the following result.

2.38 Theorem [1808] For k > 3, there exists an OD(2%;1,1,1,1,2,2,4,4,...,2F2 2F=2),

2.39 Remark When k¥ = 1 or 2 (mod 4), the design obtained in Theorem 2.38 has the
maximum number of parameters. No full orthogonal designs of order 2¥p having
p(2%) parameters, with p odd and k > 4 congruent to 0 or 3 (mod 4), are known.

2.40 Corollary If a,b,¢>0,n > 2 and a + b+ ¢ = 2", then an OD(2"; a, b, ¢) exists.

2.41 Construction Suppose that (1P +22@Q; R) is an AOD(m; (d, e); (¢1, - - -, qu)) and that
(4; B; zC) is a product design of order n and type (ai,...,as;b1,...,b;¢). Then
PRA+Q® B+ R®Cisan OD(mn;day,...,das, eb1,...,eb, cqr, ..., cq).
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2.42

2.43

2.44
2.45

2.46

2.47

2.48

2.49

2.50

2.51

2.52

2.53

2.54

Example From H(2¢), Construction 2.27 gives AOD(2t; (¢,1); (¢,t)) and Example 2.32
gives a product design of order 4 and type (1,1,1;1,1,1;1). From Construction 2.41
one obtains an OD(8t;¢,¢,¢t,¢,t,t,t,t). [891]).

‘A Plotkin array P, is an OD(8¢;t,t,t,t,¢,1,t,1). ‘

2.4 T-Matrix Constructions

‘ A matrix is monomial each row and column has exactly one nonzero entry. ‘

Disjoint (0, +=1)-matrices A, B, C, D of order ¢t are T-matrices if
1. the elements of S = {A, B,C, D, AT, BT CT DT} commute pairwise;
2. there exists a t X t monomial matrix R such that X R is amicable to Y for all
X, Y € S; and
3. AAT + BBT + CCT + DDT =1tI.

Remarks

1. Conditions 1 and 2 are satisfied by any type I matrices A, B, C, D (see §V.1.5).
For circulants, R can be any back-circulant monomial matrix.
2. Type I matrices are the most common (but not the only) kind of T-matrices.

3. T-matrices give powerful recursive constructions for Baumert—Hall arrays (that
is, OD(4¢;t,t, ¢, t)s).

Construction If A, B, C, D are T-matrices of order 4t, then the Goethals—Seidel array
(see §V.1.33), using A’, B',C’, D’ in place of A, B,C, D, is an OD(4¢;t,t,t,t), where

A'=aA+bB+cC+dD, B =-bA+aB+dC —cD
C'=—-cA—-dB+aC+bD, D' =—dA+cB—-bC+aD .

An orthogonal design OD(4k;aq,...,as) is a Baumert—Hall-Welch array (BHW-
array) of order 4k, if it can be partitioned into 16 k x k type I matrices.

Theorem [1866] Suppose there is a BHW-array OD(4k; a1, ..., as). If there are T-
matrices of order ¢, then there is an OD(4kt;taq, . . ., tas).

Remark There are BHW-arrays of order 4k for all even £ < 36, £k = 5, Kk = 9, and
k = 134. There is none of order 12.

Remark T-matrices are known for all orders ¢ < 200 with the exception of t = 73, 79,
83, 89, 97, 103, 109, 113, 127, 131, 133, 135, 137, 139, 149, 151, 157, 163, 167, 173,
179, 181, 183, 191, 193, 197, and 199.

Four mutually disjoint complementary ternary sequences (see §V.8) a, b, ¢, d of length
and weight t are T-sequences.

Construction T-sequences give the first rows of circulant T-matrices. There are cir-
culant T-matrices that do not correspond to T-sequences in this way.

Examples (1,1, —,0,0,0,0), (0,0,0,1,0,1,0), (0,0,0,0,1,0,0), (0,0,0,0,0,0,0) are
T-sequences of length 7; Constructions 2.53 and 2.47 give OD(28;7,7,7,7). Base
sequences (see §8) a,b,c,d of lengths m,m,n,n give T-sequence of length m + n:
(2£20,), (%52, 00), (O, SE4), (01, 52). (Here “(z,y)” denotes concatenation of se-
quences z and y.) Base sequences a = (1,1,—,1),b=(1,1,—,1),¢= (1,1,1,—,1),d=
(1,1,1, —, —) give T-sequences of length 9 (which give, in turn, OD(36;9,9,9,9)):

(1,1,-,1,0,0,0,0,0),(0,0,0,0,0,0,0,0,0), (0,0,0,0,1,1,1,-,0), (0,0,0,0,0,0,0,0, 1).
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2.55

2.56

2.57

2.58

2.59

2.60

2.61

2.62

2.63

An ordered list of T-matrices A, B, C, D is weakly amicable if
ABT +CT)+ D(BT - CT)= (B+ C)AT + (B - C)DT.

Example Circulants A, B, C, D with first rows (1,0,0), (0, 1,0),(0,0,1), (0,0,0), re-
spectively, are weakly amicable T-matrices of order 3.
A 4-tuple of matrices (A, B, C, D) of order n with entries 0, £x1, +xs, . . ., =2k, where
Z1,...,xk are distinct variables, have type (s1, s2, .. ., Sg) if
AAT + BBT + CCT + DDT = (5122 + 5022 + - - - + s3.22) L.

Suppose that (A, B,C,D) is a 4-tuple of type I matrices of order n and type
(s1,82,83,84), (E,F,G,H) is a second 4-tuple of type I matrices of order n and
type (tl, t2, tg, t4), and

AET — EAT 4 ¢)(BFT — FBT) 4+ €2(CGT — GCT) 4+ e3(DHT — HDT) =0,
with € € {£1}, ¢« = 1,2,3. The ordered list (A, B,C,D; E,F,G,H) is a special
amicable set of order n and type (s1, S2, 83, S4; t1, ta, t3, t4). Without loss of generality,
one can assume that ¢; =1 for ¢ = 1,2, 3.

Remark From a given special amicable set of type I matrices (A, B,C,D; E, F,G, H)
of order n, one gets four matrices with circulant blocks

(Z4)(%s)(6¢)(Gn)

Substituting these matrices in the Goethals—Seidel array (from Examples 1.33) yields
the K-array (see [1284]), an 8 x 8 analog of the Goethals—Seidel array:

A E FR BR GR CR HR DR
-F A BR -FR CR —-GR DR —-HR
—FR —-BR A E-H'R D'R G'R-C'R
—-BR FR -E A D'R H'R-C'R-G'R
—-GR-CR H'R-D'R A E-F'R B'R
—-CR GR-D'R-H'R -E A B'R F'R
—HR-DR -G'R C'R F'R-B'R A E
—-DR HR C'R G'R-B'R-F'R -FE A

Theorem [1125] If there is a special amicable set of circulant matrices of order n and
type (s1, S2, 83, S4; t1, ta, t3,t4), then there exist
1. OD(8n; s1, S2, S3, S4, t1, Lo, t3, t4);
2. OD(4(p+1)n; s1, S2, 83, S4, Dt1, pta, pts, pts) for every prime power p = 3 (mod 4);
3. AOD(8n; (s1, S2, $3, 84); (t1, to, t3,t4)); and
4. AOD(8n; (251, 282,283, 254); (2t1, 2t2, 2t3, 2t4)).

Example Let (A,B,C,D,E,F,G,H) = ((a,d,—d), (¢, d,d), (¢,—d,b), (¢,—b,—d),
(g,h,h), (e,h,—h), (g,—h,f), (g9,—f,—h)). Then a special amicable set of matri-
ces of type (1,2,3,6;1,2,3,6) is given by (A, B,C, D; E, F,G, H). Theorem 2.59 gives
0OD(24;1,1,2,2,3,3,6,6); OD(12(p + 1); 1,2, 3,6, p, 2p, 3p, 6p) for prime powers p = 3
(mod 4); AOD(24; (1,2,3,6);: (1,2, 3,6)); and AOD(24; (2,4, 6,12); (2,4, 6,12)).

Theorem If there is a weakly amicable set of circulant T-matrices of order n, then

there is a special amicable set of eight circulant matrices of type (n,n,n,n;n,n,n,n)
and order n.

Theorem If there are weakly amicable T-matrices of order n and p = 1 or any prime
power congruent to 3 mod 4, then there is an OD(4n(p + 1);n, n,n,n, np, np, np, np).

Corollary If there are weakly amicable T-matrices of order n, then there exists a
Plotkin array, OD(8n;n,n,n,n,n,n,n,n).
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V.24

-matrices exist for all orders n < 21.

2.64 Remark [1126] Weakly amicable T

2.65 Examples In this and the following two examples, x represents —z. The Plotkin array

P is obtained from the K-array of Remark 2.58.

The Baumert—Hall array H is constructed by substituting circulant matrices A, B,
C, and D with first rows (a, b, ¢), (d, —a,b), (—c,d,a), and (—b, ¢, d), respectively, in

the Goethals—Seidel array of Example 1.33.

VO UT S @O OO I
VOV @ OUTOT @O IV
WOOATR O MOT I OO
0IT,A VT OO IY 3.9
ToIVAOOI VAT I
ITOOT,A IO 3,07
"o R OO IO 0P O I
L RSESESESRNL S RSHSRS I S
CET IO 0TI IO
Lo 3TAICLETOT O
LIOITAOTOROCT
SO 03T T OT 0o

S
L WO OTO T

L= 0Tg O 3.0
Vo (@ 0 § O
SV e IaT O
K SIS IRV
ASTRCIES I RS W LAV
VIOV O_S D
S OT O O o
N—

an 0D(12;3,3,3,3)

i

Plotkin OD(8;1,1,1,1,1,1,1,1)

Pi:

2.66 Example The Plotkin array Ps is obtained from the K-array by substituting the special

amicable set of circulant matrices F, A, F', B, C, G, H, D by

(CL, fa fa ¢, _C)a (ga ha h’a €, —6), (_.fa a, a, ba _b)a (_da €, ¢, _ha h)a (Ca ba ba —a, CL),

(65 da da -9, g)? (_ba ¢ ¢, _.fa f)v and (_h’a 9,9, da _d)a respeCtiV61Y'

STV UL 00V AdI VT T UV ILCIOSW I L0z voSaw

DETVV AV OIS 000 ANITTRETOOLOH I IO VORI 0O0S g o

OO T TV VOO H AI VL0 NITTLOAT OV ORI I =300 0o 0

VORIV UL OO @I VLTV ONOITOICIAT UOIC QW I I 0 OO WY 0.8

TV OONLA = 00000 @I VTT NI LT IS0+ IV UL 088

D= O VURSTV T NNOT T ONOLLOIARI IO AT OUOLLAC O VLR DNU VU I

VO 0O ULV T UNOTT IR OLOI LI TIOLRTVLILL UL NV V=T 0O

V0O O+ NI T ONITT IR L0 0+ IIOSCT OO LCC RNV V=3 0O

0 VO _NT NULTTVTOINITAOAIALCLOILCORWI VLIACT OR DO VT O O

N 0V OV T UNNLT T ONILLIMOITIC LW O UORT DO VLR T U VU

VI WO 0TI NUNTT[T L OO0 030088 T oo aC—d .0

DU TOTV OVOONTI TV YPUTH_L QO VH U I 0L S PYOULLT VLI O-E® ®Q

DO VU ATV TV OONT TR WU =2 0V O =F 0O NI CTT LVLLVLLO~T® ~
OO0 VUSUTVT O ONTTV LR YPORSL ORI 0 ogdyevodogctToaglod I
SROO VOV T O UNTTL O ORI O IOV _NU 0,98 00 g0 T A ® L2013
VOV TV O ASL D00 0D RNV T O UOEE RO O S T RFAOT O OS5
VOV LAOAILSAQ OO T IOV I RNV ORI 0O TFALIOAT O O
VWV OONL L0 AEIRWSQ200TVT L OOLLC R0 VI 0T AIIT OO
AMVTV OO LL0AXORSR2O VT IS OLN0 VLI VOB LT OL AT O
DUATVV OAILOA 0OV VHS OOV T IS0 UOLCLCI VORI L0 O ST
T O 00 00 I T 0 IR_T VOIS NS IV ©
VTR IO UIHLL I VR I 00O YUOT L IV HD OO TOLOI DOTT WY
VLUTCRLE IR OO I 00O O8N0 0TV TS OO0 UITOL0HIOTT
S0 UTLCOIIH ORI 0O NV O OOV T O VN0 0 O0IT AT NIV
L OV VT LOIJIHI VUYL I IOV T I OORRHD2 003 TFOTVT NV
HO0OIIV AL 000 VICL NV VORIV VO UUNTT OV VI WO @ I
I L0 I VTV LIALC OV LN VR I OHD OOV L YUT IOTIT NS OO0 ®
I L0000V LACCLC NV I OO O OO TICTHNNUNIOTITVT A S OO0
I LLC 0OV LIA LN VLRI VOO0 NTI LUV IOV O M IS OO
DO IR OC 00TV IO VOLCLCI VU RO OO WNTICTIT OISO @ IS O
VU I VOIS UV AR VOO AT O ATILLO NIV TV T HUND S0 O
OBV 0O NV OIVER VAL TL 0O TIIQOTONIT WLTVT OO =0
SR J 0O L ONV000VARLCA AL L0000 AFITTOUINNCTTT O OO %
NF 0V LNV OOAC 0 UV IO AT~ LL0OTRITTONT DAL T O OO
OO YPUOLS O OL OOV, O XA STILO0NITTOTVT UL 0 0D
VUL RNV 0 XATLT LSV VNNV TOIADIDDR SO OISTT OO
VL N0 VI VA= 0 AUV L VOT O UV VUIAD OO0 DETT O
L RO VI 0OV AAT-D 0V VT OATT O NICODOITAOODHHOOTT
LR VILRR_RI VU0 A A_O SV VT LTV T O UNAOD0VUIRO OO RT 8T
DOV I VORS00 XA L GOV T ARV T OIS AELL VRS0 00TYT OO L

C
f
f
Cc
b
b
a
a
€
d
d
g
g
5

D(40;5,5,5,5,5

Plotkin

Ps:
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2.67

2.68

2.69

2.70

2.711

2.72

Examples Substituting F, A, F, B,G,C, D, H, the special amicable set of circulant

matrices with first rows (a, b, ¢), (e, f, g), (=b,a,d), (—g, —h,e), (—¢, —d, a), (—f, e, h),

(=d,c,=b), (=h,g,—f), respectively, in the K-array, the Plotkin Ps is constructed.
The OD(24;1,1,2,2,3,3,6,6) is from Example 2.60 with D and H switched.

efgabcdabehgadcheffghbced addghhhheddc fhgbdcdbchf
gefcababdhgedcaefhﬁ fcdb dadhghhehdcd gﬁdcbbcdf ﬁ
fgebcabdagehcadfhehf gdbc ddahhgehhcddgfhcbdcdbghf
agcef ehgdabheﬁadcbcdf h ghhaddddchhegdcfh hfgdbc
cab e%hgeabdeﬁ dcacdbghf hghdaddcdhehdcbhgffghbcd
bca% egehbdaf ecaddbcﬁfg hhgddacddehhcbdgfhghfcdbd
dabehgefgabcgfhcbddaceht hheddcaddghhbdc%hgﬁfgdbc
abdhgegefcabthgbdcacdhfe hehdcddadhghdcbhgf fghbcd
bdagehfgebcahgfdcbcdafeh ehhcddddahhgcbd fhgﬁfcdb
ehgdaba%cef cbdgfhehfdac ddchheghhaddfhggdcdbchf
hgeabdcabgefbdctfhghfeacd dcdhehhghdadhgfdcbbcecdf %
gehbdabcafgedcbhgf fehcda cddehhhhgddagfhcbdcdbghf
adchefgfhcbdefgagcadbheg fhgbdcbdc fhgaddghhhheddc
dcaeﬁhihgbdcgefcabdbae h h fdcbdcbhgﬁdadh hhehdcd
cadfhehgfdcbfgebcabadghe g%hcbdcbd fhddahhgehhcdd
hefadcc%dg ha%cef hegadb bdcﬁhgﬁhg%dcghhaddddchhe
efhdcabdcfhgcabgefeghdba dcbhgfhgfdcbhghdaddcdheh
fhecaddcbhgfbcafgeghebad cbdgfhgfhcbdhhgddacddehh
fghbcddacehfadbhegefgabc dbc fg%fgdbchheddcaddghh
%hfcdbacdhfedbaeghgefcab bcdf%hf hbcdhehdcddadhzh
fgdbccdafehbadghe fgebca cdbghfghfcdbehhecddddahhg
bcgf hehfdachegadbabcef hfgdbcdbchfgddchheghhadd
cdb %fhfeacde dbacabge f %bcdbcdf ﬁdcdhehhghdad
dbc%fgfehcdag ebadbcafge g%fcdbcdbgﬁfcddehhhhgdda
Ps: Plotkin OD(24;3,3,3,3,3,3,3,3) K: an OD(24;1,1,2,2,3,3,6,6)

2.5 Constructions, Existence, and Special Forms

Theorem If W = W(n,n — 1), then either n = 2 (mod 4) and W is equivalent to a
symmetric matrix, or n = 0 (mod 4) and W is equivalent to a skew matrix.

Remark W (n,w) have been classified for w < 5 [447] and for n < 13 [1693]. The
block structure of W(n,n — a) has been determined for a < 4 [614]; for example, if
n > 3 and a = 2, then the matrix is equivalent to one partitioned into 2 x 2 blocks,
whose diagonal blocks are zero and all others are rank 1 if n =2 (mod 4), or rank 2
otherwise.

Theorem (see [891]) For square w, if n is large enough, then W (n, w) exists. If w is a
sum of two squares and n = 0 (mod 2) is large enough, then W (n,w) exists. For any
w, if n =0 (mod 4) is large enough, then W(n,w) exists.

Construction If W is a skew W(n, w), then
1. aW + bl is an OD(n;w, 1);
2. (CMC/LI;M _a;/mi bI) is an OD(2n; 2w, 1).
(aW—i—bI —aW —al
aW +al oW 4+ bl
Conversely, OD(n; w, 1) implies a skew W (n,w); from part 3, a skew W(n,w) gives a
skew W(2n, 2w + 1).

) is an OD(2n; 2w + 1, 1).

Example From Tables 2.89 to 2.91, skew W(n,w) matrices exist for all w < n, n =
8,24, 40,56, 72, 88. Therefore, there exist skew W(n,w) for allw < n, n = 2'p, p < 11,
t > 3.
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2.73

2,74

2.75

2.76

2.717
2.78

2.79

2.80

2.81

2.82

2.83

2.84

Theorem If W is a W (n,w) with diagonal 0, then
1 ( aW +bl oW —bI

"\ aWT —bl —aWT —bI
9 ( aW +bl bW —al

) is an OD(2n; 2w, 2), and

bW — al —aWT—bI> is an OD(2n;w+ 1,w+ 1).

Theorem If an OD(4n; s1, s2, ..., Sk) exists and Zle s; = 4n — 1, then there exists
an OD(4n; s1, .. ., Sk, 1).
Theorem If Zle ;P is an OD(n;aq,...,a;) and Ay, ..., Ay are amicable m x m

(0, £1)-matrices with Zle a; 4; AT = wli, then Zle A; ® P; is a W(mn, w).

Theorem (see [612, 891]) If ¢ is any prime power, then there is a circulant W (q? +q+
1,¢%). Further, if ¢ is odd, then there exist a W (¢¥ +---4+¢*> +q+1,¢"), a symmetric
W (2q2,¢%) when k > 0, and and a symmetric W (q? + h(q + 1), ¢*) when h > q.

Remark The case k =1 in Theorem 2.76 gives conference matrices, W(q + 1, q).

Theorem If there is a W(p + 1,p), then for all k > 0, there exist W((p + 1)p*, (p +
)p¥ — 1) and W(p* + 1, pb).

Theorem If w < min{ny,...,nx} and W(ny + L, w),...,W(ng + 1, w) exist, then so
does W(ny - --ny + 1,w"). If an even number of the given matrices are skew and the
remainder are symmetric, then the resulting matrix is symmetric. If an odd number
of them are skew and the remainder are symmetric, then the resulting matrix is skew.

Theorem Let M be a (0, 1)-matrix having row sums ri,...,7,, and column sums
C1y---5Cn,and let a,b € ZT. If for 1 < i < m there exists a W(r;,a) and for 1 < j <n
there exists a W(c;, b), then:

1. There is a W(ri + - -+ + rm, ab).

2. If M is symmetric, then there is a symmetric W(ry + - - - + rp, a?).

3. If M is symmetric with zero diagonal, then there is a skew W (ry + - - +1p,, a?).

Remarks Theorem 2.80 uses a very general technique, weaving (see [613]). More
generally if one replaces W (c;,b) with OD(c;; b1, ..., b,) for all j, where b, ...,0b, are
given positive integers, the construction for part 1 gives OD(r1+- - -+7p,; aby, . . ., aby).

Theorem Suppose there are k (0, +1)-sequences of length n having zero periodic au-
tocorrelation (§V.7) and weight w.

1. If k =1, then there is a circulant W (n, w).
2. If k = 2, then there is a block-circulant W(2n,w) (2 x 2 blocks).
3. If k = 4, then there is a W(4n, w).

Theorem [891] Let a,b € Z™* such that a,b and a + b are all sums of two squares.
Then there exists N € ZT such that OD(2n; a, b) exists for all n > N.

2.6 Existence of Weighing Matrices (One Parameter Designs)

Remark Tables 2.85 through 2.90 use the conventions: if n appears without parenthe-
ses in the record corresponding to w, then a W(n,w) is known to exist; if n appears
in parentheses, then its existence is unresolved; if n does not appear, then a W(n,w)
does not exist. Consecutive admissible n that exist are indicated by dots; similarly
for consecutive unresolved orders, but within parentheses. For example, in Table 2.86,
the entry for w = 37, ends with “68,(70),72...”, indicating that W (n, 37) exists for
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n =68, 72, and all subsequent even numbers, but is unresolved for n = 70. In places
“..2k,(2k+1)..." is used to indicate that all even orders in the indicated range are
known, while all odd orders are unresolved; similarly, “...4k, (4k 4+ 2)...” indicates
that orders = 0 (mod 4) are known but those = 2 (mod 4) are unresolved.

2.85 Table W(n,w), w = a® < 256 (all n admissible).

25
36

49

64

81

100
121

144

169

196

225

256

w n
1L

4 |4,6,7,8,10...

9 |10,12...

16 |16,18,20,21,22,(23),24,(25),26,(27),28,(29),30. ..

26,28,30. . 34,(35)...2k, (2k +1).. .54. ..

36,38,40,42,44,(45). . .2k, (2k + 1) . . .56,(57,58,59),60, (61),62,63,64, (65),66, (67),
68,(69),70,(71),72. ..
50,52,54,56,57,(58,59),60,(61,62,63),64,(65,66,67),68,(69,70,71),72,(73,74,75),76,
(77),78,(79),80,(81,82,83),84,(85,86,87),88,(89,90,91),92,(93,94,95),96,(97). . . 2k,
(2k +1)...104.. 114, (115),116, 117,118, (119), 120, 121,122, (123), 124, 125, 126,
(127), 128,129, 130, (131), 132...138, (139), 140, 141, 142, (143), 144. . .150, (151),
152. ..

64,66,68,70,72,73,74,(75). . .2k, (2k + 1) .. .116. ..

82,84, (86),88,90,91,92,(93,94,95),96,(97,98,99),100,(101,102,103),104, (105, 106,
107),108,109,110, (111),112,(113,114,115),116,117,118, (119),120,121,122, (123),
124,(125),126,127,128,(129),130. ..

100,(102),104,(106),108,110,112,(113). . .2k, (2k + 1) .. .186. . .

122, (124,126),128, (130), 132,133, (134. . .143),144, 145, (146. . .155), 156, (157, 158,
159), 160, (161...165), 166, (167), 168, (169...175), 176, (177, 178, 179), 180,
(181...191),192,(193,194,195),196,197,198,(199),200, (201,202,203),204, (205,206,
207),208,(209),210,(211),212,(213,214,215),216,(217,218,219),220,(221,222,223),
224,(225),226,(227),228,(229,230,231),232, (233,234,235),236,(237,238,239), 240,
(241),242,(243),244,(245,246,247),248,(249),250, (251),252. . 256, (257),258,(259),
260,261,262, (263), 264,265,266, (267),268, (269,270,271), 272,273, (274, 275), 276,
277,278, (279). .. 2k, (2k + 1) . . 288,289,290, (291), 292, 293, 294, (295), 296, (297),
298...302,(303),304,305,(306,307),308,309,310,(311),312,313,314, (315),316,317,
318,(319),320,321,322,(323),324,325,326,(327),328. . .334,(335),336,337,338,(339),
340. . 346, (347), 348, 349, 350, (351), 352. . 366, (367), 368, 369, 370, (371), 372. ..
144,(146,148,150,152,154,156,158,159),160,(161. . .167),168,(169. . .179),180, (181,
182,183),184,(185,186,187),188,(189). . .2k, (2k + 1) .. .212. ..

170, (172,174, 176,178,180), 182,183, (184. . .195), 196, (197. . 207), 208, (209), 210,
(211...221),222,(223)...2k, (2k + 1) .. .350. . .354,(355),... 2k, (2k + 1) . . .364,365,
366,(367),368,(369),370,(371),372,(373),374,(375),376,(377),378. ..

196, (198), 200, (202, 204, 206), 208, (210. . .225), 226, (227), 228, (229. . .239), 240,
(241...255),256,(257. . 271),272,(273. . 285),286,(287),288,(289. . 299),300, (301,
302,303),304, (305.. 311),312, (313. . .319),320, (321, 322,323), 324, (325,326, 327),
328, (329, 330, 331), 332, (333, 334, 335), 336, (337, 338, 339), 340, (341)...2k,
(2k + 1)...352,(353,354,355),356,357. . .

226, (228, 230, 232, 234, 236, 238), 240, (241...255), 256, 260, (261...271), 272,
(273...285), 286, (287), 288, (289...299), 300, (301, 302, 303), 304, (305...313),
314,(315).. .2k, (2k + 1)...342. ..
256,258,260, 262,264, 266,268, 270, 272,273,274, (275), .. .2k, (2k + 1) . . ., 314,315,
316, (317),...2k, (2k + 1) .. ., 340, 341, 342, (343), ... 2k, (2k + 1) .. ., 356, 357, 358,
(359),...2k, (2k + 1) ..., 380,381,382, (383),...2k, (2k + 1) . . ., 398,399,400, (401),
2k, (2k 4 1) .. .,420. .
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2.86 Table W (n,w), a? # w = b + c? < 60, w € {80,104, 125,128} (n even).

w

| n (even)

For
for

w = 2,5,8,10,13,17, 18,20, 26,29, 32,34, 40, 52,80, 104, 128: W (n,w) exists
even n > w and also for n = w in cases w = 2, 8, 20, 32,40, 52, 80, 104, 128.

37
41
45
50
53
o8
125

38.. 52,(54),56,(58),60,62,64,(66),68,(70),72. ..

42,44,46,. . .4k, (4k + 2) . . .,60,62,64,(66),68,(70),72,(74),76,(78),80,(82),84. ..
46,48,50,52,54,56,(58),60,(62),64. . .72,(74),76. ..

52,(54),56,(58),60. . .

54,56,(58),. .. 2k,(2k + 1) . ..,104,(106),108. . .

60,(62),64,(66),68,(70),72,(74),76. ..

126, 128, (130...142), 144, (146. . .154), 156, (158), 160, (162, 164, 166), 168, (170,
172,174),176,(178),180. . .

2.87 Tab

le W(n,w), a* +b* # w < 100, (n =0 (mod 4) only).

w]

n (= 4k only)

51,

exi

For w =3,6,7,11,12,14,15,19,21,22,23,24,27,28,30,31,33,35,38,39,42,43 44,46 47,43,

54,55,56,57,59,60,62,63,66,67,69,70,71,75,76,77,78,83,86,88,92,94,96: W (4k, w)
sts whenever w < 4k.

79
87
91

80,84,88,(92),96,100,104,108,112,(116),120. ..

88,92,96,(100),104,(108),112. ..

92,96, (100), 104,108,112, (116), ...8k, (8k + 4) . . ., 152, 156, 160, (164), 168, (172),
176. ..

93(96,(100),104,(108),112,(116),120. ..
95(96,(100),104,108,112,(116),120. . .
99(100,104,(108),112,(116)120,(124),128. ..
2.88 Table Symmetric weighing matrices W (n,w), w = a® < 81 (all n admissible).
w n
11...
4/4,6,7,8,10. ..
9]10,12,13,(14),15,16,17,18,(19),20,(21),22
16(16,18.20,21,(22,23).2 ( 5),26,(27),28,(29),30
25|26, (28, 30), 31, (32), 33, (34, 35), 36, (37... 41) 2,(43),44, (45,46,47), 48, (49), 50,
(51),52,(53),54,(55),56. . .60,(61),62,(63),64,(65),66,(67),68. . .74,(75),76. . .
36|36,(38),40,(42), (44. . 47),48,(49),50,(51),52,(53,54,55),56,(57,58,59),60,(61),62,
(63),64,(65),66,(67,68,69),70,(71),72,(73,74,75),76,(77,78,79),80, (81,82,83), 84,
(85),86,(87),88,(89),90,91,92,(93,94,95),96,(97),98,(99),100,(101),102,(103),104,

49

6

g

8

—_

105,106, (107),...2k, (2k + 1) ..., 126,127,128, (129), 130. . .134, (135), 136, (137),
138...148,(149),150. . .158,(159),160. . .

50, (52, 54, 56), 57, (58. . .63), 64, (65. . .71), 72, (73...77),78, (79), 80, (81. ., 87), 88,
(89...97),98,(99),100,(101,102,103),104. . .108,(109),110,(111),112,113,114,(115),
116,(117,118,119),120,121,122, (123),124, (125,126,127),128,129, 130, (131),132,
(133),134. . 138,(139),140,(141),142,(143),144,145,(146),147,148,(149),150,(151),
152,(153),154. ..

64, (66,68,70),72,73,(74. . 79),80,(81),... 2k, (2k + 1) .. .126,127,128,(129),. .. 2k,
(2k +1)..., 136, 137, 138, (139), 140, (141), 142, (143), 144...148, (149), 150,
(151),152. ..

82, (84,86,88,90),91,92, (93,94,95),96, (97,98,99), 100, (101. . .108), 109, (110, 111),
112,(113...116),117,118, (119),120,121,122, (123), 124, (125), 126,127,128, (129),
130...
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2.89 Table Skew weighing matrices W(n,w), w = a? < 81 (n =0 (mod 2) only).

w n
12. ..
4/6. ..
9(12,14,16,(18),20. ..
16[20. ..
25 28,(30),32,(34) 6,(38),40. .
36/(38),40, (42),4 ( 6),48,50,52, (54), 56, (58), 60,62, 64, (66), 68, (70), 72, (74), 76,78,
80,(82),84,(86),88
49|52, (54).. . 4k, (4k + 2) .. .76,78,80,(82),. .. 4k, (4k +2) . . 104,106,108, (110),112,
114,116,(118),120,122,124,(126),128. ..
64/(66),68,(70),72,(74),76,(78),80,(82),84,(86),88. . .
81|84,(86),. .. 4k, (4k +2) .. .,108,110,112,(114),116,118,120,122,124,(126),128. . .

2.90 Table Skew weighing matrices W (n,w), a® # w = b? + ¢? +d? < 100 (except w =

93,94, n =0 (mod 4) only).

’LU| n

83,84,88,96: skew W (4k,w) exists whenever 4k > w.

For w = 2,3,5,6,8,10,11,12,13,14,17,18,19,20,21,22,24,26,27,29,30,32,33,34,35,37,38,
40,41,43,44,45,46,48,50,51,52,53,54,56,57,58,59,62,65,67,68,69,70,72,73,74,75,76,80,

12[48. .
61|64...112,(116),120. ..

66(72. .

77180,84,88,(92),96,(100),104,108,112,(116),. . .8k, (8k + 4) . . ,160. ..
78|20,84,88,(92).96.(100),104,108,112,(116),. . .8k (8k + 4) . . . 160. ..
82(84,88,(92),96,(100),104,108,112,(116),. . .8k, (8% + 4) .. .,168. ..
85|88,(92),96,(100),104,108,112,(116),.. .8k, (8k + 4) .. ,176. . .
86|88,(92),96,(100),104,108,112,(116),.. .8k, (8k + 4) .. ,176. . .

(196),200. ..

90(92,96,(100),104,108,112,(116),. .. 8%, (8% + 4) .. ., 176. ..
91(92,96,(100),. ..8k,(8k +4) ..., 184. ..

97/(100),104,108,112,(116),. .. 8%, (8% + 4) . . .,192,196,200,(204),208. . .

224,228,232,(236),240,244,248,(252),256. . .

9

=}

89((92), 96, (100), 104, 108, 112, (116), ... 8k, (8k +4)..., 176, 180, 184, (188), 192,

98((100),.. .8k, (8k +4) . ..,152,156,160, (164),. . .8k, (8% + 4) . ., 208,212,216, (220),

100,104,(108),. . .8k, (8k + 4) . . .,152,156,160,(164),. . .8k, (8% + 4) . . .,200. ..

2.91 Table Unresolved cases of skew weighing matrices W (n,w), a? + b + ¢ # w < 100.

All other admissible cases (w < n =0 (mod 8)) exist.

[W(136,79), W(152,79), W (104, 95), W (136, 95), W (152, 95), W (184, 95)|

2.7 Orthogonal Designs with More than One Parameter

2.92 | An orthogonal design is 2-type, (or constructible from two type I matrices) if it is

obtained from the 2-array: ( ;T —iT

) where both A and B are type I matrices.

2.93 Remark A very fruitful way to construct orthogonal designs of order n = 2 (mod 4)
in two parameters is to search for type I matrices of odd order to use in the 2-array.
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2.94

2.95

2.96

2.97

2.98

2.99

Table OD(n;a,b) for small n = 0 (mod 2), a, b satisfying Condition 1 of Theorem
2.21. Bold numbers abbreviate parameter lists; see [1332].

n|0OD(n; a, b) Known to Exist No 2-Types Unresolved
2|1=(1,1) none none
6]1,2=(1,4),3=(2,2) none none
10 1,2,3,4 (4,4) none none
14]1,2,3,4,5=(1,9),6=(4,9), 7=(5,5) 6 none
18(1,2,3,4,7,8=(2,8) 5,6 5.6
221,2,3,4,7,8,9=(1,16),10=(4,16),11=(8,8), 5.6, 5,6,12
(9,9) 12=(2,18)
26/1,2,3,4,5,7,8,9,10,11,(9,9),(10,10),12 6 6
30/1,2,3,4,5,6,7,8,9,10,11,(9,9),(10,10),(13,13) 6 12,13=(1,25)
=(4,25),15=(8,18)
=(9,16),17=(5,20)
34/1,2,3,4,5,6,7,8,9,10,11,(9,9),(10,10),(13,13), 6 12,13, 14,15,16,17

(16,16)

An orthogonal design is 4-type (or constructible from four type I matrices) if it is
obtained using type I matrices A, B, C, D in the Goethals—Seidel array (see §V.1.5).

Theorem (see [768]) There is a 4-type OD(4n;a,b, ¢, d) only if there is an integer
matrix E satisfying EET =diag(a, b, c,d) (and abcd is a square).

Remark The most common constructions for orthogonal designs of order n = 4
(mod 8) in four or fewer variables employ 4-type orthogonal designs.

Table Nonexistent OD(n;a,b)s, for small n = 4 (mod 8). In these orders, 4-type
OD(n; a,b)s exist for all other 2-tuples (a, b) satisfying Condition 2 of Theorem 2.21
[1332].

n | OD(n; a,b) Eliminated

4 | none

| (17,0769

20 | (1,7), (1,15), (2,14), (3,5, (3,13), (3,16), (4,7), (4,15), (5,11), (5,12), (6,10),

6 13) (7,9),(7,12)
1L7),(1,15),(1,23),(2,14,),(3,5), (3,13),(3,20), (3,21, (4,7), (4,15), (4,23), (5,11),

5 12) (5,19), (5,22), (6,10), (7,9), (7,16), (7,17), (7,20), (8,14), (9,15), (10,17),

(11,13),(11,16),(12,13),(12,15)

28

AA,_\,_\

Table Unresolved OD(n;a, b, ¢,d)s, for small n = 4 (mod 8). Proper quadruples not
listed but satisfying Condition 4 of Theorem 2.21 are realized as 4-type designs.

n | Unresolved OD(n;a,b, ¢, d)

12 | none

20 | (1,3,6,8),(1,4,4,9),(2,2,5,5)

28 (1,4,9 9),(1,8,8,9),(2,8,9,9),(3,6,8,9),(4,4,4,9)

36 | (1,2,8,16), (1,2,8,25), (1,4,4,25), (1,8,8,16), (1,9,13,13), (2,2,9,16), (2,2,9,16),
(2,2,13 13), (2,3,4,24), (2,6,7,21), (2,8,9,9), (3,6,8,16), (3,8,10,15), (4,8,8,9),
(8,

2.100 Theorem For n = 0 (mod 4), the existence of an OD(n; sy, -, s;) with Zle 8 =

n — 1 implies the existence of an OD(n; 1, s1, - - , k).

2.101 Theorem Suppose OD(n;a, b, ¢) exists for all a,b,¢ > 0, a + b+ ¢ = n. Then for all

t >0, OD(2'n;p, q,r) exists for all p,q,7 > 0, p+ q+r = 2n.
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2.102 | An orthogonal design is 8-type (or constructible from eight type I matrices) if it is
obtained from the K-array (of Remark 2.58), using special amicable matrices.

2.103 Remark A good way to construct orthogonal designs of order n = 8 (mod 16) in eight
or fewer variables is by obtaining matrices of order g for use in the K-array. Most
designs in Theorems 2.104, 2.105 and 2.106 are of 8-type.

2.104 Theorem [889] All full 3-tuples (no zeros) are the types of orthogonal designs of order
n = 56.

2.105 Theorem [1128] All 3-tuples are the types of orthogonal designs of order n = 40.

2.106 Theorem [1127, 891] All full 4-tuples are the types of orthogonal designs of order
n = 4,24, 48, 64,128, 256, 512.

2.107 Theorem [891] All 5-tuples are the types of orthogonal designs of order n = 16.

2.108 Theorem [891, 1286] All full 6-tuples are the types of orthogonal designs of order
n=8,32.

2.109 Theorem [891] All 6-tuples are the types of orthogonal designs of order 16, except
those of types (1,1,1,1,4,7) and (1,1,2,2,2,7), which do not exist.

2.110 Table [891, 1286] Unresolved full orthogonal designs of order 32 and in 7 variables. In
this table a; means a is repeated k times.

Don’t Exist Unresolved 7-tuples
(14,2,132), (14,3,6,19), (14,4,5,19), (14,4,11,13), (14,5,10,13),
(13, 23,23), (13,2,52,17), (15,3,4,5,17), (13,4,5,7,13), (13,53,14),
(13,59,7,12),(15,59,8,11),(15,5,6,7,11), (12, 23,5, 19), (12, 2, 53, 13),
(1o, 3,43, 15), (1o,43,5,13), (19,43,7,11), (1g,44,59,12),
(19,49,5,7,10), (12,4, 52,7,9), (12,54, 10), (12, 53, 6,9), (12, 52,6, 72),
(19,5, 63, ), (1,25,3,5,17), (1,23, 59, 15), (1,25,5,9,11),
(1,29,39,8,13), (1,29,3,59,14), (1,29,3,5,8,11), (1, 22,43,15),
(1,29,49,5,14), (1,29,4,59,13), (1,29,4,5,7,11), (1,22,53,12),

’ (1,29,59,6,11), (1,29,52,7,10), (1,2,45,7,10), (1,2,42,5,7,9),
(1, )
( 7)
(1, )
( )
( )
( )
(

1.2,4, 55, 10), (1,2,54,9), (12,55, 72), (1,2, 59,65,7), (1,34,5,14).
1. 35,72, 8).(L, 39, 45, 13).(1, 3. 43, 5. 11),(1, 3, 45, 7,9),(1, 3, 4, 5, 65, 7).
1,3,53,6,7), (1,3,52,63), (1,43,52,9), (1,45,5,72), (1,42,5,6,7),
1,4,54,7), (1,4,55,62), (1,55,6), (25,3,72,9), (25,49,7,11),
25,55, 11),  (25,4,55,72),  (20.55,8),  (2,35,5.13), (2,35, 74).
2, 45,53, 7), (2, 56),
34,4,5,11),(34,5,7,8),(32,45,5,9),(32, 43, 72),(3, 43, 52, 7). (43, 54)

2.8 Conjectures

2.111 Conjecture (Weighing Matriz Conjecture [891]).

1. If n =0 (mod 4) and w < n, then W(n,w) exists.
2. If nis even and w = a? + b? < n, then W (n, w) exists.

2.112 Conjecture (Skew Weighing Matriz Conjecture [891]) There exists a skew W (n,w)
(or, equivalently, OD(n;w, 1)) for all w < n:
1. if n =0 (mod 8);
2. ifn=4 (mod 8), w =a?+b%>+c?, a,b,c € Z, w # n — 2; and
3.ifn=4 (mod8), w=n—-2=a’?+b% a,bcZ.
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2.113 Conjecture If there is a W(n,w), n odd, then there is a symmetric W (n, w).

2.114 Conjecture (Conference Matriz Conjecture) A conference matrix W(n,n — 1) exists
for all n =2 (mod 4) as long as n — 1 is a sum of two squares.

2.115 Conjecture There exists an OD(

2.116 Conjecture There exists an OD(8¢;¢,t,¢t,¢,t,t,t,t) for every positive integer ¢.
2.117 Conjecture There exists an OD(128;8,8,8,8,8,8,8,8,8,8,8,8,8,8,8,8).
)

2.118 Conjecture (Seberry Conjecture) All 3-tuples (a, b, 2's — a — b) are types of orthogonal
designs in order 2!s, s odd, ¢t > 3.

2.119 Remarks

1. Part 1 of Conjecture 2.111 is proven for n = 4k < 88. Part 2 is proven for n < 32.
The corresponding statement for odd orders is false—there is no W(9, 4).

2. Conjecture 2.112 has been confirmed for n = 8k +4 < 88 and n = 8k < 96. It
is also true for 2¢p, where p = 3,5,7,9,13 (¢t > 3) and p = 15,21 (¢ > 4). As for
the case n = 2 (mod 4), it is known that there is no skew W (18, 16).

3. Conjecture 2.113 is confirmed up to order 13; there exists a W (35, 16) that is not
equivalent to a symmetric matrix. It is also true that, up to order 13, W(n, w),
n odd, implies a regular W (n, w).

4. Conjecture 2.114 is confirmed for n = 2k < 62 with k odd. For the case n =0
(mod 4) see Table V.1.51, as these are skew-Hadamard matrices.

5. Conjecture 2.115 is confirmed for many even values of ¢ and all odd values of

4t;t,t,t,t) for every positive integer ¢.

t<73.
6. Conjecture 2.116 is confirmed for many even values of ¢ and all odd values of
t <21.
See Also

gV.1 Hadamard matrices are one-parameter ODs; some of the most
important constructions for Hadamard matrices involve ODs.

§V.6.1 Much more information on conference matrices.

8V.8 Sequences with zero autocorrelation are used to construct weigh-
ing matrices and ODs.

§VIL.2 A W(k? + k + 1,k?) is always complementary to a projective
plane of order k. If there is a conference matrix of order k + 1,
the reverse implication also holds.

[612] Constructions for weighing matrices with square weights.

[613] Weaving and its use in constructing weighing matrices.

[891] The main reference for ODs and weighing matrices.

[1866] A more recent extensive survey on similar material.

[1331] Some recent results on existence of ODs.

[890, 2165]  Concerning the number of variables in an OD.

References Cited: [447,612, 613,614, 768, 889, 890, 891, 1125, 1126, 1127, 1128, 1284, 1286, 1331,
1332,1693,1808, 1866, 2165]
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|
3 D-Optimal Matrices
HADI KHARAGHANI
WIiLLIAM ORRICK
3.1 Definitions and Notation
3.1 |An (o, B)-matrizis a square matrix with entries in the set {«, 5}. A (£1)-matrix B

3.2
3.3

3.4

3.5

3.6

3.7

of order n is a D-optimal matrizif the determinant of B is the maximum determinant
among all (£1)-matrices of order n. This maximum determinant is denoted by a,.

Remark The maximum determinant of a (0, 1) matrix of order n is c,11/2™.

A (£1)-matrix A with AA* = (n — 1)I,, + J,, is a Barba matriz. I, denotes the
identity matrix of order n, and J,, is the matrix of order n with all entries 1. A

(£1)-matrix B with BB = B'B = ( bl 0 ) , where M = (n — 2)1, /9 + 2Jy 2,

0 M
is an EW (Ehlich—-Wojtas) matriz. An EW matrix is an Ehlich matriz if it can be

written in the form (

_%t ft ), where A and B are circulant matrices.

Examples Aj; is a circulant Barba matrix of order 5, Eg is an Ehlich matrix of order
6, and F1q is an Ehlich matrix of order 10.

1

—_
—_ =

111
111
111

—_

s =

—_ = =

A5: 1 — —
_ 1=

-1

—_ = =

11
Ey = (_1)®A5

= == |
— ==

— =

— |

|

— ===~ |
= == |
— ==

Let n =11+ -+ r with each r; > 0. Forall 1 < /¢ <k, let Ry = Zle r; and also
define Ry = 0. A matrix of order n is a block matriz with block sizes rq,...,rg if
its elements m;; satisfy (1) m;; =n, (2) m;; = 3 for Ry—1 +1 < i # j < Ry for all
1 </¢ <k, and (3) m;; = —1 otherwise.

Example R, a D-optimal matrix of order 7 is on the left. R7R: = RLR; = B is on
the right. B is a block matrix with block sizes 2, 2, 2, and 1.

-111—-—- 7 3-1-1-1-1-1
1-11—-—- 3 7-1-1-1-1-1
11—-——-1- -1-1 7 3-1-1-1
Rr=111—-1—— B=|-1-1 3 7-1-1-1
- ——111- -1-1-1-1 7 3-1
-—-1-11- -1-1-1-1 3 7-1
—————— 1 -1-1-1-1-1-1 7

Two (£1) matrices, A and B, are equivalent if there exist monomial matrices P and
Q@ such that B = PAQ.
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3.8

3.9

3.10

3.11

3.12

3.13

3.14

3.15
3.16
3.17

3.18

3.19

3.2 Determinant Inequalities

Theorems The upper bound on «,, depends on n modulo 4 as follows.

1. For n = 0 (mod 4), o, < n"/2. Equality occurs if and only if there is a (£1)-
matrix H of order n with HH' = nl,, (a Hadamard matrix). (See §V.1).

2. [1149] For n = 1 (mod 4), a,, < /2n — 1 (n — 1)(»=1/2, Equality occurs if and
only if there is a Barba matrix of order n.

3. [1149] For n = 2 (mod 4), a,, < (2n — 2) (n — 2)(»~2)/2, Equality occurs if and
only if there is an EW matrix of order n.

4. [771] For n = 3 (mod 4), o, < (n—3)"9)/2(n — 3 4+ 4r)"/2(n + 1 + 4r)"/?[1 —
ur/(n—3+4r) —v(r +1)/(n+ 1 +47)]"/2 where n = ur + v(r + 1), u+v = s,
r=|[%],and s=5forn=7,s=>50r6forn=11,s=6for 15 <n <59, and
s =T for n > 63. Equality occurs if and only if there is a (+1)-matrix C' such
that CC' = C'C is a block matrix with u blocks of size r and v blocks of size
r+ 1.

Remark A Barba matrix exists only if n = ¢+ (g-+1)? for some integer q. The problem
of finding a Barba matrix is equivalent to finding a symmetric balanced incomplete
block design with parameters (v, k, \) = (¢* + (¢ + 1)%,¢%, q(q — 1)/2).

An EW matrix exists only if 2n — 2 is a sum of two squares. It is not known
whether equality in (4) of Theorem 3.8 ever holds.

3.3 Existence Results

Theorem Let A, B be circulant (+1)-matrices of order n/2 with AA* + BB' = (n —
2)1,, /9 + 2Jy, 2. Then there is an Ehlich matrix of order n.

Theorem [1329] If there exists a cyclic projective plane of order ¢2, then there exist
two circulant (41)-matrices A, B of order 1+ q + ¢2, such that

AA'+ BB' = (2¢° +20) L 1 g1q2 + 2T 14142

Corollary [1329] There exist Ehlich matrices of order n = 2(¢? + ¢ + 1) where ¢ is a
prime power.

Theorem If there is a Barba matrix of order n = 1 (mod 4), then there is an EW
matrix of order 2n.

Theorem There exists a Barba matrix of order n = 2¢% + 2¢ + 1, where ¢ is an odd
prime power.

Theorem There exist Barba matrices of orders 5, 13, and 41.
Remark There are circulant D-optimal matrices of orders 1, 3, 4, 5, and 13.
Table [1149] Known «, not included in Theorems 3.14 and 3.15, for n =1 (mod 4).

n 9 17 21
an, | 2117 167-80 20°-116

Theorem There are Ehlich matrices of order n = 6, 10, 14, 18, 26, 30, 38, 42, 46, 50,
54, 62, 66, 74, 82, 86, 90, 98, 102, 110, 114, 118, 122, 126, 146, 158, 182, 186, 194,
226, 266, and 290.

Theorem In addition to the EW matrices whose existence is implied by Corollary

3.12, Theorems 3.13 through 3.15, and Theorem 3.18, there is an EW matrix of order
150.
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3.20 Table [1702] Known «, for n =3 (mod 4).

n |3 7 11 15
an, [ 4 209 5.216 140.12°

3.21 Table Known lower bounds on the maximal determinant.
n 19 22 23 27 29 31
an, | 833-4%  2.20M  678576-40° 364-24'2 5120-28'?7 162816
3.22 Table The number of equivalence classes of D-optimal matrices of order n, N, for
11 <n <21. (Up to order 10, all D-optimal designs of a given order are equivalent.)
n |11 12 13 14 15 16 17 18 19 20 21
N, | 3 1 1 1 1 5 3 3 ? 3 7
3.4 Constructions
3.23 Table First rows for some Ehlich matrices.
n Row A Row B
14 -111111 11-1---
18 --1111111 -111-11-1
26 1111111-11--1 11-—-1-11-1-1
1111111-11--1 111--1-1-1--1
1111-1--111-1 1111-1--111-1
30 | 11111-11-11-1-1  11-111----111-1
1111111--11-1-1  111--1--111-1-1
1111111--11-1-1  1111--11-1-1--1
3.24 Examples A D-optimal matrix of order 9 and the three inequivalent D-optimal ma-
trices of order 11.
1111——11——— 11111111——— 1111
1 1111—-1——1—-— 1-11-11-1—-— 11111-1-1-1
R 111-1-—— 11-11-————— 11111-11-1—
—111———— 11-11———-11 11111——-111 111111—-11-—
——1———11 —_—11———— 11 1-11———1-11 111111-1—-—1
111, [-12———— 111—|, | 11—=—1-11-1|, | ===11--1111
111 1o 11-1 11-———-1111— ~11--——1111
111 1————11--1- 1-——111--11 —C1-111--11
111 S1e——11-—-1 S1-1-11--11 ~1-1-11-—-11
——1-1—-1 ——111-1——-— ———11-111-1 ——11-1111—-
1111 ——111-111- 12211111 ——
3.25 Remark A D-optimal matrix is referred to in statistics as an exact D-optimal first order
saturated design with n observations. A typical application is the determination of
the weights of n objects in n weighings on a chemical balance. D-optimal weighing
matrices minimize the generalized variance of the estimated weights [1770].
See Also
6I1.6 Symmetric designs.
§V.1 Hadamard designs and matrices.
[1149] A survey of maximum determinant problems.
[737] Multicirculant generalization of Ehlich matrices.
[1124] An extension to complex D-optimal matrices.
[1770, 851]  Application of D-optimal matrices in statistics.

References Cited: [737,771,851,1124,1149,1329,1702, 1770]
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4 Bhaskar Rao Designs

WARWICK DE LAUNEY

4.1

4.2

4.3

4.4

4.5

4.6

4.7

4.8

4.1 GBRDs: Definition and Example

A generalized Bhaskar Rao design GBRD (v, b, r, k, \; G) is a vxb array whose nonzero
entries are drawn from the group G of finite order g so that
1. each row contains precisely r nonzero entries,
2. each column contains precisely k nonzero entries, and
3. for any pair of distinct rows (z1,%2, - ,xp) and (y1,y2,- - ,Yp), the list
g—1 g—1 g—1 g
z1y] , %2y ,---,%py;  contains each nonzero group element exactly /g

times.

Remarks Replacing the nonzero entries by 1 produces a balanced block design; conse-
quently, r = 1+ A(v—1)/k and b = rv/k, and so GBRD(v, b, 7, k, \; G) is usually just
written as GBRD(v, k, A\; G). When v > k, the underlying (0, 1) design is incomplete,
and then b > v. The cases where v = k or b = v or G = Zs are dealt with in §V.5,
§V.6 and §4.3, respectively.

Example A GBRD(4, 3, 6; Z).
1 1 1
4 2

— O

1 1 0
w0 1
0 w?
2 A4 L83

1
W3

S
ot
S

3

E or
O =

0
1
w

O ==
o &€

W w
w2 owt 0 w
0 0 1 2 Wt

€
o

€

—_

w

S

4.2 Existence of Generalized Bhaskar Rao Designs

Theorem A GBRD(v, k, A; H) is obtained by applying the surjective group homomor-
phism ¢ : G — H entrywise to a GBRD(v, k, A; G).

Remarks Some general techniques [1864, 1865] are known for obtaining families of
designs with k£ > 5; however, attempts to determine the spectrum of admissible pa-
rameters v, b, r, k, A, G have been restricted to k € {3,4,5}. A family of GBRD(k +
1,k, k%2 — k; G) and all the GBRD(k + 1, k, ¢k — I; G)s with k € {3,4,5} and ¢ small
appear in [899]. Theorem 4.6 is a complete asymptotic result for odd order groups
and large k.

Theorem [648] Let G be any group of odd order g. For all k,¢ > 0, there is an integer
M such that for all v > M, there exists a GBRD(v, k, tg; G) if and only if tg(v—1) =0
(mod k — 1) and tgv(v — 1) =0 (mod k(k — 1)).

Theorem [871] Let G be an abelian group of order g. Then a GBRD(v, 3, A\; G) exists
if and only if A =0 (mod g); A(v — 1) is even; Av(v — 1) =0 (mod 6) for g odd and
Av(v — 1) = 0 (mod 24) for g even; and if v = 3 and the Sylow 2-subgroup of G is
nontrivial and cyclic, then A =0 (mod 2g).

Remark The solution for nonabelian groups is far from completed. Theorem 4.9 gives
an infinite class of nonabelian groups for which existence is settled.
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4.9

4.10
4.11

4.12

4.13
4.14

4.15

4.16

4.17

4.18

4.19

4.20

4.21

Theorem [29] A GBRD(v, 3, A\; D,,) exists if and only if A = 0 (mod 2n) and Av(v —
1) =0 (mod 24) (D, is the dihedral group of order 2n).

‘Let EA(g) denote the order g direct product of prime order cyclic groups. ‘

Theorem [870] For ¢ > 1, a GBRD(v, 4, tg; EA(g)) exists if and only if tg(v—1) is even
and tgu(v — 1) =0 (mod 12), except possibly when g = 9h, t = 2, and ged(6, h) = 1.
For t = 1 the necessary conditions are sufficient for v > 46.

Remark There is no GBRD(5, 4, 6; Zg) or GBRD(7, 4, 4; Zs x Zs) [657).

4.3 Bhaskar Rao Designs

A Bhaskar Rao design BRD(v, k, \) is a GBRD(v, k, \; G) where v > k and G = Zo. ‘

Remarks Bhaskar Rao [1777, 1778] named these designs balanced orthogonal designs.
Bhaskar Rao designs are often defined to include a wider class of (0,+1)-matrices
where the underlying design is a PBIBD instead of a BIBD, and the between class
inner products are fully specified but not necessarily zero. Bhaskar Rao designs have
been studied at this level of generality in [1986, 1990].

Theorem [1778] A BRD(v, k, \) can exist only if the following equations have nonneg-
K, y geq g
ative integer solutions:
g + 315 + 627 4 -+ Dy — 5D for k odd,
—x9 +3x2 +8x4+ -+ (k2;4):ck = b(kf) for k even.

Corollary of Theorem 4.7. A BRD(v, 3,2t) exists for v > 3 whenever tv(v — 1)
(mod 12).

Example A BRD(7,4,4) is given on the

Il
o

- 1171 1111100O0O0O0O0
right. 11-1 0 0-1 0 0 0—-1 1 0-1 1
Theorem [872] A BRD(v, 4, \) witho > |11 0-1 0 0-10 1 0-1 1 0-1
4 exists if and only if A = 0 (mod 2) and 110 0-100-1-110-1 10
A(v — 1) = 0 (mod 3) with the excep- 00 0-1"10 1-1"0 11 0-1-1
tion of a BRD(10,4,2). ABRD(4.4.0) |00 1 0 1.0 0 1 1 019 o

exists if and only if A =0 (mod 4).
Remark BRDs with block size five are considered in [462]. Theorem 4.20 states some
of the results therein obtained.

Theorem [462] Existence results for BRDs.

1. A BRD(w, 5, \) exists only when A is even, A(v—1) = 0 (mod 4), and \v(v—1) =
0 (mod 40).

2. A BRD(v,5,4) exists when v = 0,1 (mod 5) except when v = 5 and possibly
when v € {15, 16, 26, 35, 75, 85, 86,95, 135, 215}.

3. A BRD(v,5,4t) exists with ¢ > 1 exists when v = 0,1 (mod 5) except possibly
when (v,t) € {(15, 3), (35, 2), (35, 3), (35,7)}.

4. A BRD(v, 5, 20) exists when v > 5 except possibly when v = 32.

Theorem [648, Theorem 5.1.1(ii)] For all k,¢ > 0, there is an integer M such that
there is a BRD(v, k, 2t; Z2) whenever 2t(v — 1)/(k — 1) and 2tv(v — 1)/k(k — 1) are
integers and v > M. When k = 2,3 (mod 4), it is necessary that 2t(v —1)/(k — 1)
and 2tv(v — 1)/k(k — 1) be integers.
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4.22 | A ¢-Bhaskar Rao design, c-BRD(v, k, A) is a v x b matrix with entries from {0, +1} in
which any two distinct rows have inner product equal to ¢, and the pattern of nonzero
entries forms the incidence matrix of a (v, k, A)-design. Taking ¢ = 0 recovers the
usual notion of BRD.

4.23 Theorems [687] Existence results for c—BRDs.

1. For v = 1,4 (mod 12) and v > 4 there is a (—1)-BRD(v, 4, 5).
2. For v =1 (mod 3) and v > 4 there is a (—2)-BRD(v, 4, 8).
3. If v =1 (mod 3), the necessary conditions for the existence of a 2-BRD(v, 4, 4),
namely that v # 4, are sufficient.
4. If v > 4, then the necessary conditions for the existence of a 4-BRD(v,4,6),
namely that v # 4, are sufficient with the exception of v = 5.
See Also
8IV.1 A GBRD(v, k, \; G) is equivalent to a group divisible design with
G acting regularly on the points and semi-regularly on the lines.
§V.5 A GH(g, A) over G is a GBRD()\g, Ag, Ag; G).
8V.6 A GC(G; \)isaGBRD(Ag+2, g+ 1, A\g; G). ABGW (v, k, \; G)
is a GBRD(v, k, \; G).
eVI.17 A (g, k; V)-difference matrix over G is a GBRD(k, k, g\; G).
[687] Results and references on ¢-BRDs.

References Cited: [29,462,648,657,687,870,871,872,899,1777,1778,1864,1865,1986,1990)

5 Generalized Hadamard Matrices

WARWICK DE LAUNEY

5.1

5.2
5.3

5.4

5.5

5.1 Definition and Examples

A generalized Hadamard matriz GH(g, A) is a (g, g\; \)-difference matrix. It is nor-
malized if all the symbols in the first row and first column are the identity element
of the group. The core of a normalized GH-matrix is obtained by removing the first
row and column.

‘Let EA(g) denote the order g direct product of prime order cyclic groups. ‘

Examples A normalized GH(4, 1) over EA(4) with circulant core, a circulant GH(5, 1),
and a GH(3,2) over Zs.

1w whwt w 1 1 w w w?w?
1111 w 1 w w w 1 1 w?w? w w
lab a b vt w1 w wh w w? w w? w w?
1 b aba ot w 1w w w? w? w w? w
1 a b ab 4 4 w? w ow w?w? w
wowtwtw w? w w? w w w?

Remark By Remark VI.17.11, a GH(g, A) over the group G is a generalized Bhaskar

Rao design GBRD(gA, g\, g\; G).

Remark A GH(g, \) is a (g, k; A)-difference matrix with k = gf as large as possible
(see Theorem VI.17.5).
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5.6
5.7

5.8

5.9

5.10

5.11

5.12

5.13

5.14

Theorem A Hadamard matrix H(4n) is a GH(2, 2n) over the group ({—1,+1}, ).

Theorem [1222] Let G be a group of order g. There exists a GH(g, 1) over G if and
only if there exists a projective plane I of order g with an incident point-line pair
(p, L) such that the group of all (p, L)-elations is isomorphic to G.

5.2 Existence

Theorem Suppose that there is an epimorphism from G of order g to a group H of
order h. If there is a GH(g,n/g) over the group G, then there is a GH(h,n/h) over
the group H.

Theorem [650] For any group G of prime power order ¢ and any integer ¢ > 0, there
is a GH(q, ¢**~1) over G.

Table Direct constructions over EA(g).

g A Conditions Refs.
p* | p™ ™ | m>n>1,pa prime [225]
p" | 2p™™™ | m>n>1, pa prime [225]
p* | 4p™ ™ | m >n > 1, p a prime [647]

q 8 19 < ¢ < 200, g prime power [654]
D 8 p > 19 a prime [654]

q k q > ((k—2)2%~2)2 3 Hadamard matrix of order k | [655]

Theorem [748] If there is a GH(g, A1) and a GH(g, A2) over the group G, then there
is a GH(g, gh\1\2) over G.

Theorem [647] Let ¢ = g\ — 1 be a prime power. If there is a GH(g, \) over the group
G, then there are GH(g, A\¢") over G for all ¢t > 0.

Table The existence of GH(g, A) matrices over EA(g) with n = g\. The large numbers
in the table indicate the group orders g for which a GH(g,n/g) is known to exist over
EA(g). The numbers in the superscript indicate group orders g for which a GH(g,n/g)
is known not to exist over EA(g). By Theorem 5.8, the entry 3, 52 at the end of the row
headed by 0 means that GH(3,30) and GH(5, 18) are known and that no GH(2t, 45/t)
can exist over EA(2t); for g € {9, 15,45}, it is not known whether a GH(g, 90/g) exists.

n] 011012030 40 | 50 | 60 | 70 | 80 | 90
0 52 2,5 32 | 2 | 252 | 2 T 25| 3,52
1 11 | 37 | 31 | 41 | 317 | 61 | 71 | 81 | 713
20 2 |3,4]112| 32| 2 |213| 312 | 2,9 |412] 2,23
3 3] 13] 23| 3 | 43 | 53 73 | 83 | 31
a0l 4| 72,3172 2,11 272 | 64 | 372 | 2 | 472
5 5 3,5 25 5,7 3 5,11 5,13 5 5

6|32| 16 | 132 | 4,9 232 | 8 2 1219|432 | 3,4
7 7| 17|27 | 37| 47 | 1 | 67 | 11 |32 97
8| 8|92 27192 3,4 | 29 |2,17] 2 2 | 472
9 9] 19| 29 49 | 59 3 79 | 89 | 3

Theorem [646]Let G be abelian group of order g. Let p be an odd prime dividing g.
A GH(g, A) of odd order g exists over G only if every positive integer m Z 0 (mod p)
that divides the squarefree part of g\ has odd multiplicative order modulo p. In
particular, for all divisors ¢ of g and all primes p, the Hilbert norm (g, (—1)*=1/2¢),, =
1; hence, there exists a nontrivial solution for the equation na? + (—1)*=1/2? = 22
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5.15 Remark Theorem 5.14 is true for nilpotent G. If ¢ = pr is the prime power

decomposition of g and for all pairs ¢ and j, p; /fp?j — 1, then G must be nilpotent.
The only odd values g < 100 for which this is not true are 39, 55, 63, and 75.

5.16 Theorem [328] A GH(g, \) with n = g\ odd exists over a group G only if a nontrivial
solution in integers x, y, z to 22 = na? + (—1)*~1/2t? exists for every order t of a
homomorphic image of G.

5.3 Conjectures and Smallest Test Cases

5.17 Remark Little is known about the spectrum of orders and groups for which there
exists a GH-matrix. Some general observations:

1.
2.

3.

4.

All known GH-matrices are over p-groups.

GH-matrices over nonelementary abelian groups are only known for square or-
ders.

There are no nonexistence results for even order GH-matrices over EA(¢q) when
q is odd.

Little is known about the orders for which there exist a GH-matrix over EA(2").

5.18 Conjectures

1.
2.

4.

5.

There are no GH-matrices over non-prime-power order groups.

There is a GH-matrix of order 4tq over EA(q) for all odd prime powers ¢ and
positive integers t.

There is a GH-matrix of order 2tq over EA(q) for all odd prime powers ¢ and
positive integers t.

For p an odd prime, there is a GH-matrix of odd order n over EA(p) if and only
if all the prime divisors of the squarefree part of n have odd order modulo p.
There is a GH-matrix of order 4k over EA(4) for any positive integer k.

5.19 Remarks

1.

The evidence for Conjecture 5.18.1 is strong. The first test case is order 12 over
EA(12).

The evidence for Conjecture 5.18.2 is strong. (See the last line of Table 5.10.)
The smallest unresolved case is order 40 over EA(5).

The evidence for Conjecture 5.18.3 is weak. The conjecture is made because
there are no known nonexistence results for even order GH-matrices over EA(q)
where ¢ is odd. The smallest test case is order 30 over EA(5).

The existence of a GH-matrix of order 21 over EA(3) supports Conjecture 5.18.4.
The smallest test case is order 39 over EA(3).

A GH-matrix of order 4k over EA(4) is equivalent to a pair of order 4k Hadamard
matrices whose Hadamard product (entrywise product) is also a Hadamard ma-
trix. So there is some support for Conjecture 5.18.5. The smallest test case is
order 20 over EA(4).

5.20 Example The GH(4,1) over EA(4) in Example 5.4 corresponds to the three Hadamard
matrices in the following identity.

1 1 1 1 1 1 1 1 1 1 1 1
1 -1 -1 1 1 -1 1 -1 B 1 1 -1 -1
1 1 -1-1]"]1-1-1 1 = 1 -1 1 -1
1 -1 1 -1 1 1 -1 -1 1 -1 -1 1
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5.21

5.22

5.23

5.24

5.25

5.4 Generalized Hadamard Matrices with Special Structure

A matrix H over the group G is developed modulo the group M if it has the form
(h(zy))z,yems where h: M — G.

For G abelian, a cocycle is a map f : M x M — G such that f(z,y)f(zy,z) =
fy, 2)f(z,yz) for all z,y,z € M.

A matrix H over the group G is cocyclic with indexing group M if it has the form
(f(z,y)h(zy))e,yenm where f: M x M — G is a cocycle and h: M — G.

Example For M = EA(4), writing the cocycle identity additively, it may be viewed
as a system of 64 linear equations on the 16 quantities {f(z,y) | z,y € FA(4)}. In
this small case, one can solve the equations by hand. The general solution is displayed
(using multiplicative notation) as the 4 x 4 array:

Z Z Z Z

Z AZ E7'Z AEZ

Z B™'Z FZ BFZ

Z ABZ FEFZ AEFBZ

Here A, B, E, F and Z are commuting indeterminates satisfying the constraint E? =
B?. The indexing of the rows and columns is 1, a, b, ab; so, for example, f(ab,a) =
ABZ and f(b,b) = FZ.

M =

A GH-matrix is cocyclic with indexing group M (developed modulo M) if it is equiv-
alent to a matrix that is cocyclic with indexing group M (developed modulo M,
respectively).

A GH-matrix H has a core developed modulo the group M if it is equivalent to a
normalized matrix with core developed modulo M. If M is cyclic, then the core is
circulant.

Example A cocyclic conference matrix, GH-matrix over EA(4), and orthogonal design
(from left to right).

0O 1 1 1 1 1 1 1 T4 To XT3 X4
1 0 -1 1 1 a b ab To —IT1 —T4 X3
1 1 0 -1 1 ab a b T3 Ty —T1 —To
1 -1 1 0 1 bab a T4 —T3 Xo —X1

These are obtained by substituting in M of Example 5.22 h(1) = 0, h(a)

h(ab) =1, A=FE =F = -1, B=Z7Z = 1; h(l) = h(a) = h(b) = h(ab) = 1,
A=a,B=ab,E=0b,F =a, Z =1; and h(l) = 21, h(a) = 22, h(b) = x3, h

and A=FE=F = -1, B=Z7 =1, respectively.

Theorems

1. For p an odd prime, a circulant GH(p, p'~!) exists if and only if t € {1,2}.

2. Let ¢ be an odd prime power. Then the matrix ((z — y)?)s,yer, is an EA(q)-
developed GH(g, 1) over EA(q).

3. There is a EA(q)-developed GH(q, ¢) over any group of order g.

4. Let w denote a primitive element of Fy. The (¢ —1) x (¢ — 1) matrix [w’~]; jer-
is a circulant core for a GH(q, 1) over EA(q). Also, lw?www? is the first row of
a circulant core of a GH(3, 2).

5. [651] Identify EA(q) with the additive group of the Galois field of order g. For
xz,y €EA(q), let f(z,y) = x -y where “” is the field multiplication. Then the
matrix (f(x,y))s,y is a cocyclic GH(g, 1) over EA(q) with cocycle f.
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5.26

5.27

5.28

5.29

5.30

5.31

6. [653] Let ¢ be a prime power. If there is a cocyclic GH(g, (q + 1)/g) over a
group G and a GH(g, (¢+1)/g) over a group G with EA(q)-developed core, then
there is a cocyclic GH(g, ¢*(q + 1)/g) over G. In particular, there is a cocyclic
GH(2!,257%(2% — 1)?) over EA(2?) whenever s >t and 2° — 1 is prime.

7. The Kronecker product of two group-developed (cocyclic) GH-matrices is group-
developed (cocyclic, respectively).

8. Any homomorphic image of group-developed (cocyclic) GH-matrices is group-
developed (cocyclic, respectively).

Remark See [652] for references to the results on group-developed GH-matrices as well
as a table on the existence of group-developed GH-matrices with orders n < 50.

5.5 Other Kinds of Generalized Hadamard Matrices

Let ¢, denote a complex root of unity of order m. A (n,m)-Butson Hadamard
matriz (or (n, m)-BHM) is an n X n matrix H = (h;;) with entries from the integer
powers of (., such that, if H* = (hj_il), then HH* = nl, over the complex field.

Remark Many (n,4)-BHMs are known, corresponding to the complex Hadamard ma-
trices. There has been no systematic study for other nonprime values of m.

Example A (7,6)-BHM found by Brock [328], and a (13,6)-BHM found by Compton
and de Launey. Here 0,1,2,3,4,5 correspond to 1, —w?, w, —1, w?, —w.

0000000000000

0000002333334

11 1 1 1 1 1 0002335002343
5 0022454245022
bolwwmw d 013524253105 3
I —w 1 w w w 1 0204342405220
1 1 w1l w w w 0241535422520
5 0254024135302

bw Imwd ww 034031120454 2
1w w 1 —w 1l w 0414315332150
L ww? w 1 —w 1 0424023003024
0432042251350

0432200525314

Theorems Assorted theorems concerning Butson Hadamard matrices.

1. If an (n,m)-BHM exists, then there is an (n, mt)-BHM for any integer ¢ > 1.

2. [408] Let p be a prime. There is an (n, p)-BHM if and only if there is a GH-matrix
of order n over EA(p).

3. [2157] Let p be a prime. If there is an (n, p’)-BHM, then p divides n.

4. [595] There is a (group-developed) (n, m)-BHM for all n, m such that (a) every
prime dividing n divides m, and (b) if n is even, then 4 also divides m.

5. [328] If there is an (n, m)-BHM, where n is odd, then no prime p dividing the
squarefree part of m has even order f mod m such that p//2 = —1 (mod m).

6. [595] There is a (2(¢ + 1), 2p)-BHM for any prime power ¢ =1 (mod p).

Remarks
1. The matrix in Theorem 5.30.4 is formed by taking the Kronecker product of ma-
trices supplied by Theorem 5.25.1 and, when n is even, the matrix [i(a+b)2]a7b:071.
2. An (n,6)-BHM exists for n € {1,2,3,4,6,7,8,9,10,12, 13,14, 16, 18,20}, but not
for n € {5,11,15,17}. The smallest undecided order is n = 19 [595].
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5.32

5.33

Let R be a ring with unity 1 and group of units R* whose characteristic does not
divide the positive integer v. A square matrix M = (m;;) of order v > 2 with entries
from a subgroup N of R* is a generalized Butson Hadamard matriz (or (v, N)-
GBHM) if MM* = M*M = v, where M* = (m_:")7.

3

Example Let R = Z[i,j, k | i? = j2 = k? = —1,ij = k|

denote the ring of quaternions over the integers Z. Then A, Ay Ay A,
(Xltitj+k)/2isaunit. If A; (1 =1,2,3,4)are t X ¢ Ay —A; Ay —Ag
(1, —1)-matrices, then M = A; + iAs + jAs + kAy is a As —Ay —A, Ay
GBHM over R if and only if the array on the right is a Ay As —Ay —A,
Hadamard matrix. Stafford observed that in this case, N

is isomorphic to SL(2,3).

5.34 Remark GBHMs include the orthogonal matrices studied by Sylvester [1997], and the
power Hadamard matrices of Craigen and Woodford [617].
See Also

§IV.1 A GH-matrix gives a complete resolvable transversal design.

§V.4 A GH(g, A) over G is a GBRD()\g, Ag, Ag; G).

§V.6 By Theorem 6.66, a GH(g,1) with core developed modulo M
is equivalent to a projective plane and a generalized conference
matrix with special structure.

§VI.17 A GH is a difference matrix with the maximum number of rows.

§VI.18 A cocyclic GH-matrix is equivalent to semi-regular central rela-
tive difference set [1131].

SVIL.1 GH-matrices have many applications in coding theory.

[645, 1563]  GH-matrices with other special structure.

References Cited: [225, 328,408, 595,617, 645, 646,647, 650,651,652, 653,654, 655, 748, 1131, 1222,

1563,1997,2157]

6 Balanced Generalized Weighing Matrices and
Conference Matrices

YURy J. IONIN
HADI KHARAGHANI

6.1

6.2
6.3

6.1 Conference Matrices

A conference matriz of order n is an n X n (0, £1)-matrix C with zero diagonal
satisfying COT = (n — 1)I. A conference matrix is normalized if all entries in its
first row and first column are 1 (except the (1,1) entry which is 0). The core of a
normalized conference matrix C' consists of all the rows and columns of C' except the
first row and column.

Remark A conference matrix or order n is a weighing matrix W(n,n — 1). See §V.2.
Theorem If there exists a conference matrix of order n, then n is even; furthermore,
if n =2 (mod 4), then, for any prime p =3 (mod 4), the highest power of p dividing
n — 1 is even.
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6.4

6.5

6.6

6.7

6.8

6.9

6.10

6.11

Examples A is a symmetric conference matrix of order 2; B is a skew-symmetric
conference matrix of order 4; C' is a normalized symmetric conference matrix of order
6. Other examples are given in Example V.2.3.

011111

0111 101--1

01 -01- 1101 -
A‘(w) B=1_—01] “Fl1-101-
-1-0 1--101

11--10

Theorem The core of every normalized conference matrix of order n = 2 (mod 4) is
symmetric and the core of every normalized conference matrix of order n = 0 (mod 4)
is skew-symmetric.

Theorem There is a skew-type Hadamard matrix of order 4n (see §V.1) if and only if
there is a skew-symmetric conference matrix of order 4n.
Theorem (Paley) Let ¢ be an odd prime power:

1. If g =1 (mod 4), then there is a symmetric conference matrix of order ¢ + 1.
2. If ¢ = 3 (mod 4), then there is a skew-symmetric conference matrix of order
g+ 1.
Construction Let A be a (0, £1)-matrix of order n and B a £1-matrix of order n such
that AB = BA and AAT + BBT = (2n —1)I. Then the matrix C' = ( Bé{} —flT )
is a conference matrix of order 2n.

The conference matrix C' in Construction 6.8 is constructible from two circulant
matrices or for short two circulants type.

Table Conference matrices of order 2n for small n. E denotes exists, DNE means
doesn’t exist and U stands for existence being unresolved.

n Status Comments
8#n <11 E Theorem 6.7

8 E Theorem 6.6

11 DNE | 21 =3-7 and Theorem 6.3
11 <n<17 E Theorem 6.7

17 DNE | 33 =3-11 and Theorem 6.3

18 E Theorem 6.6

18 <m #20 < 23 E Theorem 6.7

20 E Theorem 6.6

23 E g = 3 in Theorem 6.12
23 <n <26 E Theorem 6.7

26 E Theorem 6.6

27 E Theorem 6.7

28 E Theorem 6.6

29 DNE | 57 =3-19 and Theorem 6.3
29 < n <32 E Theorem 6.7

32 E Theorem 6.6

33 U not of two circulants type

Theorem If ¢ = 1 (mod 4) is a prime power, then there is a symmetric conference
matrix C' of order ¢ 4+ 1 of two circulants type.
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6.12

6.13
6.14

6.15

6.16

6.17

6.18

6.19

6.20

6.21

6.22

6.23

Theorem There is a symmetric conference matrix of order ¢?(q + 2) + 1 whenever q
is a prime power, ¢ = 3 (mod 4), and ¢ + 3 is the order of a conference matrix.

Theorem There are conference matrices of order 5(92!*1) + 1, ¢ > 0.

Remark The smallest order for which a conference matrix is not known to exist is
n = 66. A conference matrix of order 66 cannot be of the two circulants type. See
Conjecture V.2.114 for the Conference Matrixz Conjecture.

6.2 Generalized Conference Matrices

A generalized conference matriz of index A over a multiplicatively written finite group
G, or a GC(G; \), is a square matrix W = [w;;| with w;; = 0 and w;; € G whenever
i # j, such that, for any distinct row indices i and h, the multiset {meh g £
i,j # h} contains precisely A copies of every element of G.

Remark The order of GC'(G; \) is A|G|+2. If G = {£1}, then GC(G; \) is a conference
matrix of order 2A+2. A generalized conference matrix is a special case of a balanced
generalized weighing matrix (§6.3).

Examples A GC(Z~;1), a GC(Zs;2), and a GC(Qs; 1).

0111111111
oL 11 131216141r 0r 111111 -1 0-1 1—i-k—3 i j k
10 1 w ww*w’w*w? 2 2 A
3 6 2 5 4 10 1 ww w w?l -1 1 0-1—j —i—k k ¢ j
11 0 ww Wwww’w 2 2 . .
3 4.5 2 6 11 01 ww w w -1-1 1 0-k—j—i j k i
lw w0 1 Wwww 2 2 . . .
3 5 4 6 2 lw®l 0 1 ww w -1 4 5 k 0-1 1—i—-k—j
lww 1 0 ww*w’w 2 2 . .
2 6.4 5 3 lw w1 0 1 wow -1 k ¢ 5 1 0-1—j —i—k
lw*ww*w’0 1 w w 2 2 . .
6 2 5 4 3 lw w w1l 0 1 w -1 5 k ¢-1 1 0-k—j —i
lww*w’w*l 0 ww 2 2 ;
4.5 2 6 3 lw*w w w1 0 1 —1—i-k—-j ¢ j k 0-1 1
lo*w?ww’w w0 1 2 2 . .
lof et w?uwdw 1 0 11 w*w w w?l 0 -1 Ig—z—k k Iz j 1 2—1
-1 —J =% J i—1 0
Example A GC(Z3;9):
j is the 9 x 1 all-one column and A, B, C, D, E, and F 01 ;T T T
are symmetric circulant matrices of order 9 whose first T T 2.T
10 wj' w
2,2 2,2 2 J W) J
rowsare (0 lwww? w* wwl), (W w* lwllwlw?), ..
2 2 2 2 2 2 2 2 ijJj A B C
(ww wlw v lww), 0w 1w www 1w, B D E
lwwwllwww),and 0w w?l1111w?w), ;wé]jCE 7

respectively.
Theorem Let f: G — G’ be a surjective group homomorphism Replacing every
nonzero entry w;; of a GC(G; \) by f(w;ij) yields a GC(G'; A|G|/IG)).

A GC(G;1) is normalized if all nonzero entries in its first row and first column are

equal to 1. Removing the first row and column of a normalized GC(G; 1) yields the
core of this matrix.

Theorem A matrix C = [c;;] is the core of a GC(G; M) if and only if every row of C
contains precisely A copies of every element of G and, for any distinct row indices ¢ and

. 1. .o . . . . .
h, the multiset {c;;c, i #14,j # h} contains precisely A\ copies of every nonidentity
element of G and A — 1 copies of the identity.

A nearfield is an algebraic structure (F,+,-) such that (F,+) is an abelian group,
(F* = F\{0},) is a group, (z + y)z = zz + yz for all z,y,z € F, and = - 0 = 0 for
all x € F'. A proper nearfield is a nearfield that is not a field.

Remark A proper nearfield of order m exists if and only if m = ¢™ where ¢ is a prime
power, every prime divisor of n divides ¢ — 1, and, if ¢ = 3 (mod 4), then n #Z 0
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6.24

6.25

6.26

6.27

6.28

6.29

6.30

6.31

6.32

6.33

6.34

6.35

6.36
6.37

(mod 4). In particular, for any odd prime power ¢, there exists a proper nearfield of
order ¢2. The multiplicative group of a proper nearfield is nonabelian. See [1170] for
the complete list of finite nearfields and their multiplicative groups.

Theorem Let F' = {a1,as,...,an} be a finite nearfield (or field). Then C = [a; — a;]
is the core of a GC(F*;1).

Corollary For any prime power ¢ and for any divisor n of ¢ — 1, there exists a
GC(Zn; (q—1)/n).

Theorem For every m > 2, there exists a GC(Zp; \) withn = 2™ —1 and A = 2™ 41,
Remark For all known matrices GC(G; 1), the group G is the multiplicative group of

a field or a nearfield. All known matrices GC(G; \) with A > 1 are the matrices of
Theorem 6.26 and those obtained by applying Theorem 6.19.

The core C of a GC(G; \) is skew-symmetric if the group G has a unique element
of order 2 and C'T = eC.

Theorem Let C be the core of a GC(G; A) and let the group G be abelian. If A is odd
and G has a unique element of order 2, then C is skew-symmetric. Otherwise, C is
symmetric.

6.3 Balanced Generalized Weighing Matrices

Let G be a multiplicatively written finite group. A balanced generalized weighing
matriz with parameters (v, k, \) over G, or a BGW (v, k, \; G), is a matrix W = [w;;]
of order v with entries from G U {0} such that (i) every row of W contains exactly
k nonzero entries and (ii) for any distinct 4, h € {1,2,...,v}, every element of G is
contained exactly A\/|G| times in the multiset {Wijw;jl: 1<j<w,j#1i,j#h}.

Remark A GC(G; ) is a BGW (MG + 2, A|G|+ 1, A\|G|; G). A generalized Hadamard
matrix GH(G;\) (see §V.5) is a BGW (NG|, \|G|, \|G|;G). If |G| = 2, then a
BGW (v, k, A\; G) is a balanced weighing matrix. These matrices were studied in [1655].

Remark Replacing all nonzero entries of a BGW (v, k, A\; G) by 1 yields an incidence
matrix of a symmetric (v, k, A)-design.

Examples A BGW (5,4, 3;Z3) and a BGW (7,4,2;Z5).

-1 1 1 0 1 0 0
0 w? w w? w? O -1 1 1 0 1 O
e 0 w* w w? 0 0 -1 1 1 0 1
e e 0 w2 w 1 0 0 -1 1 1 O
w? e e 0 w? O 1 0 0 -1 1 1
e w?> e e 0 1 0 1 0 0 -1 1

1 1 0 1 0 0 -1

Theorem For f: G — G’ a surjective group homomorphism, replacing every nonzero
entry w;; of a BGW (v, k, \; G) by f(wi;) yields a BGW (v, k, A\; G').

Theorem If W = [w;;] is a BGW (v, k, X; G), then so is W* = [w};] where w* = w™! if
w # 0 and 0* = 0.
Remark A BGW (v, k, A\; G) can be regarded as a matrix over the group ring ZG.

Theorem Let G be a finite group. A matrix W of order v over ZG with entries from
GU{0} is a BGW (v, k, X\; G) if and only if it satisfies WW™* = kI + ﬁG(J—I), where
G represents the sum of all elements of G in ZG.
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6.38 Theorem Let G and S be finite groups, |S| = ¢ > 2. If there exist a BGW(q+1,q,q—
1;G) and a GH(S;1), then, for any positive integer ¢, there exists a BGW (v, k, \; G)
with v = (¢!t —1)/(¢g—1), k=¢', and A = ¢' — ¢* L.

6.39 Theorem Let ¢ be a prime power and ¢ a positive integer. Let v = (¢!t —1)/(q — 1),
k=q' and A = ¢ —¢'~1. A BGW (v, k, \; G) exists in each of the following cases:

1. G is a cyclic group whose order n divides ¢ —1; furthermore, if ¢(¢—1)/n is even,
then there exists a symmetric BGW (v, k, \; G) with zero diagonal and, if n is
even and (¢ — 1)/n is odd, then there exists a skew-symmetric BGW (v, k, A; G);

2. G is the multiplicative group of a nearfield or a homomorphic image of such a
group;

3. ¢ is a square and G is any group whose order divides /g + 1;

4. q is even and G is a cyclic group whose order divides 2¢ — 2; and

5. qis even, t =6, and G = Zy X Z, where n divides 2q — 2.

6.40 Remark The only known parameters of BGW matrices in addition to Theorem 6.39
that are neither generalized conference matrices nor generalized Hadamard matrices
are BGW (13,9, 6; S3), BGW (15,7, 3;Z3), BGW (19,9, 4; Z5), and BGW (45,12, 3; Z3).

6.41 Example A circulant BGW (13,9, 6;S3) exists with (0, a, e, ab, 0, ¢, e, ba, a, ba, 0, ab, 0)
as first row, where a = (12) and b = (123) generate the symmetric group Ss.

6.42 Example A BGW(15,7,3;Z3)

o 1 1 1 1 1 1 1 O O O O O o0 O
1 1 w 0w? 0 0 0 1w 0 w 0 0 0
1 0 1 w 0w 0 0 0 1w 0 w 0 0
1 0 0 1 w O0w*> 0 0 0 1w 0 w 0
1 0 0 0 1 w O0w?> 0O 0 0 1 w 0 w
1w 0 0 0 1 w 0 w 0 0 0 1 w?* 0
1 0w 0 0 0 1 w 0 w 0 0 0 1 w?
1 w 0 w?> 0 0 0 1 w? 0 w 0 0 0 1
0 1 w?> 0 w 0 0 0 0 0 w? 0 w? w? 1
0 0 1w 0 w 0 0 1 0 0 w? 0 w w?
0 0 0 1w 0 w 0w 1 0 0 w2 0 w?
0 0 0 0 1w 0 ww>w?> 1 0 0w 0
0O w 0 0 0 1w 0 0 w? w> 1 0 0 w?
0 0w 0 0 0 1 w? w?> 0 w?>w?> 1 0 0
0Ow?> 0 w 0 0 0 1 0 w?> 0 w?> w2 1 0
6.43 Example A BGW(19,9,4; Zs).
100010—-1—-—00—-——-—010001
1000—-1001—-—-—0—-—001100
10000—-1—-—01——-—0100010
11-000010-—0010—-—-=010
101-000—-—10100—-0-001
1-010000—-—1010—-——-—0100
110-1—-00000100010--—
1-1001—-—000001100-0-
10-1-01000100010--—0
00—--010001—11010001
0—-0-0011001—1001100
0—--010001011—-—100010
00010—-——-—010001—-—11010
0100—-0—-0011001—-—1001
0010—-—--010001011—-—100
00100010—-——-—010001-11
0001100—-—-0—-—0011001-1
0100010—-—-01000101T1-
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6.44

6.45

6.46

6.47

6.48

6.49

6.50

6.51

6.52

6.53

6.54

Remark A necessary condition for the existence of a BGW (v, k, A\; G) is the existence
of a symmetric (v, k, A)-design. Another necessary condition is given by Theorem 6.45.

Theorem Suppose that there exists a BGW (v, k, \; G) with v odd and a surjective
homomorphism from G onto Z, where p is an odd prime. If m # 0 (mod p) is an
integer dividing the squarefree part of k, then the order of m modulo p is odd.

6.4 BGW Matrices and Other Combinatorial Designs

Let M be a nonempty set of (0, 1)-matrices of the same size m x n. A group G of
bijections M — M is a group of symmetries of M if it satisfies the following two
conditions:
L. (6X)(cY)T = XY for all X, Y € M and all 0 € G;
2. for each X € M, there is an integer ¢(X) such that } .. 0X = t(X)J, where
J is the m x n all-one matrix.

Examples Let M be the set of all incidence matrices of the affine plane of order 2.
For each X € M, let X = J — X where J is the 4 x 6 all-one matrix. Then the
group G of order 2 generated by o is a group of symmetries of M.

Examples Let H be the set of all Bush-type Hadamard matrices (see §V.1) of order
16 and let M = {3(J — H): H € H}. Then each X € M is an incidence matrix
of a symmetric (16,6, 2)-design. Let X = [X;;] € M where X;; are 4 x 4 blocks.
Let X =Y = [}/”] where }/ij = Xi,jfl for _] = 2,3,4, }/1'1 =0 if Xl'4 = O, and
Yii=J— Xy if X;4 # O. Let G be the cyclic group generated by o. Then |G| = 8
and G is a group of symmetries of M.

Theorem Let M be a nonempty set of incidence matrices of (v, b, r, k, A)-designs. Let
G be a group of symmetries of M and let W = [o,;] be a BGW (w, [, i1; G) such that
krpu = vAl. For X € M, let N denote the block matrix of order vw obtained by
replacing every nonzero entry o;; of W with the matrix ¢;;X and every zero entry of
W with the m x n zero matrix. Then N is an incidence matrix of a (vw, bw, rl, ki, Al)-
design.

Remark If the parameters (w,l, ) of the matrix W in Theorem 6.49 are ((¢'™' —

1)/(g—1),4¢', ¢" —¢'~1), then the equation kry = vl is equivalent to ¢ = kr/(r — \).

Corollary Let M be a nonempty set of incidence matrices of symmetric (v, k, \)-designs
and let G be a cyclic group of symmetries of M. If ¢ = k?/(k — )\) is a prime power
and |G| divides ¢ — 1, then, for any positive integer ¢, there exists a symmetric design
with parameters (v(g'*' —1)/(q — 1), kqt, Ag?).

Examples The set M and group G of Example 6.48 yield an infinite family of sym-
metric designs with parameters (2(9*1 —1),6- 9,2 - 9").

Theorem Let D be a symmetric (v, 7, A)-design with r a prime power. Let B be a
block of D and let X and Y be incidence matrices of the residual design D® and
the derived design Dp, respectively, corresponding to the same orderings of points
and blocks of D. Let M be a set of (v — ) X (v — 1) matrices that contains X and
admits a cyclic group G of symmetries. Let |G| divide » — 1 and let (6 X)Y = AJ
for all o € G. Then, for any positive integer ¢, there exists a symmetric design with
parameters (1 + (v —1)(rt™t —1)/(r — 1), 771 Art).

Examples The symmetric (7, 3, 1)-design D with the set M and group G of Example
6.47 satisfies the conditions of Theorem 6.53 and, therefore, yields an infinite family
of symmetric designs with parameters (3t72 — 2, 3t+1 3t).
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6.56

6.57

6.58

6.59

6.60

6.61

6.62

6.63

6.64

6.65

6.66

Remark If an incidence matrix of a symmetric design is symmetric with zero diagonal,
then it serves as an adjacency matrix of a strongly regular graph. Given a prime power
g and positive integers m and n, Theorem 6.39(1) can be applied to obtain strongly
regular graphs with parameters (v, k, A, \) for the following (v, k, \): (i) (¢"+*(s*™ —
1)/((g = (s + 1)),¢"s*™ ", ¢"s"2(¢" +1)(¢ — 1)) where s = ¢"™" +g—1isa
prime power; and (ii) (2 - 3" T (s*™ —1)/(s + 1),3"s*™ 71 37(3" 4+ 1)s*™~2/2) where
s = (3"T!1 +1)/2 is a prime power.

Remark Skew-symmetric BGW matrices can be used for constructing infinite families
of doubly regular digraphs [1166].

Let G be a group of order mn and N a normal subgroup of G of order n. A k-subset
R of G, where 0 < k < mn, is a relative (m, n, k, \)-difference set, or an (m,n, k, \)-
RDS, in G relative to N if the multiset {zy~': z,y € R} contains no nonidentity
element of N and contains exactly A copies of every element of the set G\ N.

Theorem If there exists an (m,n, k, A\)-RDS in a group G relative to a subgroup N,
then there exists a BGW (m, k, An; N).

Let G be a group of order n and M = [M(x,y)]syeq a matrix of order n whose
rows and columns are indexed by elements of G. The matrix M is G-invariant if
M(zz,yz) = M(z,y) for all z,y,z € G.

Theorem Let H and N be finite groups, |H| = m, |[N| =n, and let G = H x N. The
following statements are equivalent:

1. there exists an (m,n, k, A\)-RDS in G relative to N; and

2. there exists an H-invariant BGW (m, k, An; N).

Corollary Let ¢ be a prime power and let G be a cyclic group whose order divides
q— 1. A circulant BGW ((¢'** —1)/(q — 1),¢%, ¢" — ¢'7}; G) exists if and only if |G|
and (¢!*t —1)/(q — 1) are relatively prime.

Let w be a generator of a cyclic group G. A matrix W = [o;;] of order n over ZG is
w-circulant if, for 4,5 € {1,2,...,n— 1}, 0441 j41 = 0i; and 0,411 = WOin.

Theorem Let G be a cyclic group of order mn and let N = (w) be the unique subgroup
of G of order n. The following statements are equivalent:

1. there exists an (m,n, k, A\)-RDS in G relative to N; and

2. there exists an w-circulant BGW (m, k, An; N).

Theorem Let G be a group of order n — 1. The following statements are equivalent:

1. there exists a GC(G;1); and
2. there exists a projective plane II of order n with a nonincident point-line pair
(p, L) such that the group of all (p, L)-homologies of II is isomorphic to G.

Remark The projective plane equivalent to the matrix GC(Qs; 1) of Examples 6.17 is
a nondesarguesian projective plane of the least order.

Theorem Let G be a group of order n — 1 and E a group of order n. The following
statements are equivalent:

1. there exists a GC(G; 1) with E-invariant core;

2. there exists a GH(FE; 1) with G-invariant core; and

3. there exists a projective plane II of order n with distinct points p and ¢ and
distinct lines L and M such that p € M, g € L, ¢ € M, the group of all (p, L)-
homologies of II is isomorphic to G, and the group of all (g, M)-elations of II is
isomorphic to F.
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See Also

6I1.6 BGW matrices are used to construct twin symmetric designs and
siamese twin symmetric designs.

§V.2 BGW matrices reduce to balanced weighing matrices.

§V.5 BGW matrices are related to generalized Hadamard matrices.

§VI.18 BGW matrices and relative difference sets are closely related.

SVIIL.11 Symmetric BGW matrices with zero diagonal are used to con-
struct strongly regular graphs and doubly regular digraphs.

[657] Nonexistence results.

[900] Sporadic BGW matrices.

[1167,1166] BGW matrices and regular graphs.

[1170] A comprehensive source for theory of BGW matrices and their
applications to symmetric designs.

[1222,1227] BGW matrices, relative difference sets, and projective planes.

[1231] A recent survey of BGW matrices.

[1237,1238] Code-theoretic construction of BGW matrices of minimal rank.

[1655] Generalized weighing matrices.

References Cited: [657,900,1166,1167,1170,1222,1227,1231,1237,1238,1655]

—
7 Sequence Correlation
Tor HELLESETH
7.1 Definitions
7.1 | The periodic crosscorrelationfunction 6, ,(7) (at shift T) between two sequences {u;}

7.2

7.3
7.4

7.5

and {v;} of period n, having symbols from the alphabet Z, = {0,1,2,---,¢ — 1}, is
O al@) = Z?:_()l wht+T Y where w is a primitive complex ¢-th root of unity.

Remark Binary sequences are the most important for applications. In this case, ¢ = 2,
w = —1, and the crosscorrelation equals the number of agreements minus the number
of disagreements between {u;1,} and {v;}.

‘The autocorrelation of {u;} with itself is the crosscorrelation 6,, ., denoted by 6,,. ‘

Example Let {u;} be the periodic sequence of period 7 given by 0010111. Then 6,,(7)
is7,-1,-1,-1,-1,-1,-1 for 7 =0,1,---,6.

Remark In any modern communication system, sequences with good correlation prop-
erties play a fundamental role. Applications include signal synchronization, naviga-
tion, radar ranging, random number generation, spread-spectrum communications,
and stream ciphers in cryptography. Applications demand both single sequences with
low autocorrelation and large families of sequences with low maximum auto- and
crosscorrelation among all pairs of sequences.
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7.6

1.7

7.8

7.9

7.10

7.11

7.12

7.13

7.14

7.15

7.16

7.17

7.2 Binary Sequences with Low Autocorrelation

A sequence is balanced if the numbers of Os and 1s differ by at most one during a
period of the sequence.

A binary mazimal length sequence (m-sequence) {s;} is a sequence of period n =
2" — 1 satisfying a linear recurrence relation of degree r of the form > fisii =
0 for all ¢ > 0 where f; € Fy = {0, 1}, fo = fr» = 1. The characteristic polynomial of

the recursion is f(z) = >.._, fiz".

Theorem An m-sequence {s;} of period n = 2" — 1 is obtained if and only if the
characteristic polynomial is a primitive polynomial and the initial state (s, ..., $y—1)
is nonzero. For every integer r > 1, m-sequences are known to exist.

Example The recursion si4+3 + s¢+1 + s¢ = 0 has characteristic polynomial f(z) =
23+ x + 1. Starting from (sg, s1,52) = (001), one generates the m-sequence 0010111
of period 7.

Theorem An m-sequence {s;} of period n = 2" — 1 is balanced (during a period there
are 2”71 ones and 277! — 1 zeroes) and has two-level autocorrelation with the two
values given by

n ifr=0,
95(7)_{ ~1 ifr#£0.

The Legendre sequence {s;} of period a prime p is

. — 1 ift =0 or t is a quadratic nonresidue (mod p)),
"7 1 0 otherwise. :

Theorem The Legendre sequence is balanced and has two-level autocorrelation if p = 3
(mod 4) with out-of-phase autocorrelation —1.

Example The quadratic residues modulo 11 are {1, 3,4,5,9}. The Legendre sequence
is 10100011101 and has two-level autocorrelation with out-of-phase autocorrelation
—1.

Remark When p = 1 (mod 4), the out-of-phase autocorrelation of the Legendre se-
quence has three values; the two out-of-phase values are —1 and 3.

Remark Sequences {s; } of period n with 6, having autocorrelation as given in Theorem
7.10 correspond to cyclic Hadamard difference sets. For example, the Singer difference
sets are obtained by defining a subset of Zo-_1 by S = {t|s; = 0}. See §V.1 and §VI.18.
A recently discovered family of sequences is of period n = 2" — 1, balanced with 27!
ones, and with ideal two-level autocorrelation with out-of-phase autocorrelation value
of 1. This is optimal (lowest possible magnitude) for binary sequences of odd period.
A recent construction is given in Theorem 7.16.

Theorem [707] Let d = 2% — 2% + 1 where 1 < k < 7/2 and ged(k,7) = 1. Let
A = {(z+1)%+29+1 |2 €Fa}. Let a be a primitive element of Far and define
the binary sequence {s;} by s; = 1 if o' € Far \ A, and s; = 0 otherwise. Then
the sequence {s;} is balanced and has 2"~! ones and 2"~! — 1 zeroes and two-level
autocorrelation with out-of-phase value —1.

Remark No balanced binary sequence of odd period n has two-level autocorrelation
function when n = 1 (mod 4). For balanced sequences of even length the optimal

case for applications is to have out-of-phase autocorrelation values 0, —4 when n =0
(mod 4) and —2, +2 when n =2 (mod 4).
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7.18

7.19

7.20

7.21

7.22

7.23

7.24

7.25

7.26

7.27

7.28

7.29

7.30

Let o be a primitive element of the finite field F,~. The binary Sidelnikov sequence

1 if o' + 1 is a nonsquare in IF,-
. 1t e — )
{s¢} of period p" — 1 is s; = { 0 otherwise.

Theorem [1909] The Sidelnikov sequences of period n = p” — 1 are balanced and have
three-level autocorrelation with out-of-phase values 0, —4 when n = 0 (mod 4) and
—2, 42 when n = 2 (mod 4).

Remark Besides Sidelnikov sequences there is another construction of a family of
sequences of period n with these correlation values [709].

7.3 qg-ary Sequences with Low Autocorrelation

A sequence {s;} over Z, has ideal autocorrelation when its autocorrelation function

satisfies 0, (7) = { g ﬁ: ; 8 }

Theorem Let n be a positive integer and let ¢ = n for odd n and ¢ = 2n for even
) t2 (mod ¢q) when n is even i
n. The sequences given by s; = { t(tQH) (mod ¢) when n is odd have ideal

autocorrelation for any period n.

Example For n = 10 the sequence is {s;} =0,1,4,9,16,5,16,9,4, 1 over an alphabet
of size ¢ = 20. For n = 7 the sequence is {s;} = 0,1,3,6,3,1,0 over an alphabet of
size ¢ = 7.

7.4 Families of Sequences with Low Crosscorrelation

Remark Crosscorrelation is important in code-division multiple-access (CDMA) com-
munication systems. Each user is assigned a distinct signature sequence; to minimize
interference with other users, signature sequences have pairwise low crosscorrelation.
For synchronization, signature sequences have low autocorrelation.

Let F = {{sti)(t)} | 1 <i< M} be a family of M sequences {sgl)} over Z, each of

period n. Let 6; ;(7) denote the crosscorrelation between the i-th and j-th sequence
ne1l s _g@

at shift 7: 0, ;(7) = tzolw ttr % 0<7<mn-—1.

Remark Sequence design for CDMA systems seeks to minimize 6y, = max{|6; ;(7)| |
either i # j or 7 # 0} for fixed n and M. Bounds on the minimum possible value of
Omazx for given period n, family size M, and alphabet size ¢ are available, including
the most efficient bounds due to Welch, Sidelnikov, and Levenshtein; see [1089].

Let r be odd and d = 2 + 1 where k,1 < k < 7 — 1, is an integer satisfying
ged(k,r) = 1. Let {s;} be an m-sequence of period n = 2" — 1. The Gold family of
2" + 1 sequences is G = {s¢} U {sq:} U {{st + sap+n) } |0 <7 <n—1}.

Theorem The parameters of the Gold family G are n = 2" —1, M =2"+4+1, e <

Vor+l 1.

Remark The Sidelnikov bound implies that for the family G of binary sequences, 6,44
is as small as it can be for the given n and M; in this way the family G is optimal.

Let 7 = 2k and d = 2¥ + 1. Let {s;} be an m-sequence of period n = 2" — 1. The
family of Kasami sequences is given by K = {s;}U{{st+squ4n} |0 <7 <2 -2}
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7.32

7.33

7.34

7.35

7.36

7.37

7.38
7.39

7.40

7.41

7.42

7.43

Theorem The parameters of the Kasami family are n = 2" —1, M = 2% | 0,4, = 1+2F.

Remark The Welch bound implies that the Kasami family is optimal in terms of
having the smallest possible value of 6,4, for given n and M.

The Kerdock family is a family of binary sequences with parameters n = 2(2" —
1), M =2" Onax < V2"t + 2 where r is odd.

7.5 Quaternary Sequences with Low Crosscorrelation

Let f(x) be the characteristic polynomial of a binary m-sequence of length 2" — 1
for some integer r. Consider f(x) as a polynomial over Z, and form the product
(=1)"f(z)f(—x), a polynomial in x?. The polynomial g(z) over Z, of degree r is
defined by g(22?) = (=1)" f(z)f(—=x).

Example Let f(z) = 23 + 2 + 1 be the characteristic polynomial of the m-sequence
{s:}. Then, over Zy, g(z?) = (—1)*f(z)f(—z) = 2% + 22* + 22 + 3 so that g(x) =
3 4222 + x4 3.

Remark Families of quaternary sequences can have better crosscorrelation properties
than the binary Gold and Kasami sequences. Family A in the next definition gives
such an example. A global standard involving the third generation mobile communi-
cation uses quaternary sequences containing family A as well as the Gold sequences
(considered as {0, 2} sequences) as subsets.

Let g(z) = >_!_ g:x" be obtained from a primitive polynomial f(z). Consider the set
of all quaternary sequences {s;} satisfying the recursion Y ! gisi4; = 0 for all ¢.
All nonzero sequences generated in this way have period 2" — 1. Family A contains
the 2" + 1 cyclically distinct quaternary sequences generated by the recursion.

Theorem The parameters of family A are n =2"—1, M =2"+1, 4 < 14+/27.

Remark Family A has a value of 6,4, lower than the binary Gold family by a factor of
V2 for the same family size. Compared with the set of Kasami sequences it provides
a much larger family size for the same bound on 6,,4;.

Example The sequences in family A generated by the recursion s;y3 + 28442 + St41 +
3s; = 0 (mod 4) consist of 9 cyclically distinct sequences of length 7. In this case,
Omaz < 1+ V8.

7.6 Aperiodic Correlation

Let {} = (zo, %1, ...,Zn—1) be a binary {—1, +1} sequence of length n. The aperi-
odic correlation p,(7) is given by

Pz (T) = Z?:_ol TtrTt
where z; =0 fort <0 ort > n.

A binary {—1,+1} sequence {s;} of length n is a Barker sequence if the aperiodic
autocorrelation values ps(7) satisty | ps(7) |< 1forall 7,0 <7 <n — 1.

Remarks Barker sequences are the least autocorrelated binary sequences and are
used for pulse compression of radar signals. The Barker property is preserved un-
der the transformations s; — —s;, sy — (—1)%s; and s; — s,_1_¢. Only the following
Barker sequences (and equivalent sequences by applying the transformations given)



V.7.7 Sequences with Low Merit Factor 317

7.44

7.45

7.46

are known:
n=2 11 n=3 11—
n=4 111— n=>5 111—-1
n=7 111——-1— n=11111-—--1—-1—

n=1311111--11-1-1

Remark It is known that if any other Barker sequence exists, it must have length
n > 1,898,884 that is a multiple of 4.

7.7 Sequences with Low Merit Factor

The merit factor F of a {—1,+1} sequence {s;} of length n is F' = 22"1171292(7)'
=1 Fs
Remark The merit factor is one measure of the aperiodic autocorrelation properties of

a binary {—1, +1} sequence. The highest known merit factor of an individual sequence
is 14.08, obtained from the Barker sequence of length 13. The largest merit factor of
an infinite family of sequences is apparently greater than 6.34 [297, 1362], but there
is no proof of this at this time.

See Also

§V.1 Hadamard designs and matrices.

8V.8 Complementary, Base, and Turyn Sequences.

§VI.18 Cyclic difference sets give sequences with low autocorrelation.

[636, 1191]  Barker arrays, a generalization of Barker sequences to higher di-
mensions. For dimension at least 2, the only Barker array is 2 x 2
(of dimension 2).

[928] Thorough treatment of sequence correlation.

References Cited: [297,636,707,709,928,1089,1191, 1362, 1909]

8 Complementary, Base, and Turyn Sequences

HADI KHARAGHANI
CHRISTOS KOUKOUVINOS

8.1

8.1 Basic Definitions

For the {0, £1}-sequence A = ay,as, - - ,ay, of length n the periodic autocorrelation
function Pa of A is

Py(i) = Zajaiﬂ' fori=0,1,---,n—1,
j=1
where i + j is reduced mod n and P (i) = Pa(j) iff i = j mod n. The nonperiodic
autocorrelation function N of A is

Na(i) = Z a;ai+;, where ap =0, if k < 1or k > n.
jez




318 Complementary, Base, and Turyn Sequences V.8

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

8.10

8.11

8.12

8.13

Remark Because Pa(i) = > i—; oa n NVa(i), Na(—i) = Na(i) for all i € Z and
Pa(i) = Na(i) + Na(n —i) for 0 <i<n—1.

The polynomial A(z) = ag + a1z + asz? + ... + a,_12" ! corresponding to the
sequence A = aj,as,-- - ,a, is the Hall polynomial of the sequence A. Viewing
this polynomial as an element of the Laurent polynomial ring Z[z, 2], one can
see that A(z Z Na(j)x?. The weight of A, denoted w(A), is w(A) =

JjEZ
A(z)A(z™Y) € Z[z, 271,

A family of {O,il}—sequences {4;}, 1 < i < g, all of length n, for which
q
Z Na,(j)=0 Z Py, (j) = 0) for j # 0, or equivalently: if Z ) is a constant

1 =1
function (mod 2™ — 1 respectively), is a family of nonperiodic (periodic, respectively)

complementary sequences and is denoted by NCS(n, q) (PCS(n,q), respectively).

A family of {0, £1}-sequences {A;}, 1 < i < ¢, all of length n, that satisfy
S 9 Na,(j) =0 for all j # 0 is a family of nonperiodic complementary sequences
and is denoted by NCS(n, q). If it satisfies Y 7_, Pa,(j) = 0 for j # 0, it is a family
of periodic complementary sequences and denoted PC'S(n, q)).

An NCS(n,q) is also a PCS(n,q). For binary sequences NCS(n,2) is a Golay
complementary pair (or Golay sequences) of length n, and denoted GCP(n).

8.2 Complementary Sequences

Remark All sequences in this chapter are assumed to be {£1}-sequences.

Proposition If there exist NC'S(n, ¢) and NCS(n,r), then there exists an NC'S(n, g+
r). Similarly, if there exist PC'S(n, q¢) and PC'S(n, r), then there exists a PC'S(n, g+r).

Proposition If there exists a PCS(n,q) and n > 2, then

1. ng=>"7_, ¢, where ¢; are integers and ¢; =n (mod 2), 1 <i < g, and
2. ng=0 (mod 4).

Theorem If there exist NC'S(n;, q;) for 1 <i < s, then an NCS(ning - - - ng, L25)
exists.

Theorems

1. If n > 1 and a GC'P(n) exists, then all odd prime divisors of n are congruent to
1 (mod 4).

2. If a PCS(n,2) exists, n = p?‘u, u Z 0 (mod p), p is a prime power, and p = 3
(mod 4), then u > 2p*.

Theorem (see [298, 739]) There is only one GC'P(2) and GC P(26), and two GC P(10)
up to equivalence. They are:

n=2 (11;1-)

n=10 (-11-1-111-;-111111--1)

n=10 (1-1-1111--;1111-11--1)

n=26 (1-11--1----1-1----11---1-1;-1--11-1111------- 11---1-1)

Remarks The Golay numbers, n = 2%10°26°¢ for a, b, ¢ > 0, are the only values for which

a GCP(n) is known to exist. There is a PCS(34,2) [740], and, hence, PCS(34,2m)
exist for all m > 1.
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8.14

8.15
8.16
8.17

8.18

8.19

8.20

8.21
8.22
8.23

8.24

8.25

Table Number of distinct GCP(n) and inequivalent GC'P(n) (denoted Np and Ng,
respectively) for N < 100 [739, 298].

n ND NE n ND NE n ND NE n ND NE
1 4 1 2 8 1 4 32 1 8 192 5
10 128 2 16 | 1536 | 36 || 20 | 1088 | 25 || 26 64 1
32 | 15360 | 336 || 40 | 9728 | 220 || 52 | 512 | 12 || 64 | 184320 | 3840
80 | 102912 | open

Conjecture There is a GCP(n) only if n = 2210°26¢ with a, b, c > 0.
Remark Conjecture 8.15 is verified for all lengths up to 106.
Table Unresolved PC'S(n,p) with p < 12 and n < 50 [740].

p n p n
2 50 7 40,44,48
3 40,44,48 9 40,44,48
5 40,44,48 10 38,42,44,46,50
6 38,42,44,46,50 11 40,44,48

8.3 Base Sequences

A quadruple of binary sequences (A; B; C'; D) where A, B are of lengths m, C, D are
of lengths n, and w(A) + w(B) + w(C) + w(D) = 2(m +n) is a base sequence and is
denoted BS(m,n). Note that BS(n,n) = NCS(n,4).

Examples BS(n + 1,n) forn=1,...,5.

n=1 (11;1-5;1;1)
n=2 (111;1--;1-;1-)
n= (11-1;11--;111;1-1)
n=4 (1111-;1-—-1;11-1;11-1)
n=>5 (11-1-1;111---;11-11;11-11)
Construction Let (X;Y) be a Golay complementary pair of length n. Then the

quadruple (X, 1; X, —;Y;Y) is a BS(n + 1,n), where A, B denotes the concatenation
of the sequences A and B.

Theorem [738] If m > 2n, n>1, and m + n is odd, then there is no BS(m,n).
Theorem [738] If n > 1 is odd, then there is no BS(2n — 1,n).

Conjecture (Base Sequence Conjecture [738]) There is a BS(n + 1,n) for all integers
n > 0.

Remark Conjecture 8.23 is verified for all n < 35 and all Golay numbers n.

8.4 Turyn Sequences

A sequence A = ay,az,...,a, is symmetric if A = A*, where A* = a,,...,a2,a; is
the reverse of the sequence A. A base sequence BS(n+1,n) (A; B; C; D) is a Turyn
sequence, denoted TU (n), if A* = A, C* = —C, whenever n is even and A* = —A,

C* = C, whenever n is odd.
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8.26

8.27

8.28

8.29

8.30

8.31
8.32

8.33

8.34

8.35
8.36
8.37
8.38

8.39
8.40
8.41

8.42

Example Turyn sequences for n =6 and n = 7.
n=6 (111-111;11---1-;11-1--;11-1--)
n=7 (11-1-1--;1111-——-1;111-111;1--1--1)

Theorem Turyn sequences TU (n) exist for n =1,2,3,4,5,6,7,12, 14, and are known
not to exist for all n € {8 <n <51,n # 12,14},

Theorem If a TU(n) exist, then a BS(2n + 2,2n + 1) exists.

8.5 Turyn Type Sequences

Four binary sequences (A; B; C; D) where A, B, C are of lengths n, D is of length
n—1, and w(A) +w(B)+2w(C)+2w(D) = 6n—2 are Turyn type sequences denoted
TUT(n).

Example Turyn type sequences for n = 4.
n=4 (1111;1-11;11--;1-1)

Construction If (A; B; C; D) isa TUT (n), then (C, D; C, —D; A; B)isa BS(2n—1,n).
Theorems

1. If there is a TUT(n), then n is even.
2. TUT (n) exist for all even n, 2 <n < 36.

8.6 Normal and Near Normal Sequences

The ordered sequences (X;Y; Z) of lengths n are normal sequences, denoted N.S(n),
if X is a binary sequence and Y and Z are disjoint (0, £1)-sequences for which
w(X)+w(Y)+w(Z) = 2n. An ordered quadruple of binary sequences (A; B; C; D),
which is a BS(n + 1,n), is a near normal sequence, denoted NNS(n), if n is even,
b = (-1)""ta;, 1<i<n,and a, = 1,b, = —1.
Example A NS(7) and a NNS(4):

n=7 (1-111--;11010-1;0010100)

n=4 ((1---1;11-1-;1111;1--1)
Theorem [2176] There is a NS(n) for each Golay number n.
Theorem If there is a TU(n), then there is a NS(2n + 1).
Corollary There is a NS(2n + 1) forn <7, n =12, and n = 14.

Theorem There is no NS(n) for n = 6,14, 17,21, 22, 23,24, 27,28, 30 (all other orders
of n < 31 exist). NS(31) is the first unknown case.

Conjecture (Yang) There is a NN S(n) for each even integer n.
Remark Conjecture 8.39 is verified for all even integers n < 30.

An odd integer 2n + 1 for which at least one of NS(n) or NNS(n) exists is a Yang
number.

Theorems

1. An odd integer n < 61 is a Yang number if and only if n # 35,43, 47, 55.
2. If n is a Golay number, then 2n + 1 is a Yang number.
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8.7 Base Sequences and T-Sequences

8.43 | An ordered quadruple (4; B;C; D) of (0,+1)-sequences of the same length n for
which w(A) + w(B) + w(C) + w(D) = n, and exactly one of a;, b;, ¢;, d; is nonzero
for 1 <i <m,is a T-sequence of length n, denoted T'S(n).
8.44 Construction (Turyn) If (A4; B; C; D) is a BS(m,n), then
1 1 1 1
(§(A+ B),0,; §(A — B),0p; 0, 5(0—1— D); 0y, 5(0 — D)),
is a T'S(m + n). (Here 0) denotes the zero sequence of length k).
8.45 Theorem (Yang multiplications [1330, 2176])
1. If there is a NS(t) and a BS(m,n), then there is a T'S((2t + 1)(m + n)).
2. If there is a NNS(t) and a BS(m,n), then there is a T'S((2t 4+ 1)(m + n)).
8.46 Conjecture (T-Sequence Conjecture) There is a T'S(n) for each odd integer n > 1.
8.47 Remark The T-sequence conjecture (Conjecture 8.46) is verified for all odd integers
n < 200 except for n = 73, 79, 97, 103, 109, 113, 127, 131, 137, 139, 149, 151, 157,
163, 167, 173, 179, 181, 183, 191, 193, 197, 199.
See Also
§V.1 Sequences are used in the construction of Hadamard matrices.
§V.2 Sequences are used in the construction of orthogonal designs.
§V.2 T-sequences of length n provide T-matrices of order n.
§V.7 Sequences with low autocorrelation.
gVI.18 There is a relationship between periodic complementary se-
quences and a subclass of cyclic difference sets.
[298] A complete description of Golay pairs for lengths up to 100.
[738] A complete listing of all BS(n + 1,n), TU(n), NS(n), and
NNS(n) for different values of n < 51.
[740] A number of periodic and nonperiodic complementary sequences.
[810] Recursive construction of periodic and nonperiodic complemen-
tary sequences.

References Cited: [298,738,739,740,810,1330,2176]

9 Optical Orthogonal Codes

ToR HELLESETH

9.1

9.2

The Hamming correlation between a pair of binary {0, 1} sequences {sgl)} and {s§2)}

each having period n, is 012(7) = ?2—01 sgﬂs?) where 0 < 7 < n —1 and 0y is

calculated as an integer.

Remark Such correlation is of interest in optical communication systems where the 1s
and Os in a sequence correspond to the presence or absence of pulses of transmitted
light. Sequences with low Hamming crosscorrelation are also of interest in frequency-
hopping multiple-access communication systems. Here each user’s signal hops over
the entire transmission bandwidth in a pseudorandom fashion, and it is desired that
collisions, simultaneous transmissions over the same frequency subband between the
signals of different users, are minimized.
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9.3

9.4

9.5

9.6
9.7

An (n,w, \) optical orthogonal code (OOC) is a family F = {{sti)} |i=1,2,---,M}
of M binary sequences of period n, constant Hamming weight w and 6;;(7) < A when

either i # j or 7 # 0.

Remark OOCs are closely related to constant weight error correcting codes. An
(n,w,\) OOC supplemented by every cyclic shift of each sequence yields a constant
weight code with minimum distance d;n, > 2(w — A). Conversely a cyclic constant
weight code of length n, weight w, and minimum distance d,,;, yields an (n,w, \)
00C with A <w — d";" , by partitioning the code into cyclic equivalence classes and
selecting one representative from each class of size n. Therefore, one can derive bounds

on the size of an OOC from known bounds on the size of constant weight codes.

Theorem The number M (n,w, \) of codewords in an (n,w, A) OOC does not exceed
1 V_fl .. {nf,\ﬂ Vﬂ\H J and M (n,w, \) < max (1, Lﬂ{;ﬁ\/\)D . w? >

w | w—1 w—A+1 | w—A

‘An OOC that achieves the bound in Theorem 9.5 is optimal. ‘

Table Table of OOC constructions. See [1699] for references not given. For current
results on OOCs with “small” weight, see also [23, 459] for (v,4,1), [504, 505] for
(v,4,2), and [1491] for (v, 5, 1).

Construction Parameters Code size
Singer construction (*+q+1,q+1,1) 1
(Chung-Salehi-Wei) g=p"
Projective geometry ( qd;l;l ,q+1,1) sz’ d even
g=pm 2.=1 d odd

23] (n,3,1), n £ 14, 20 (mod 24) [T
Chung—Kumar P*™ —1,pm +1,2) p™—2
Chung-Kumar p=wlw-Dr+1,w1l) r

(Wilson) w=2m or w=2m+1

[1699) (¢>—14q1),g=p" 1
T

[1699] (¢* —1,q,1), ¢ =p™ T o

See Also

§VI.16 Difference families over cyclic groups construct OOCs.

§VI.18 Cyclic difference sets give sequences with low autocorrelation.
§VI.19 “Strict” OOCs are equivalent to difference triangle sets [510].

§VI.53 Skolem sequences produce optimal (v, 3,1)-O0Cs [23].

SVII.1 0OOCs are cyclic constant weight codes.

§VIL.2 Conics in finite geometries are used to construct OOCs [1619].

References Cited: [23,459,504,505,510,1491,1619,1699]
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I
1 Association Schemes
CHRISTOPHER D. GODSIL
SUNG Y. SONG
1.1 Definitions and Examples
1.1 |Let d denote a positive integer, and let X be a nonempty finite set. A d-class

1.2

1.3

1.4

1.5

symmetric association scheme on X is a sequence Ry, Ry, . . ., Rg of nonempty subsets
of the Cartesian product X x X, satisfying
1. Ro={(z,z) |z € X},
2. X><X:ROUR1U~-URdandRiﬁRjzﬁ)fori#j,
3. for alli € {0,1,...,d}, R = R; where RT := {(y,z) | (,9) € R;},
4. for all integers h, 7,5 € {0,1,...,d}, and for all z,y € X such that (z,y) € Ry,
the number p?j ={ze€ X | (z,2) € Ri, (2,y) € R;}| depends only on h, i, j,

and not on x or y.

Remarks The numbers pfj are the intersection numbers of the scheme. The set R; is
the ith associate class and is represented by the ith associate matriz A;. That is, A;
is the {0, 1}-matrix of order |X| whose rows and columns are indexed by the elements
1 if (x, y) € R;

0  otherwise The following is an

of X and whose entries satisfy (4;)zy = {

equivalent definition.

A d-class symmetric association scheme A with vertex set X is a sequence of nonzero
{0, 1}-matrices Ao, ..., Ag with rows and columns indexed by X, such that

1. Ay =1,

2/ Z?:o A; = J, where J denotes the all-1 matrix,

3. AT = A, for alli € {0,1,...,d},

4'. A;A; lies in the real span of Ag, ..., Aqs: A;A4; = th?jAh.

Remarks 3’ and 4’ imply that the product A;A; is symmetric, and A;A; = A;A;. They
also imply that the vector space formed by the real span (A) of Ay, ..., Aq is a matrix
algebra, the Bose-Mesner algebra of the association scheme. Various generalizations
of the notion of an association scheme have been proposed. Delsarte [673] introduced
the following notion, often referred to as a commutative scheme.

A d-class association scheme with vertex set X is a sequence Ry, Ri,...,Rgq of
nonzero relations on X such that axioms 1, 2, and 4 hold together with the fol-
lowing 5 and 6 (instead of 3):

5. for every i € {0,1,...,d}, there exists j € {0,1,...,d} such that Rl = R;,

6. pj; = pl; for all h,i,j € {0,1,...,d}.
Equivalently, a d-class association scheme A with vertex set X is a sequence of
nonzero {0, 1}-matrices Ao, ..., Ag with rows and columns indexed by X such that
axioms 1’,2, and 4’ hold, along with

5. if A; € A, then AT € A,

6/. AiAJ = AJAl for all ¢+ and j
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1.6

1.7

1.8

1.9

1.10

1.11

1.12

1.13

1.14

Example Let a group G act transitively on a finite set X. Then G acts naturally on the
set X x X by (z,y)g = (g, yg). Under this action, the set Ry = {(z,z) : x € X} isan
orbit, and the number of orbits is at least 2. Let X x X be decomposed into the d + 1
orbits Ry, Ry, ..., Rq. This set of orbits forms a d-class symmetric association scheme if
and only if for any two distinct elements z,y € X, there is g € G such that xg = y and
yg = x. (Such a group is generously transitive.) In terms of group characters, the set of
orbits forms a symmetric association scheme if and only if the permutation character is
multiplicity-free and every irreducible representation associated with each irreducible
character that appears in the decomposition of the permutation character is realizable
in the real number field. However, the orbits form a commutative association scheme if
and only if the permutation character is multiplicity-free. In particular, any transitive
permutation group gives rise to a more general configuration that satisfies the axioms
1, 2, 4, and 5, what Higman